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ABSTRACT

The Schlicht class of functions, commonly denoted as S, is the class of univa-
lent functions defined on the unit disk such that f(0) = 0 and f/(0) = 1. This is a
well-studied class for which many results are known. We prove that there exists a
bounded sequence of polynomials, and a Fatou component for this sequence, such
that for all f € &, there exists a subsequence of iterates of compositions of our

polynomial sequence for which f is a limit function.
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CHAPTER 1

Introduction

We are concerned with non-autonomous iteration of bounded sequences of
polynomials; a field in complex dynamics. In classical complex dynamics, one
studies the iteration of a (fixed) rational function on the Riemann sphere. Often
in applications of dynamical systems, noise is introduced, and thus it is natural to
consider the iteration where the function at each stage is allowed to vary. Here,
we study the situation where the functions being applied are polynomials with
appropriate bounds on the coefficients and degrees.

Non-Autonomous Iteration, in our context, was first studied by Fornaess and
Sibony [1]. Further work was done by Rainer Briick, Stefan Reitz, Matthias Biiger
2, 3, 4, 5], and Michael Benedicks among others. Mark Comerford was one of
the first to consider the scenario where the polynomials in the sequence are not in
general monic [6].

One of the main topics of interest in non-autonomous iteration is discovering
which results in classical complex dynamics generalize to the non-autonomous
setting and which do not. For instance, Comerford proved there is a generalization
of the Sullivan Straightening Theorem [7, 8, 9], while Sullivan’s Non-Wandering
Theorem [10, 7] no longer holds in this context [6]. One can construct polynomial
sequences which provide counter examples or that have interesting properties in

their own right.



1.1 Non-Autonomous Iteration
Following [9], let d > 2, M > 0, K > 1 and let {P,,}°°_; be a sequence of
polynomials where each P,,(z) = adm,mzdm + adm_lvmzdmfl SRR + a1 mz + aom

is a polynomial of degree 2 < d,,, < d whose coefficients satisfy
1/K§’adm,m’§K7m21a ‘ak,m|§M7m21aO§k§dm_1

Such sequences are called bounded sequences of polynomials or simply bounded
sequences. For a constant C' > 0, we will say that a bounded sequence is C-
bounded if all of the coefficients in the sequence are bounded above in modulus by
C.

For each 1 < m, let ,, be the composition P, o ------ o P o P and for
each 0 < m < n, let @y, be the composition P, 0------ o Pphig0 P,.1. Let the
degrees of these compositions be D,, and D,, , respectively so that D,,, = Hzl d;,
Dy = H?:m—l—l d;.-

For each m > 0 define the mth iterated Fatou set or simply the Fatou set at

time m, F,,, by
Fm={2€C:{Qnn},, is a normal family on some neighborhood of z}

where we take our neighborhoods with respect to the spherical topology on C and
let the mth iterated Julia set or simply the Julia set at time m, [J,,, to be the
complement C \ F,,.

It is easy to show that these iterated Fatou and Julia sets are completely

invariant in the following sense.



Theorem 1. For any m < n € N, Qun(Tn) = Tn and Qun(Fn) = Fn, with

Fatou components of F,,, being mapped surjectively onto those of F,, by Qumn.

If {P,,}°_, is a bounded sequence, we can find some radius R depending only
on the bounds d, K, M above so that for any sequence {P,,}°_, as above and any

m > 0, it is easy to see that

|Qmn(2)] = 00 as n—oo, |z2|>R

which shows in particular that as for classical polynomial Julia sets, there will be
a basin at infinity at time m, denoted A ,,, on which all points escape to infinity
under iteration. Such a radius will be called an escape radius for the bounds d, K,
M. Note that the maximum principle shows that just as in the classical case (see
[7]), there can be only one component on which oo is a normal limit function and
so the sets A ., are completely invariant in the sense given in Theorem 1.

The complement of A, ,, is called the filled Julia set at time m for the sequence
{P,}5°_, and is denoted by IC,,. As above, the same argument using Montel’s

theorem as in the classical case shows that 0K, = J,, (see [7]).

1.2 The Schlicht Class

The Schlicht class of functions, commonly denoted as S, is the set of univalent
functions defined on the unit disk such that, for all f € S, we have f(0) = 0 and
f'(0) = 1. This is a classical class of functions for which many useful results are
known. By rescaling, one can often apply these results to an arbitrary univalent

function, making the knowledge of this class quite useful in practice.



1.3 Statement of the Main Theorem

Our main goal is to prove the following result:

Theorem 2. There exists a bounded sequence of quadratic polynomials { Py, }2o_,
and a Fatou component V' for this sequence such that, for any f € S, there exists a
subsequence { Py, }72, of { P }oo_y such that {Qm, }7>, converges locally uniformly

to f onV.

One of the strengths of this statement is that every member of § is a limit

function on the same Fatou component for a single polynomial sequence.

The proof relies on a scaled version of the polynomial P(z) = Az(1 — z) where

27i(v/5—1)
A=e 2z .

As (the scaled) P is conjugate to an irrational rotation on its Siegel
disk about 0, which we denote U, we may find a subsequence of iterates which
converges uniformly to the identity on compact subsets of U. We scale so that IC,
the filled Julia set for the scaled version of P, is contained in a small Euclidean

disc about 0. This is done to control, using the distortion theorems, |f'| if f € S

on a large hyperbolic disk inside U.

The proof of this result will follow from an inductive argument, and each step

in the induction will be broken up into two phases:

e Phase I: Construct a bounded polynomial composition which approximates

given functions from & on a subset of the unit disk.



Figure 1. Filled Julia Set for P

e Phase II: Construct a bounded polynomial composition which corrects the
error of the previous sequence to arbitrary accuracy on a slightly smaller

subset.

Great care is needed to control the error in the approximations and to ensure
that the domain loss that occurs in each Phase II eventually stabilizes, and we are
left with a region upon which the desired approximations hold.

To create our polynomial approximations, we use the Polynomial Imple-
mentation Lemma. Suppose we want to approximate a given univalent function
f with a polynomial composition. Let v and I' be two Jordan curves outside
IC such that + is inside I' and f(v) is inside I'. " We define a homeomorphism

of the sphere as follows: define it to be f inside v, the identity outside I' and



extend by interpolation to the region between v and I'. The homeomophism can
be made quasiconformal, with non-zero dilation (possibly) only on the region
bewtween v and I'. If we then pull back with a high iterate of P, the support of
the dilation becomes small, which will eventually allow us to conclude, that when
we straighten, we get a polynomial composition that approximates f closely on a
large compact subset of U. In Phase I, we then create a polynomial composition

which approximates a finite set of functions from S.

In Phase II, we wish to correct the error from the Phase I composition. This
error is defined on a subset of the Siegel disk, but in order to apply the Polynomial
Implementation Lemma to create a composition which corrects the error, we need

the error to be defined on a region which contains K.

To get around this, we conjugate so that the conjugated error is defined on a
region which contains K. This introduces a further problem, namely that we must
now cancel the conjugacy with polynomial compositions. A key element of the
proof is viewing the expanding map as a dilation in the correct conformal coordi-
nates. An inevitable loss of domain occurs in using these conformal coordinates,
but we are, in the end, able to create a Phase II composition which corrects the
error of the Phase I approximation on a (slightly smaller) compact subset of U.
What allows us to control the loss of domain, is that while the loss of domain is

unavoidable, the accuracy of the Phase II correction is completely at our disposal.



This eventually allows us to control loss of domain. We then implement a fairly

lengthly inductive argument to prove the theorem, getting better approximations

to more functions in the Schlicht class with each stage in the induction, and ensur-

ing that the region upon which the approximation holds does not shrink to nothing.

In [11], Gelfriech and Turaev show that an area-preserving two dimensional

map with an elliptic periodic point can be renormalized so that the renormalized it-

erates are dense in the set of all real-analytic symplectic maps of a two dimensional

disk.
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CHAPTER 2

Preliminaries

We will now discuss some background which will be instrumental in proving

Theorem 2.

2.1 Resultson S

We now state some common results regarding the class S. These can be found
in many texts, in particular [1]. Before we state the first result, let us establish
some notation. Throughout, let D be the unit disk and let D(z, R) be the Euclidean

disk centered at z of radius R. The following is Theorem I1.1.3 in [1].
Theorem 3. (The Koebe one-quarter theorem) If f € S, then f(D) D D(0, 7).

Also of great importance are the well-known distortion theorems (Theorem

1.1.6 in [1]).

Theorem 4. (The distortion theorems): If f € S, then

1— |z ' 1+ |z7|
Ay <O T
2] el
At <@ Ty

We also have that § is a normal family.

Theorem 5. The family S is normal, and the limit of any sequence in S belongs

to S.



2.2 The Hyperbolic Metric

We will be using the hyperbolic metric to measure both the accuracy of our
approximations and the loss of domain that occurs in each Phase II. Let dpp
represent the hyperbolic length element for a hyperbolic domain D. We first
establish some notation for hyperbolic disks. If D is a hyperbolic domain, let
Ap(z, R) be the hyperbolic disk centered at z of radius R. If the domain is obvious
in context, we may simply denote this disk A(z, R).

One of the key tools we will be using is the following relationship between the
hyperbolic and Euclidean metrics (see [1] Theorem 1.4.3). If D is a domain in C

and z € D, let dp(z) denote the Euclidean distance to 0D.

Lemma 1. Let D C C be a simply connected domain and let z € D. Then

1 Jdz
2 (SD(Z)

AN
N

<dpp(z) <

We remark that there is a stronger version of this theorem for general
hyperbolic domains in C (see [1] Theorem 1.4.3). Next, we will need a notion of

internal and external hyperbolic radii.

Definition 2.2.1. Suppose U C V C C are simply connected hyperbolic domains
and uw € U. We define the internal hyperbolic radius of U in V about u, denoted
Ré?}fu)U, to be inf.cy\u pv (u, 2). Further, define the external hyperbolic radius of U

in 'V about u, denoted Rf{ﬁfu)U, to be sup,cy pv(u, z). If it happens that RZ}’?U)U =

10



Rf‘ﬁfu)U, we will call the quantity the hyperbolic radius of U in V' about u, denoted

RuU.

We remark that if U = V, then for any u € U, we have that R?‘L}fu)U =
Rﬁﬁfu)U = 00. Also, if U C V, then Rf“ﬁfu)U < 0o. Further, we have the following

formulation that will be more useful in practice.

Lemma 2. If V s a simply connected hyperbolic domain, with U C V' and u €

UnNYV, then

1. R?‘l/fu)U = infze(a(])mv pv(u, Z).

If, in addition, U s simply connected, we have

2. fo:ifu)U = SUD e(ov)nVv pv(u, 2).

We remark that if U C V| then Ré"%u)U < 00. Indeed, let v € V'\ U. Then

Ryt U= inf
Gl = I pv(u.2)

< PV(% U)

< 00

Proof. To prove 1., we first know Ré"%u)U < inf.couynv pv(u, z) as (OU) NV C
V\ U. Now we show Ré"}fu)U > inf,eou)nv pv(u, z). Take a point w € V' \ U and
connect u to w with a geodesic v in V', which must intersect OU NV at a point v.

Clearly

11



pV(uv U) < pV(u7 w)v

SO

. f <
@V pviu, 2) < py(u,w),

and thus

inf )< RM T
@)V pv(u,2) < R

This completes the proof of 1.

To prove 2., we first consider the case when sup,¢gp)ny pv (4, 2) = co. Then
there exists a sequence {w,} € (OU) NV such that py (u,w,) — co. For each wy,
choose u,, € U such that py(w,,u,) < 1. Then py(u,u,) — oo as well, which

shows Rf‘x,fu)U = 0.

Now consider the case when sup,cguny pv(u,2) < oo.  We first show
SUpe oy Pv (U, 2) < R, U. First take a sequence {w,} € (OU) NV for which

pv (U, wy) — SUp,cyny pv(u, 2). Then take a sequence {u,} € U such that

v (Un, wy) < % As U is open, we must have

PV(Uaun) S R?‘a;'fu)Uv

12



and since py (un, w,) < %, we must have that

sup  py(u, 2) < R, U.
ze(OU)NV ’

Now we show sup,c o)y pv (U, 2) > R, U. Let p = sup.cou)qy pv (U, 2).

Claim: U C Ay (u, p).

Proof (of claim): Suppose not. Then there exists @ € U such that
pv(u,@) > p. Set p := py(u, @) and define C' to be the hyperbolic circle of radius
p with respect to the hyperbolic metric of V. Then we have C N 9U = (). Now
we have © € C'. We now show that each point of C' must lie in U. Suppose z is
another point on C' such that z ¢ U. Then z would be in V' \ U. As CNIU = (),
we have that z € V \ U = Int(V \ U). But this is impossible as U and Int(V \ U)
would then form a separation of the connected set C'. Thus C' C U and C' induces
a separation of C \ U. Indeed, QU is inside the Jordan curve C' while C\ V is
outside C'. This contradicts the fact that U is simply connected (cf. [2] Theorem

8.2.2). ¢

From the above, we see that sup,cginy pv(u, 2) > Rf@tu)U, and thus

sup  py(u,z) = R, U
ze(U)NV

13



as desired.

]

The utility of these hyperbolic radii is illustrated in the following proposition,

of which the proof is easy.

Proposition 6. Suppose V. C C is a simply connected hyperbolic domain and
let w € V. Further suppose U and U are simply connected hyperbolic domains

containing u such that U C 'V and UcV. If Rf‘z,tu)ﬁ < Rl('?/t’u)U, then U C U.

Further, we will make use of the following, which comes from the theory of

metric spaces:

Definition 2.2.2. Suppose D is a hyperbolic domain and that U and V are com-

pactly contained in D. For u € U, we define

po(u,0V) = inf pp(u,v)
and
IOD<8U’ 8V) = ule%fU PD (u7 V)

We have the following lemma on hyperbolic convexity:

Lemma 3. (The hyperbolic converity lemma) For all z,w € D are distinct and for

all R > 0, if pp(0,w) < R and pp(0, 2) < R, then pp(0,() < R for all € yplz, w].

14



Proof. Let z,w € D arbitrary. If z,w, and 0 are collinear, the result is obvious.
Suppose not. Otherwise p[z,w] is the arc of a circle C' which is orthogonal
to dD. By applying a rotation, we may assume without loss of generality that
the segment between 0 and the center of C', is a subset of R to the right of 0.
Denote the center of C' as ¢. Without loss of generality we may assume that
z is at least as close to 0 as w, that w is below R and z is above R, and that
pp(0,w) = R. As Ap(0, R) is circular in Euclidean coordinates as well, let r be
such that Ap(0, R) = D(0,7), where D(0,7) is a Euclidean disk of radius r. Let S
be the sector in D which contains v := C'N D with angle 6 which satisfies 6 < .

Note that S is symmetric about R.

If z; is the point above R at the top of the sector on D and 25 is the point be-
low R at the bottom of the sector on 0D, let o = <(2;0c and let 8 = z;¢0. Then we
have a+ 8+ 5 = 7. If we denote as 6, the angle, measured in C' from the real axis
to the right of ¢ to z, and define 6,, in the same way, we have that 6,0, € (3, 37“),
with that angle range measured as before. Note we are using the fact that 8 < 7.
Let §, := |0, — 7| and §,, := |0, — 7|, and notice that d.,6, < 5. Using |z| < |w|
and the law of cosines, we see that 0 < 6, < §,. Thus 0, € [1 — 0y, T + Iy

Now ~p[z,w] is the shorter arc of C' from z to w and in fact the range of angles

for points in yp[z, w] is contained in [ —4,,, 7+, (again measured in terms of C).

Observe that w is the point on C' at angle © — §,,. Consider a point ¢ on C'

15



corresponding to an angle in (7 — d,, 7). The result will follow, using symmetry,
if we can show |(| < |w| = |w| = r. Let W = 21 +iy; and ¢ = x5 + iy,. Since the
sine and cosine functions are decreasing on 7, 7] D [7 — d,, 7] we see that 21 >

and y; > y» and thus |(| < |[w] as desired. O

Ordinary derivatives are useful for estimation when using the Fuclidean
metric. In our case, we will need a notion of a derivative taken with respect to

the hyperbolic metric.

Let S,T be hyperbolic Riemann surfaces with metrics

dps = os(2)]dz

de - UT<Z)|dZ|7

respectively. Let f: W C S — T be analytic. Define the hyperbolic deriva-

tive:

or(f(2))

OS(Z)

fiz) = f'(2)

See the differential operations defined in [3]. Note that the hyperbolic deriva-
tive satisfies the chain rule, i.e. (fog)! = (ffog)- g% Let K C W be relatively

compact. Define the hyperbolic Lipschitz bound as

16



£k = sup [ f*(2)]
zEK

Lemma 4. (Hyperbolic M-L estimates) Suppose S, T are hyperbolic Riemann Sur-
faces and f : S — T is holomorphic. Let z,w € S and let v be a hyperbolic geodesic

connecting z and w, with |f% < M on ~y. Then

pr(f(2), f(w)) < Mps(z,w).

Proof. We calculate

pr(f(2), f(w)) <U(f(7))

]

Let D by a hyperbolic domain. As S is normal, we can, given a compact
subset D of D and e > 0, find a finite set {fi}¥, € S such that, given f € S, there
exists fr € {fi}I¥, such that pp(f(2), fu(2)) < € on D, using Proposition VII.1.16

in [2] and 1. Such a set will be called an e-net for S, or simply a net.

17



2.3 The Carathéodory Topology

The Carathéodory topology is a topology on pointed domains, which are
domains with a marked point referred to as the base point. In [4], Constantin
Carathéodory defined a suitable topology for simply connected domains for which
convergence in this topology is equivalent to the convergence of suitably normal-
ized inverse Riemann maps. The work was then extended in an appropriate sense
to hyperbolic domains by Adam Epstein in his Ph.D thesis [5]. This work was
expanded upon further still by Comerford [6, 7]. This is a supremely useful tool in
non-autonomous iteration; the domains on which one wishes to apply may be as
variable as the polynomials themselves. We follow [6] for the following discussion.

A pointed domain is a pair (U, u) consisting of an open connected subset U of
C, (possibly equal to C itself) and a point u in U. We say that (U,,, uy,) — (U, u)

in the Carathéodory topology if and only if:

1. 4, — w in the spherical topology,
2. for all compact sets K C U, K C U, for all but finitely many m,

3. for any connected open set N containing u, if N C U, for infinitely many m,

then N C U.

We also wish to consider the degenerate case where U = {u}. In this case,
condition 2. is omitted (U has no interior of which we can take compact subsets)

while condition 3. becomes

18



3. for any connected open set N containing u, NN is contained in at most finitely

many of the sets U,,.

Convergence in the Carathéodory topology can also be described using the
Carathéodory kernel. Originally defined by Carathéodory himself in [4], one first
requires that u,, — u in the spherical topology. If there is no open set containing
u which is contained in the intersection of all but finitely many of the sets U,,,
then one defines the kernel of the sequence {(Up, um)}°_; to be {u}. Otherwise
one defines the Carathéodory kernel as the largest domain U containing u with
the property 2. above. It is easy to check that a largest domain does indeed
exist. Carathéodory convergence can also be described in terms of the Hausdorff

topology. We have the following theorem in [6].

Theorem 7. Let {(U,,, un)}5o_, be a sequence of pointed domains and (U,u) be
another pointed domain where we allow the possibility that (U,u) = ({u},u). Then

the following are equivalent:

1. (U, ) = (U u);

2. Uy, — u in the spherical topology and {(Up, um) }oo_, has Carathéodory kernel

U as does every subsequence;

3. Uy, — u in the spherical topology and for any subsequence where the comple-
ments of the sets U, converge in the Hausdorff topology (with respect to the

spherical metric), U corresponds with the connected component of the com-
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plement of the Hausdorff limit which contains u (this component being empty

in the degenerate case U = {u}).

Of particular use to us will be the following theorem in [6] regarding the
equivalence of Carathéodory convergence and the local uniform convergence of

suitably normalized covering maps:

Theorem 8. Let {(Up, tum)}m>1 be a sequence of pointed hyperbolic domains and
for each m let w,, be the unique normalized covering map from D to U,, satisfying
m™m(0) =0, 7, (0) > 0.

Then (Up, um) converges in the Carathéodory topology to another pointed hy-
perbolic domain (U,w) if and only if the mappings m,, converge with respect to the
spherical metric uniformly on compact subsets of D to the covering map © from D
to U satisfying 7(0) = u, 7©'(0) > 0.

In addition, in the case of convergence, if D us a simply connected subset
of U and v € D, then locally defined branches wy, of 75t on D for which wy,(v)
converges to a point in D will converge locally uniformly with respect to the spherical
metric on D to a uniquely defined branch w of m°~ 1.

Finally, if 7, converges with respect to the spherical topology locally uniformly

on D to the constant function u, the (Up, u,y,) converges to ({u},u).
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CHAPTER 3

The Polynomial Implementation Lemma

%M. Let K be the filled Julia set for lf’,

Let P = \z(1 — 2) where A = ¢
and let U be the Siegel disc containing 0 . Let # > 1 and set P = P, = %]5(/12).
Then if K is the filled Julia set for P, we have K C D(0,2). Let U be the Siegel

disk for P and note that U = {z € C: z = % for some w € U}.

Let €, C C be Jordan domains with analytic boundary curves v and T,
respectively, such that £ ¢ Q c Q € @' < D(0, %), where we recall % < 21is an
escape radius for P. Suppose f is analytic and injective on a neighborhood of Q
such that f(v) is still inside I". Let D = 2 \ﬁl and D’ be the conformal annulus

bounded by f() and I'. Define

F(z) = { f(z) zg%\gl
We wish to extend F to a quasiconformal homeomorphism of C. To
do this, we will use a lemma of Lehto [1]. In order to apply the lemma,
we first need to show that F' is an admissible boundary function for D in

the sense that the positive orientations of v and I' with respect to the annulus

D correspond to the positive orientations of F'(y) = f(7) and I' with respect to D'.

Claim: F' is an admissible boundary function for D.
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To prove the claim, first let y; be the orientation preserving Riemann map
which maps D to the annulus A(0,1, R), where R > 1 is chosen so that D and
A(0,1, R) have the same modulus. Similarly, let x5 be the Riemann map which
maps the annulus D’ to the annulus A(0, 1,]%), where R > 1 is chosen so that
the annuli D’ and A(0, 1,}?) have the same modulus. Post-compose Yo with a
quasiconformal stretching to get a map xo which maps D’ to A(0,1,R). As v
and F(vy) = f(y) are analytic arcs, we may use Schwarz reflection to analytically
extend the maps x; and xo to neighborhoods of v and f(7), respectively (see [2]).
Let f = ya0 fo x; ! be a lift of f which maps C(0,1) to C(0,1). Post-composing
X2 With a rotation, if necessary, we may suppose that f(1) = 1. Notice that f is

analytic on a neighborhood of C'(0, 1), as f, x1, and a rotation function are.

Let f(rew) = p(r,0)e“™  with re?’ = z + 4y, be a polar representation of f.

As f is a homeomorphism of C'(0,1) with itself, we must have that wp(1,6) > 0

always or wy(1,0) < 0 always. We calculate
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Pty — tag L0 ) = F)

y—0 Y

= _ify(z)

= —i(pr(1,0)7,(1,0) + pa(1,0)8,(1,0) + i(w,(1,0)7,(1,0) + wa(1,0)8,(1,0))eO
= —i(0+0+4(0 + wp(1,0)))e 0

= wg(l,O).

Then, near 1, we have

F=fO)+FM)E-1)+0(z -1

F(1) +wp(L,0)(z = 1) + O(|2 = 1)

If w'(0) < 0, f locally maps the inside of C'(0,1) to the outside of C(0,1).
Then by the conjugacy f would map the inside of v to the outside of f(7). But
this is impossible, as f is a homeomorphism. Thus w’ > 0, and the positive
orientation of v with respect to D corresponds to the positive orientation of f(7)
with respect to D’. Since the identity function is orientation preserving, we have

that F'is an admissible boundary function for D. O

If f, F,~, I',and D are all as above, with F' an admissable boundary function

on D, we will say that (f, Id) is an admissible pair on (v,T).
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Next let N € N and set p) := (PY"")*up for 0 < n < N. Let o = F
and, for 0 <n < N —1, let gpﬁ’ be the unique normalized solution of the Beltrami
equation for 1 which satisfies ¢ (2) = 2+O(%) near oo (see [3]). For0 <n < N,

||

let

PY(z) = ¢y o Po(pn 1) (2).

n

Then for each n, IBéV is an analytic degree 2 branched cover of C which has
a double pole at oo and no other poles. Thus ]5,{\7 is a quadratic polynomial.
Let olf := ¢N(0). Since the dilatation of ¢} is zero on C\ D(0,2), we know

@ is univalent on C\ D(0, 2). Thus W is univalent on D(0,%). It follows

from the Koebe one-quarter theorem and the injectivity of 2 that || < 42 = £,

Define ¥ (2) := ¢ (2) — aX. Then for each 0 < n < N, if we define
PY(z) =1y o Po (¥ 1) (2)
we have that PN(z) is a quadratic polynomial which fixes 0, as it is PN

composed with (uniformly bounded) translations. We now turn to calculating

bounds on the coefficients of each PY.

Claim: Any sequence formed from the polynomials PN (z) for 0 <n < N is
a bounded sequence of polynomials, with all coefficients bounded in modulus by

17 + k.
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By construction, the constant term is zero. Now

1
[P o (¥01) 71 (2))]

PY(2) = Aleal +O( ) (1=wz—rall +O( 1)) —al +O(

2] 2] )

and for |z| sufficiently large, we see that the O( term is actually

1
\PO(wﬁ,l)*l(»’%))l)

O(25). Therefore the coefficient of the linear term is A\ — 2Axa’Y_,, and thus

B nes
is bounded in modulus by 1 +2-1-x-& = 17. The leading term is —\x, and

K

thus we have constructed a bounded sequence of polynomials, proving the claim. ¢

We have a subsequence {P°™ }2°, of iterates of P for which P°™ converges
uniformly to the identity of compact subsets of its Siegel disc containing 0. In

fact, we can choose {n;}%2; to be the Fibonacci sequence (see [4]).

Lemma 5. ¢ converges locally uniformly to the identity on C and (¢))~! con-

verges locally uniformly to the identity on C, both with respect to the Euclidean

metric.

Proof. Recall that I' is the boundary of €. Let G(z) be the Green’s function
for P and let h := sup,.r G(2). Then suppp? C {0 < G(2) < h-2"V} and in
particular supp p) C {0 < G(z) < h-27"}. Thus supp pf” — 0 almost everywhere

as N — oo. By Theorem 7.5 on page 24 of [3] (see also Lemma 1 on page 93 of
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[5]), we have that ¢}’ converges uniformly to the identity on C (recall that the

unique solution for u = 0 is the identity).

For the inverses, let ¢ > 0 and, if z € C and 2z = ¢} (w) (recall that ¢} is a

homeomorphism of C), then

[(¢0) ™ (2) — 2| = |w — ' (w))|

<€

for all N large enough. Since ¢} is a homeomorphism of C, we have that o}’
and (©))~! both converge uniformly to the identity on C. Then o = ¢{'(0) — 0
as N — oo, and since ¥ = ¢ (2) — af’, the result follows.

]

The support of pu)) is contained the basin of infinity for P, A.. Since
27Vinf,., G(2) > 0, ¥} is analytic on a neighborhood of U. Then if we define
UN = ¢N(U), we have that (¢))~" is analytic on a neighborhood of UN. On the

other hand, we have the following lemma:

Lemma 6. (UY,0) — (U,0) in the Carathéodory topology.

Proof. Define ¥~ : D — U to be the unique inverse Riemann map from D to U
satisfying ¥ ~1(0) = 0, (¢»™')'(0) > 0. Proposition 3.2 in [6] gives that ¢} o ¢!

converges locally uniformly to Id o ¢)~! on ID. The result follows from Theorem 8.
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]

In the following, let A C U open and relatively compact be arbitrary.
By Lemma 6, we have that A C UY for all N large. Further, let 6 > 0
and let A and f:l be a d-neighborhood and a 26-neighborhood, respectively,
of A with respect to py. Further, let A be AU(O,I%), where ]% = R?ﬁfo);l.
The domain A will be useful to us as it is hyperbolically convex by Lemma
3, so that we can apply the hyperbolic M-L estimates (Lemma 4) to a func-

tion whose hyperbolic derivative is bounded on A. We now turn to another lemma.

Lemma 7. For any € > 0 and any open and relatively compact subset A of U,

there exists an Ny such that

(o) — 1] <e

()™ =1 <e
forall z in A, N > Nj.

Proof. Let dpy = o(z)|dz|, where the hyperbolic density ¢ is continuous on U
and bounded away from 0 on any relatively compact subset of U. Since ¢}’ and
()71 are analytic on any relatively compact subset of U for N sufficiently large,
we have that by Lemma 5 both (') and ((¢{")~!)" converge uniformly to 1 on A.
Using the local equivalence of the Euclidean and hyperbolic metrics there exists a

o > 0 such that A contains a Euclidean do-neighborhood of A, which we denote
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A. By Lemma 5 we can choose N large enough such that ViV (A) C A C A for all
N > Ny. Then, since ¢ is uniformly continuous on the relatively compact subset

A of U, there exists 1 > 0 such that |o| > 1 on A. Then for z € A we have that

(%) (2)o (¢4’ (2))

|(45)*(2)| =

converges uniformly to 1 on A, using the uniform continuity of o, as desired.

The proof for ((1))~!)? is similar.

Statement and Proof of the Polynomial Implementation Lemma:

Recall we had defined PN(z) = ¢ o Po (¢ )7!(z). For convenience, we
change the subindex to m, so that we have defined Pg for 0 < m < N. Recall
that we have a subsequence ny for which P°" coverges uniformly to the identity
on compact subsets of U. Define Qn*(z) = BJ* o PJ o---0 P o PI'(z) and
note that this simplifies so that Qp*(z) = ¥k o P o (¢g*)~(2). We now state

the Polynomial Implementation Lemma. It is by means of this lemma that we

create all polynomials in the proofs of Phases I and II.

Lemma 8. (The Polynomial Implementation Lemma) Let ]5, U, k, P, U, Q, ,
v, I', and f be as above. Suppose A C U 1is open and relatively compact. Then for

alle >0 and 6 > 0, szl and /21 are §- and 2d-neighborhoods of A with respect to
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pu as above, A is as above, and M is such that ||f*|| 1 < M, there exists ko > 0

and a (17+k)-bounded sequence of quadratic polynomials { Py}, such that Q

18 univalent on A and

1 pu(Que(2), f(2)) < e for all z € A, k > K,
2. 1(Qr )4 < M(1+¢),

3. Qm(0) = 0.

Nk

Proof. By construction, Q;*(0) = 0. Let €,d > 0 and without loss of generality

take ¢ < 0 and ¢ < 3. As the Euclidean and hyperbolic metrics are equivalent on

compact subsets of U (c.f. Lemma 1), we can use Lemma 5 to make ko larger if

needed so that

£

A
smr1 €

pu((¥5*) ' (2),2) <

for all £ > kq. This also implies

~

(Ug") " (4) C A.

Next, by Lemma 7, we can choose ky large enough such that

n — € EXT
[((5*) 7 (2) = 1] < 3’ 2 € Au(0, RifrpA) O A
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for all k& > ko. We will need this to hold on Ay (0, Ri7§A) as we wish to
apply the hyperbolic M-L estimates and we need these to hold on a set that is
hyperbolically convex (Ay(0, RgfgA) is hyperbolically convex by 3). Since the
hyperbolic metric of U is locally equivalent to the Euclidean metric, we have that
P°™ converges locally uniformly to the identity with respect to py. Then we can

make kg larger if necessary to ensure

£ A~

Pk A 4
for all £ > kq. This also implies
P (A) € A (5)

Using a similar argument to Lemma 7, we can make ky large enough such that

ong € ext A A
[(Po™)3(2) — 1] < 3 z € Ay(0, R A) D A (6)

for all k£ > kg, where we again insist this holds on the hyperbolically convex
set Ay (0, Rfjfé/l) so that we may apply the hyperbolic M-L estimates. Now (2) and
(5) imply that Qp* is univalent on A. Lastly by hypothesis we have |f*(z)] < M
for z € A D 151 Then if z € A we have, using the above in conjuction with the
hyperbolic convexity lemma (Lemma 3) and the hyperbolic M-L estimates (Lemma

4), that
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pu(Qni(2), f(2)) = pu(¥nr o P o (yg*) 7 (2), f(2))

< pu(f o P o (¥g*) 7 (2), f o PP (2)) + pu(f o P (2), f(2))

£ £ g
ML M
<M+ 2) G Mg

<E.

Also,

Q) ()| = [P o (15*) 7 () - (P ) (w6*) ™ (2)) - (") ()]

< M(1+ %)(1 n %)

< M(1+¢)

as desired.
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CHAPTER 4

Phase 1

We begin by finding a suitable disk on which f o ¢g~! is defined for f,g € S.

Lemma 9. If f,g € S, then fog™ is defined on D(0, 15) and (fog™)(D(0, 55)) C

D(0, 3).

Proof. Let f,g € S. By the Koebe one-quarter theorem we have D(0, %) C g(D) so

g ' is defined on D(0, 15). Then if h(z) := 4¢g7'(%) for z € D we have that h € S

and g~ '(w) = Th(4w) for w € D(0, 7), where z = 4w. Then if |w| < &5, then
2| < 3. By the distortion theorems we have that |h(z)| < 2 and [¢7(w)] < .

Then by distortion the distortion theorems again, if z € D(0, £;) we have that

fogi(z) < %89 < % Thus fog~! is defined on D(0, 1—12) for all f,g € S and maps

D(0, 75) into D(0, 3).

]

In the proof of Phase I, we scale the filled Julia set for the polynomial ]5(2) =

Az(1 — z), where \ = ew, so that it is a subset of D(0, -5). We are then

12
able to apply fog ! for f,g € S on this filled Julia set. We wish to find a
suitable subdomain of this scaled filled-Julia set so that we may control |f?| on
that subdomain. There are two ways of doing this. One can either consider a

small hyperbolic disk in the Siegel disk, or scale P so that the scaled filled Julia

set lies inside a small Euclidean disk about 0. We found the second option more
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convenient, as it allows us to consider an arbitrarily large hyperbolic disk inside
the scaled Siegel disk on which |f?| is tame. Lemmas 10 through 15 regard finding

a suitable scaling and estimating | ff|.

Lemma 10. There exists K1 > 0 such that for all f,g € S, if |2| < 51, then

[fog™ (2) — 2| < K|zf?

Proof. Let f,g € S. By Lemma 9 the function f o ¢! is defined on D(0, %) Let
w e D, z=Fw (note z € D(0, 15)) and define h(w) = 12(f o g7')(%%). We have

h € 8. Then setting Ko =Y - ,n3(3)" 2, if |w| < 1 we have

1 (w) 1] =

oo
w g na,w" >
n=2

)
< Jw| Y nlan|fw|"?
n=2

) 1 .

< Jul 3 nt(5)?
n=2

= Ko|w|

where we used that |a,| < n* as h € S. Let v = [0, 2] be the radial line

segment from 0 to w. Then, if |w| < 3.

[h(w) —w| =

/7 W(E) - 1d<’

< Kolu| / ¢
Y

= KQ|’LU|2.

35



Then if [z] < 5; (note [w| < 3) we have

[h(w) — wl| < Kolwl*

w
12f 0 7 (5) — w] < Kolul?
|12f 0 g7 (2) — 122] < K|122]?

|f 097 (2) — 2| < 12K|2]%,
from which the lemma follows by setting K; = 12K,. O

Let P be as above and let U be the Siegel disc corresponding to P. Now
fix R > 0 and let Uy = Ap(0,R). Let ¢ : U — D be the unique Riemann map
satisfying ¢/(0) = 0, ¢/(0) > 0. Let 7y = 7o(R) = d(Ug,U). If k > 1, then set
P=P, = %]5(/{2) and note that P obviously depends on . Then if £ = (k) is
the filled Julia set for P, we have K C D(0,2). Let U = U(x) be the Siegel disk
for P and note that U = {z € C: z = % for some w € U}. Let Uz = Ay(0, R).
Define ¢ = ¢, = 7,5(/@2) and observe that 1 is the unique Riemann map from U to

D satisfying ¢(0) = 0 and ¢’(0) > 0. Also define ry = ro(k, R) = d(0Ug, 0U) and

note ro = “2. Observe that 7o and 7 are decreasing in R.

Lemma 11. (Local Distortion) Let P, U, U, k, P. U and ¢ be as above. Then
for all R > 0, there exists Cy = Co(R) depending on R (in particular, Cy is
independent of k) which is increasing, real valued, and (thus) bounded on any
bounded subset of (0,00) such that if Ur, 7o, Ur and 1o are all as above, and

20 € Ug, 2 € U with |z — 2| < s < 1y, we have
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S

C()T
1) — ()] <
70
-5 Y (2) i
2wy < il < a2y

Proof. Set Cy = Co(R) = 2max__z

Ur

|4)/()|. Then Cy(R) is clearly increasing, real

valued, and therefore bounded on any bounded subinterval of (0, 00). Let ¢ = %

and note that if we define ¢(()

_ ¥(ro¢+20)—9(20)

rov’(20)

distortion theorems to ¢ we see

and thus

which proves 1.

observe

()] < —1¢!

we have that ¢ € §. Applying the

(1 —=1¢?)

( _Toz)g 1o+ [ (20)]
ro
ro 1o - max | (w
% "i
= 3 - 7o - K max | (w)|
(1 - E)2 ’U)EUR
~ :01)2 77 - max [ (w)|
70 ’LUEUR
< " 2 max |/ (w)]
(1 - 5)2 wEUR
.

37

For 2. we again apply the distortion theorems to ¢ and



L= o 1=

L+l 1+%
(1457 = (1 +[C])

(=1 = (L =55)*

5 1P (O <

from which 2. follows as ¢/(¢) = 4 EL, O

Lemma 12. Let P, U, Ug, 7y, , P, U, Ug, and ro be as above. Suppose f,g € S
and z € U. Then for alln > 0 and R > 0, there exists ko = ko(n, R) such that for

all kK > Ko

[fog™'(2) = 2| < nro.
In particular, this holds for z € Ug.

Proof. Fix ko > 48. By Lemma 10 we have, on U C D(O,%) C D(O,i), that
|fog7'(2) — 2| < Ki|z]? for some K; > 0 (note that fog~! is defined by Lemma
9). So |fog'(z) — 2| < & since |z| < 2. Then make kg larger if necessary to

K2

ensure that 5L < nrq for all £ > ko. In fact, ko = max{48, %} will suffice.

O

Lemmas 10 through 12 are technical lemmas that assist in proving the follow-

ing result:

Lemma 13. Let P, U, Ug, 9, k, P, U, U, and ¥ be as above. Suppose f,g € S
and z € Ugr. Then, for all R > 0 there exists ko = ro(R) > 0 such that for all

K > Ko
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1 )P 10

Ty DEIE = 9

W (fog )DL — 9
2 wm S

Proof. If z € Uy we have that [1(2)] < gﬁ—;} := cg (recall that pp = log(ifij))

Thus cg < 1 and 1 — [1(2)]> > 1 —c% > 0. As in the proof of Lemma 11, set

Co=Cy(R) = 2max__z 14/ (2)| Let 0 < 19 = 1o(R) < 1 be such that

Cono < log 10 — 120g9. (7)
(1 —m0)? 2(1 —cg)

and note that 7y depends only on R. Using Lemma 12, we can pick k1 =
k1(n(R), R) = k1(R) > 0 such that if K > &y, then |f o g7'(2) — 2| < noro (recall
the definitions of 7 and 7y before Lemma 11). Fix zy € Ur. Then for some s > 0
we have |f o g 1 (z) — 20| =8 <moro <7Tgasny < 1,80 fog(z) € U using the

definition of r¢ (note that =< 70). We may then apply 1. of Lemma 11 to see

Co
-7

o

[¥(20) = ¥((fog7")(20))| <

Cono
~ (1—m)?
log 10 — log 9
— 2(1—c%)

Further, using the triangle inequality we see that

log 10 — log 9
1—c%

(1= [(z0) ") = (1 = [ ((f 2 g7")(20))]*)] <
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Applying the Mean Value Theorem to the logarithm function on the interval

[1 — %, 00) we have

[log(1 — [¥(20)[*) — log(1 — [2((f 0 g7 ")(20))[*)] < log 10 — log.

from which 1. follows easily. For 2., let 0 < 7, < 1 be such that

L+m
(1—m)?

By Lemma 12 we can pick kg = ro(R) > 0 such that for all k > ko, if 2 € U

Y
g

[(fog™)(2) — 2| < mimo.

Let 2y € Ug. Then, similarly to the proof of 1., we can use 2. of Lemma 11

to see

[V ((fog7)(2))|
¢/ (2)]

as desired. The result follows if we set kg = Ko(R) = max{r;(R), ka(R)}.

9
< Z
-8

[]

Lemma 14. Let P, U, k, P and U be as above. Suppose f,q € S and z € U.

There exists ko > 0 such that for all Kk > kg

ol o

[(fog ™) (2)] <
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Proof. Set kg = 576 and let w € D. As in the proof of Lemma 10, define h(w) =

12(fog7')(s%). Note that h € S and h is defined by Lemma 9. Let z = % Using

the distortion theorems we have that

1+ |w|
W (w)] £ ———,
(1= fwl)?
SO
1+ |12%]

[(fog™)(2)] < (8)

(1—|122])%"

If & > Ko we have that D(0,2) € D(0,2) = D(0, z5). Let z € U and since

7,4;0

U C K cD(0,2) C D(0, 55), we have |z| < 55 for k > ko. Thus (8) is less than

25-242
233

which in turn is less than g for all kK > k¢ as desired. O

As all the previous lemmas hold for all x sufficiently large, applying them in
tandem in the next result is valid. In general each lemma may require a differ-
ent choice of kg, but we may choose the maximum one so that all results hold

simultaneously. Lemmas 13 and 14 are designed to prove:

Lemma 15. Let P, U, Ug, 15, k, P, U, Ug, and v be as above. Suppose f,g € S

and z € Ug. Then

DN o

(fog™)(2)l <
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Proof. Applying Lemmas 13 and 14, we have that there exists a kg such that for

all K > kg
o LWEE e |y
s VN =Ty Fog e w1
10 9 6
<985
3
=3
as desired.

Statement and Proof of Phase 1

Lemma 16. (Phase I) Let P, U, Ug, k, P, U, and Ug be as above. For all
e>0,R>0, and N € N, if {f;}X is a collection of mappings with f; € S for
i=0,1,2,--- N+ 1 with fo = fy+1 = Id, there ezists kg = ko(R) > 0, My =
My(e,N) € N, and a (17 + k)-bounded finite sequence of quadratic polynomials

{Pm}(NH)MN such that, for all k > ko and all 1 <i < N +1,

m=1
1. Qiny 18 univalent on Usg.
2. Qinty (Uzr) C Usg.
3. pu(fi(2), Qiny (2)) < € on Uspg.

4. HQ?MNHUR < C for some 0 < C' < oo0.
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J. Q(N-H)MN(O) =0.

In fact, we can take C' = 7 above.

Proof. Step 1: Setup

Let e > 0 and R > 0. Let ko = 576 (we will make kg larger if necessary later).
Then for all & > ko we have U € K C D(0,2) C D(0, 5z5) € D(0, 15). Note that

the last inclusion implies that if f,g € S that fog™! is defined on U by Lemma 9.

Step 2: Polynomial Implementation Lemma.

Let 6 > 0 and, making ko larger if necessary, apply Lemma 15 so that, if

f,9 €S, we have for all K > kg

: (9)

H(f © gil)h’|U5R+26 <

DO W

Note that, by Lemma 4, this implies

fog_l(UQR) C U3R. (10)

Remark: Since Id € S we have f(Uygr) C Usg for all f € S.
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For each 0 < ¢ < N, apply the Polynomial Implementation Lemma
(Lemma 8), with Q = D(0, 5;), & =D(0,3), v = C(0,5), T = C(0,3), A = Usg,
A=A= Uspios and f = fiy10f; " From this lemma we obtain My (taking a suit-
able maximum, if necessary) and {P,, : iMy+1<m < (i+1)My, 0<i< N}

such that for z € Usg we have that Qi (i+1)0m, is univalent on Usgp and

puQurty sty (2): Fivn © f7(:)) < 35 (1)

It also follows from the Polynomial Implementation Lemma that

Q(N+1)my (0) = 0, proving 5.

Step 3: Estimates on the compositions {Q;nz, YY1

We use the following claim to prove 1., 2., and 3. in the statement of Phase I:

Claim: For each 1 <7 < N + 1, we have that ();p, is univalent on U and

L pu(Qiny (2), fi(2)) < #
2. pu(Qiny (2),0) < 4R

for z € Usg.
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Note that the error in the polynomial approximation for ¢ = 1 is the smallest

as this error needs to pass through the greatest number of mappings.

We prove the claim by induction on 7. Let z € Usg. For the base case i = 1, we
have that univalence and 1. in the claim follow immediately from the Polynomial

Implementation Lemma. For 2., recall that fy = I'd and compute

pu(Q@aiy (2),0) < pu(Quiy (2), f1(2)) + pu(fi(2),0)

3

gve 3R

<

< 4R,

which completes the proof of the base case. Now suppose the claim holds for

some 0 < k < N +1. Then

pu Qe r1yMy (2), fri1(2)) < pu(Qunty (ki1)py © Qunry (2), (frrr © frh) © Quary (2))+

pu((frsr o fi) © Quary (2), (i 0 £ ) 0 fi(2))

Now since Qxary(2) € Usr by the induction hypothesis, so (11) implies that
the first term in the inequality above is less than sx+r. By induction hypothesis
Qrnmy (2) € Usg C Usg while we also have fi(z) € Usg C Usg by (10). Thus (9)
implies that the second term in the inequality is less than % * sxi—%- Lhus we

have py(Qrr1ymy (2), fer1(2)) < sxrsgrn, proving the first part of the claim.
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Also,

pu (Qurnymy (2),0) < pu(Qurrymy (2); frr1(2)) + pu(fr+1(2),0)

39

< 3N+1—(k+1) +3R

< 4R

using what we just proved and (10), which proves 2. in the claim. Univalence
of each Qi follows as Qary (Usr) C Usgr, and QkM,,(k+1)My 1S univalent on
A = Usr D Uyg by the Polynomial Implementation Lemma. This completes the

proof of the claim, from which 1., 2., and 3. in the statement of Phase I follow. {

Step 4: Proving 4. in the statement.

Let dpy(z) be the hyperbolic length element in U. Write dpy(2) = op(2)|dz|,

where oy is continuous on U, and therefore uniformly continuous on Usg, as

Usg is relatively compact in U. Let o0 > 0 be the infimum of oy on Usg Let z € Usg.

Now 3. in the statement together with the Schwarz lemma for the hyperbolic

metric give for i <i < N + 1 pp(Qiny (2), fi(2)) < pu(Qinty (2), fi(2)) < e. Then

if v is a geodesic in D from Q;, (2) to fi(z) we see that
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€ > pu(Qiny (2), fi(2))
> pp(Qiney (2), fi(2))

”
_/ 2|dw
L1 —|w]?
2/2[dw|
.

= 2I(v)

> 2|Qinmy (2) — fi(2)]

so in particular, for all z € Usgp,

|Qiny (2) = fil2)] < e

Now suppose further that z € Ug. If we set 0 = min,epp, dist(w, 8U%R) then

using Corollary IV.5.9 in [1] and the Jordan curve theorem we see

Qiney ()] < 1F ()] + Qi (2) — fi(2)]
Qimy (W) — fi(w)

= |fi(2)| +
R Tk
2
1+ = 3
< o * §lOU

Where Z(GU% r) is the Euclidean length of GU% - By making ¢ smaller if

needed, we can ensure, for z € Ug, that
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|Qinry (2)] < (12)

DO o

We can make € smaller still to guarantee that if z,w € Usg, and |z — w| < ¢,

then, by uniform continuity of oy,

lov(2) —op(w)| < o

Then if z € Ur we have

Qi ()] < 1FF ()] + 1@ (2) = fE(2)]

i)+ | Q) o oy Z0UiED) g
i O'U(Z) iMn O'U(Z) )
<Ipi() + (21 Qua@) o,y ooliED o ]
! ou(z) viN ou(z) vMN
ou(Fi(2) ou(£(2) .
T(Z)QiMN(Z> - T(Z)fi(z>

We need to bound each of the three pieces on the right hand side of the above
inequality. Recall that, as ¢ = iD € S, we have that |f3(z)] < 2. For the second

term, we have
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ov(Qinm, (2)) -, B ou(fi(2)) | 1 e I
O'U(Z) QZMN(Z) UU(Z) QzMN( ) |O'U(Z)| |Q1MN( )| | U(QzMN( )) U(fz( ))|
3
< -0
D)

| WO er—t

where we note |oy(Qiny(2)) — ou(fi(2))| < o using 3. in the statement of
Phase I, the local equivalence of the Euclidean and hyperbolic metrics, and the
uniform continuity of ¢. For the third term, we can apply Lemma 13 to make kg

larger if necessary to ensure

O’U(fi(z))Q;MN(Z) _ Mﬁ(z)' < M‘ (1Qar, () + [ £1(2)])
ou(z) ou(z) ou(?)
_1093 6
=5 5675
<4
Thus
Qg () < o+ 2+
=7
as desired.
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CHAPTER 5

Phase 11

Our first objective here is to prove The Fitting Lemma, one of the key tools
in controlling loss of domain in the proof of Phase II and indeed in controlling loss
of domain in the main result. We will be interpolating functions between Green’s
Lines of a scaled version of the polynomial P = \z(1 — z) where A = e i (i
we denote the Green’s function by G, we will want to be able to choose h small
enough so that the region between the sets {G = h} and {G = 2h} has small area.
This will eventually allow us to conclude that we get good approximations to the
inverse of a given error function on the domain, which will in turn allow us to
control the loss of domain. On the other hand, we will want A to be large enough
so that, if we distort the Green’s lines slightly (with that same error function),

the distorted region between them will still be a conformal annulus. We must first

prove several technical lemmas.

Several Technical Lemmas

Definition 5.0.1. Let U = {(Up, un) }ner be a sequence of pointed domains indexed
by a set I C R. We say that U varies continuously in the Carathéodory topology at
ho or is continuous at hy if (Up,up) — (Upy, up,) as h — hg. If this property holds

for all h € I, we say U varies continuously in the Carathéodory topology over I.
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Definition 5.0.2. Let I C R and let {7 }ier be a family of Jordan curves indexed
by I. We say that {~} is a continuously varying family of Jordan curves if we can
find a parameterization F(z,t) of v, where F': T x I — C is continuous on T x I

and injective in the first coordinate.

Lemma 17. Let {v;} be a continuously varying family of Jordan curves. Then
if Uy is the Jordan domain which is the bounded component of C\ [v,] and there
exists u : I — C continuous with u(t) € U; for all t, then the family {(Us, u(t))}

varies continuously in the Carathéodory topology.

Proof. The continuity of u implies (i) of Carathéodory convergence. For (i7), fix
to € 1. Let K C U, be compact and let z € K. Let 6 = d(K,0U,), and for each
z € K, form the open ball D(z, g) The union of these balls forms an open cover
of K, so we may select a finite subcover {D(z;, $)},. If w € K, then w € D(z;, 2)
for some 1 < i < n. Now n(y,, w) = 1 by the Jordan curve theorem. By the
uniform continuity of F' on compact subsets of T x I, we can find d; such that
n(y,w) = 1 for all ¢ satisfying |t — to| < 0; (recall that the winding number is
integer valued). Setting dy = mini<;<, ;, we have that n(y,w) =1 for all w € K
if ¢ satisfies |t — to| < dp. Thus (ii) of Carathéodory convergence is satisfied. Now
let {t,} be any sequence in I which converges to t, and suppose N is an open
connected set containing u(tg) such that N C Uy, for infinitely many n. Without
loss of generality we may pass to a subsequence to assume that N C U, for all
n. Let z € N and connect z to u(ty) by a curve n in N. As [n] is compact,

there exists ¢ > 0 such that a Euclidean d-neighborhood of [n] avoids ~,, for all n.
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By the continuity of F', this neighborhood also avoids 7. Since u(ty) and z are
connected by n which avoids 7;,, they are in the same region determined by ~,,.
Thus n(7e, 2) = 1y, u(ty)) = 1. Hence z € Uy, by the Jordan curve theorem.
As z is arbitrary, we have N C Uy, and (iii) of Carathéodory convergence and the

result then follow. OJ

Lemma 18. Let I be an interval, U = {(Un,vn)}tner be a sequence of pointed
Jordan domains, and V = {(Vi, vn) bher be a sequence of pointed simply connected
domains with the same base points, indexed over I. If pt CU TV C C, U and V
vary continuously in the Carathéodory topology over I, and OUy is a continuously

varying family of Jordan curves on I, then R?%,vh)Uh 15 continuous on I.

Proof. Let hg € I be arbitrary. As dU,, is a continuously varying family of Jordan
curves, let I : T x I — C be a continuous mapping (with / C R an interval),
injective in the first coordinate, where for each h fixed, F'(t, h) maps T to OU,,. Let
©n, be the unique normalized Riemann map from Vj, to D satisfying ¢y, (v,) = 0,
¢} (vn) > 0. Let ® = {p;}nes be the corresponding family. As pt C V C C, we
have ® 1V by [1] Theorem 4.15. Since pt C U C V there exists 0 < p < 1 such
that ¢, (Un) C D(0, p) and thus R?“ﬁzmh)Uh < p. Also, as h — hg, we know that
©n = n, locally uniformly on Vi, as (Vi,vs) — (Vig, vn,) by Theorem 8. If we
then let m, be the (unique) inverse Riemann map from D to Uy, normalized so that
m,(0) = 0 and 7,(0) > 0, then ¢, o7, converges to ¢y, © Tp, locally uniformly on D
by [2] Proposition 3.2. Using Theorem 8 again, we see (¢, (Up),0) = (©n,(Us,), 0).

Now, let ¢(z,h) = on(2).
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Claim: For all hy € I and zy € V},,, ¢(z,h) is jointly continuous in z, h on a

suitable neighborhood of (zg, hg).

Proof (of claim): Let € > 0. Let {h,} be a sequence in I which converges to
ho and {z,} be a sequence in V},, which converges to z. Using (ii) of Carathéodory
convergence and the fact that V3, is open, we have that z, € V}, for all sufficiently

large n. Then for z, and h,, sufficiently close to zg and hg, respectively, we have

|2(2n, hn) = @(20, ho)| = |n,.(2n) = ©no(20)]

< n, (2n) = @no (20)] 4 [0no (20) = #no(20)]

which proves the claim. Note that we are using the fact that ¢, =2 ¢y, locally

uniformly on V}, and that ¢y, is continuous. O

Thus if we define (t,h) = @(F(t,h),h), we have that (¢, h) is jointly
continuous in ¢ and h. If we write R,, = R?‘%n,vhn)Uhn and Ry = R?‘%O,vho)UhO’ we
wish to show that as h — hg that R, — Ryg. As pt C U C V, we may choose
a subsequence {R,, } which converges. If we can show that the limit is Ry, we

will have completed the proof. For each k, we have that R,, is attained at some
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Zny, € OUp,, so we may write R, = py, (0, &(zn, , b)) for some z,, € Uy, . Now
Zn,, = F(tn,, hy,) for some t,,, € T, so R,, = PV, (0,%(tn,, hny)). As hy, — ho, in
passing to a further subsequence if necessary, we have that (t,,,h,,) — (to, ho)
for some ty € T. Observe that there is no loss of generality in passing to a further

subsequence.

Claim: Ry = pp(0,%(to, ho))

Proof (of claim): Suppose not. Then there exists (f, hg) € T x I such that
[0 (%0, ho)| > |1 (to, ho)|. Choose a sequence {(t,,,h,,)} in T x I which converges
to (fg, hy). Then by joint continuity of v there exists a ko € N such that for
all k > ko we have that |¢(%,,, hn, )| > [¢(ts,, hn, )|, which contradicts the fact
that R,, = pp(0,%(ts,, hy,)). This completes the proof of both the claim and the
lemma.

]

Let P = Az(1 — z) where A\ = e For k> 1, define P = %f’(ﬁz) and

let G be the Green’s function for this polynomial. Set Vj, := {z € C : G(z) < h}.

Lemma 19. The family {(0V,,0)}rso gives a continuously varying family of Jor-

dan curves.

Proof. Let P be as above, let K be the filled Julia set for P, and let ¢ : C\KC — C\D

be the Bottcher map. Then the map F : T x (0,00) — C, F(6,h) — ¢~ 1(e") is
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the desired mapping for a continuously varying family of Jordan curves. [

Before the statement of the next lemma, we note the following fact:
suppose ¢ : (0,00) — (0,00) is a continuous function. Then, for all

y > inf{p(z) : x € (0,00)}, the set {z : p(z) < y} is nonempty.

Lemma 20. Let ¢ : (0,00) — (0, 00) be a continuous function such that p(x) — oo

as x — 04. Then, for all y > inf{p(z) : z € (0,00)}, if we let

z(y) = inf{x : p(x) <y},

we have x(y) — 04 as y — oo.

Proof. Suppose not. Suppose there exists a sequence {y,}°°, such that y, — oo
but z(y,) # 04 as n — oo. Set z, = z(y,). By continuity of ¢ we actually have
©(zn) = yn. Otherwise we could make x,, smaller, contradicting the fact that it is
an infimum. Since z,, 4 0., taking a subsequence if necessary, there exists d > 0
such that z,, > ¢ for all n. Since p(z) — oo as x — 0,, we may assume that this
sequence is contained in the bounded interval [d, 1] for n sufficiently large. We can
then take a convergent subsequence {x,, }?°, which converges to a limit g, with

o > 0. As ¢ is continuous, we have

lim () = ¢(x0) < o0,

k—o0
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Figure 2. Filled Julia Set I with Green’s Lines {G = h} and {G = 2h}

On the other hand, we must have that

e (wn) = i ya, = oo,

a contradiction. O

Now, let IC be the filled Julia set for P, and let U be the Siegel disc about

0 for P. Fix R > 0 and define Ug := Ay(0, R). Define R = RZ("{};MO)UR and let

‘/gh = AVQh(O, R)

Lemma 21. (V5,,0) — (U,0) as h — 0.
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Proof. We will use the Carathéodory Kernel version of Carathéodory convergence
to prove this. Let W be the Carathéodory Kernel of {(Va,,0)}. Clearly U C
W. To show containment in the other direction, let h, be a sequence of positive
numbers such that h, — 04 as n — oco. Let {(Vap,, ,0)}72, be a subsequence of
{(Van,,,0)}32, and let 2 € W be arbitrary. Construct a path from 0 to z in W
and denote this path by ~. Since W is the Carathéodory kernel, we have that the
track {7} is contained in V},, ~for all k sufficiently large. Thus the iterates of P
are bounded on W. This implies W C K. Since W is open, W C intKC. Then W is
contained in a Fatou component for P, and since 0 € W, W C U. Since we have

already shown U C W, we have W = U as desired. O

Further, let @op, : ‘72h — V5, be the unique Riemann mapping from f/gh to Vap

normalized so that ¢q,(0) = 0 and ¢4, (0) > 0. We now prove a small lemma:

Lemma 22. Given any finite upper bound hy € (0,00), there exists py, depending
on P and hy, such that for all R € [5,1] and all h € (0, hy], we have that the

207

hyperbolic radius of Vay, in Vay, about 0 satisfies

Rwvyy,0)Van = po-

Proof. Since R € [%, 1], we may use compactness or Lemma 1 to find dy such that
d(0,0UR) > doy, where d(0,0Ug) denotes the Euclidean distance from 0 to 0Ug.
Further, from the definition of Vs, as a hyperbolic incircle of dUg, we have that
for all h € (0, h), there exists z, € Vs, NOUR with |z,| > dy. On the other hand,

as the domains {Va }re(o,no) are nested, there exists Dy depending only on hg such
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that for all z € U, and for all h € (0, hg], we have dy,, (2) < Dy. Letting pj, be the

hyperbolic radius about 0 of ‘72h in V5, we have

pn = / dpvy, (=)
Y

where 7 is a geodesic in V5, from 0 to z,. Then, using Lemma 1, we have

Pn = / dpvy,(2)
Y

from which the result follows by setting p, = 2%) (note that [ denotes the

Euclidean length above). O

Now define Vj, := go;hl(Vh) and note that Vi, = go;hl(VQh). Further, define

R(h) :== R?@ﬁhth- Then it follows from Lemmas 17, 18, and 19 that R is contin-

uous in h on closed subsets of (0, 00), and
Lemma 23. R(h) — oo as h — 0.

Note that the function R depends on P.
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Proof. Let z € 0V}, and, using the hyperbolic metric of V5, connect 0 to z using
a hyperbolic geodesic v in V5;,. Then v must meet QU. Choose w € yNOU. Then
PV (0,2) > pvy,, (0,w). As h — 04 we can choose h sufficiently small such that for
all e > 0, d(w,0Vay,) < € for all w € OU. Choose Z € OVyy, with |w — Z| < ¢ and let

¢ € M, [0, w] be arbitrary. We have that

Ovey, (€) < |C — 2|
< ¢ —w|+ |w =2

<|C—w|+e

Let dy = inf,cou |w|. Now write ¢ = Yy, [0, w] (1) = w +7(t)e®® for t € [0,1]

(1) — —. Since

and note that, as yy,, [0, w] is a geodesic in Va, from w to 0, r(1)e
YW [0, w] is not self-intersecting, we have r(t) > 0 for all ¢ € (0,1]. Then, using

Lemmas 1 and 2 we have that
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R(h) - Rf\%h,())vh
Z Py, (07 Z)

> PVap, (07 C)

- / dpvy (€)

1
Z 2 /y 5V2h(C)
L1
2 ), [(—wl+e

/|r et +w/<><>i9<t>|dt

—1—5
2_/ POl g,
0 )+€
1/
> R S
_2\
_1/
2 r+e
[
>
-2 T+e
1 [dote qy
> _
_2/ U

= In(dy + €) — In(e),

from which the result follows. O

Let £1 > 0 and construct a 3e; open neighborhood of Vs, using the hyperbolic
metric of U, which we will denote by N. Recall hg from the statement of Lemma

22 and the scaling k. We now state and prove
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Lemma 24. (The Target Lemma) Let py be as in the statement of Lemma 22.
There exists an upper bound £, > 0, depending on P, k, and the interval for R,
namely [55,1] such that for all e, € (0,&y) there exists T(e1) > 0, depending on &,
P, hy, and the interval of R, namely [%, 1], such that for allh > 0 and R € [%, 1],

we have

1. Rz‘%m(ff% \ N) > T(e;)

2. T(e1) > o0 as ey — 04

We remark that part 1. of Lemma 24 allows us to interpolate for the “during”
portion of Phase II. Conclusion 2. will be vital for the Fitting Lemma; it allows

us to conclude that h — 0, as e; — 0, (see the statement of the Fitting Lemma).

Proof. As is the case in Phase I, we will assume that U C D(0, ﬁ). Regarding

the upper bound Z*: we note that if ¢, is too large, then we would actually have
f/gh C N so that f/gh \ N = (). Recall that by Lemma 22, we have that py is such
that for all A > 0 and R € [%, 1], we have R(Vzh’o)%h > po. Using the Schwarz

Lemma for the hyperbolic metric, we see that R%go)%h > R(V%O)f/gh > po, SO

ensuring that e, < 2 implies that Vo \ N £ 0.

For all R € [55,1], it follows from compactness that if £ € dUg, then || > dy

for some dy > 0 (this is the same dy from the proof of Lemma 22). With the
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distortion theorems in mind, we define

e—1
T =
e+1
1 2
D, ::ﬂ:e?
(1—7’1)2

Note that r; is chosen so that D(0,71) has hyperbolic radius 1 in D, that
is, D(0,7) = Ap(0,1). By the Schwarz Lemma, since U C V,;, and R < 1, we
have R(V%,O)f/gh < 1 (recall that \7% is round in the conformal coordinates of V5,
so that the internal and external hyperbolic radii are equal). If follows from the

distortion theorems that if £ € dVay, then €] > g—ol.

Now suppose (o € OWVap. If ¢ € dAy(Co, 3e1), we wish to find a Euclidean disk
about (o in which ( is contained. Let vy be a geodesic in U from (y to (. Then,

using Lemma 1, we calculate

1/ |dw|

>

2 Y0 5U<w)

2144/ duw|
Yo

> 144{¢ — o

where () is the Euclidean length of 7. Note that we use the fact that
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U c D(0, %) in the above calculation. Thus [( — (o| < . As (y was arbitrary,

this implies that for any & € OV, we have Ay (€, 3e,) € D(&, %)

Now we aim to define the quantity T'(1). Let z € (ON) N Vay. Pick 2y € Vi,
which is closest to z. Then py(z,29) < 3e1, which by what we have just shown

implies |z — 2| < . Note that as |z| > g—ol we have that |z| > —1 — % Note

that we need e to satisfy e; < 4?;50, and since the constants dy and D, depend on

k, P, the interal of R, ¢; depends on these same constants. Let v be a geodesic in

Vap, from z to 0. If w € {7}, we have

0, (0) < [w — 2
< |w—z|+ |z — 20|

< _
|w z|—|—48

So, once more using Lemma 1,

1 |dw|
p~2 072 Z a /
Vh( ) 5V2h(w)

/ Cdw|
lw — 2| + &

Now write w = (t) = z + r(t)e?®®, for t € [0,1] and note that, as v is a
geodesic in Vi, from z to 0, r(1)e®) = —z. Since v is not self-intersecting, we

have r(t) > 0 for all t € (0, 1]. Then
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/1 |7 (t)e?®) + i@’(t)r(t)ew(t)]dt
0

e
lw— 2|+

v

v

A%

= N= N= D= N = N

1

dy
= S(n(2) —(5h)).

1
The result follows from Lemma 2 and setting 7'(g1) = %(ln(D—O) —In(%})).

O

As R(h) is continuous, for T'(¢;) sufficiently large, we may choose the smallest

h(T(e1)) such that R(h(T(s1))) = T'(g;). Lemmas 20, 23 and 24 imply:
Lemma 25. (The Fitting Lemma) h(T (1)) — 04 ase; — 04.

Proof. By Lemma 24, we have that T'(e;) — 0o as 1 — 0. Lemma 23, together
with the fact that R is continuous as discussed above, ensure that the hypotheses

of Lemma 20 are met. Lemma 20 then implies that h — 0. O]

As we remarked earlier, the Fitting Lemma will be essential in controlling loss
of domain in Phase II. The idea is that we can find an & such that the domain Vh fits

inside Vi, \ N with the desired properties, one of which being h — 0, ase; — 0.
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The fact that V), C Vay \ N will allow us to apply the Polynomial Implementation
Lemma which we will need to correct the error from the Phase I immediately prior
to this. As will use the Target Lemma to choose an appropriote h, we can be sure
that we can distort 0V}, slightly, and this distorted curve will still lie well inside
Vap. This is vital for the hypothesis of the Polynomial Implementation Lemma; it
ensures we have a conformal annulus on which to interpolate functions. The fact
that h — 0, as ey — 0, will allow us to control the unavoidable loss of domain
when we correct the error from the previous Phase I. Before we move on to the
statement and proof of Phase II, we state a further technical lemma that will be

useful in the proof of Phase II:

Lemma 26. Let D C C be a bounded simply connected domain containing 0 and
let € > 0. Then there exists R > 0 such that if D is any simply connected domain

compactly contained in D such that R%,o)f) > R, then d(0D,dD) < e.

Proof. Let € > 0 and define D, = {z € D : d(z,0D) > ¢}. As D, is compactly
contained in D, we can find an R, such that D. C Dg_, where Dg_:= Ap(0, R.).
Then if R > R., and Dy C D C D, we must have D C {z € D : d(z,dD) < €}.
Indeed, we know D N'D = (. Then dD N Dy = 0 as Dy C D. Further,
OD N Dp. =0, as Dr. C D, and finally 9D N D. = () as D. C Dg.. Then from
dD C {z € D : d(z,0D) < £} and the compactness of D, we get d(dD,dD) < «,

as desired. n

Statement and Proof of Phase 11
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The idea behind Phase II is this; in Phase I we construct a polynomial
composition which is close to the identity and approximates given functions at
prescribed stages in the composition. In Phase II we wish to correct the error
in the Phase I composition with another polynomial composition. In doing this,
we will lose domain on which we can correct the error, but the correction can be
chosen arbitrarily good on this smaller domain. Further, this loss of domain will

become arbitrarily small as the initial Phase I error becomes small.

Recall the scaling factor £ > 1 and hg from the statement of Lemma 22.

Lemma 27. (Phase II) There exists an upper bound €, > 0, depending on P, k, hy,
and the interval of values for R, namely [5,1], and a function § : (0,&;) — (0, 55),
with §(x) — 04 as x — 0, such that for all e, € (0,&], there exists an upper

bound 5 > 0, depending on 1, P, k, hg, and the interval of values of R, namely

[%,1], such that, for all 5 € (0,&], R € [+

207 1], and all functions & univalent

on Ug with py(E(2),2) < €1 for z € Ug, there exists a 17 + k-bounded quadratic

composition Q such that
i) Q is univalent on a neighborhood of URr—s(c1), and

i) For all z € Up_(c,), we have

pu(Q(2),€(2)) < ea.
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iii) Q(0) =0

Because we will be using the Polynomial Implementation Lemma repeatedly
to construct our polynomial composition, we need to interpolate functions
outside of K, the filled Julia set for P. Indeed, as we saw in the Polynomial
Implementation Lemma, the solutions to the Beltrami equation converge to the
identity because the supports of the Beltrami data become small in measure.
However, £ is defined on a subset of U, where we can use high iterates of P
which converge to the identity to assist us in approximating £. Hence, we
will need to map a suitable subset of U to a domain which contains &, and
correct the conjugated error using the Polynomial Implementation Lemma. The
trick to doing this is that we choose our subset of U such that the mapping
to blow this subset up to U can be expressed as a high iterate of a map
which is defined on the whole of the Green’s domain V}, not just on this
subset. This will allow us to interpolate outside K. Further, we will then use the

Polynomial Implementation Lemma to “undo” the conjugated map and its inverse.

The two key considerations in the proof are controlling loss of domain, and
showing that the error in our polynomial approximation to the function & is
mild. In controlling loss of domain, the main difficulty will arise in converting
between the hyperbolic metrics of different domains, U and V3. The techniques
for doing this will be the Fitting Lemma, and the fact that (V5,,0) — (U, 0) in the

Carathéodory topology as h — 0. As stated above, we will apply the Polynomial
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Implementation Lemma to o, 0 € o @5, in what we call the “During” portion
of the error calculations. We then wish to “cancel” the conjugacy, so “During”
is bookended by “Up” and “Down” portions, in which we apply the Polynomial
Implementation Lemma to get polynomial compositions which are arbitrarily

close to g, and %’hl, respectively, on suitable domains.

We begin the proof of Phase II by considering “Ideal Loss of Domain.” In
creating polynomial approximations, error will be created that will have an impact
on the loss of domain that occurs. We first describe the loss of domain that is

forced on us before this error is taken into account.

Proof. Ideal Loss of Domain:

We first turn our attention to controlling loss of domain. Let ¢ : U — D
be the unique normalized Riemann map from U to D satisfying (0) = 0,
¥'(0) > 0. Similarly, let 19, : Vo, — D be the unique normalized Riemann map
from Vay, to I satisfying 14,(0) = 0, 9%, (0) > 0. Recall that R = Ryt o Ur and

Vap, = Ay, (0, }?) Define R’ = RZLJt,o)V?h' We prove the following claim:

Claim: R— R — 0, as h — 0.

As (Vop,0) — (U,0) in the Carathéodory topology as h — 0, (Lemma 21),
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we have that 5, converges locally uniformly to 1) on U by Theorem 8. Let h, be
an arbitrary sequence such that h, — 0, as n — oco. By the definitions of Van
and R’ and Lemma 2, there exists wy, 1 € 8‘7%” N OUg and wy,, 2 € 3‘72;1” NOUR.
Let 0 < 5,8, s9n, < 1 be such that 1(0Ug) = C(0,s), ¥(0Ugr) = C(0,s'), and

Yon,, (3‘72hn) = C(0, sop,,)-

Let 9 > 0. By compactness of OUr we have that there exists a point wy,, 1 €
OUpg and a subsequence {whnk,l}z; of {wp,, 1} such that Wh,, 1 = Wh, 188 k — 00,
whence by uniform convergence we have [1ap, (wh, 1) — ¥(wh1)| < %, for all k

sufficiently large. Thus

€0
|San,, — 8| < Ok

for all k sufficiently large. We may apply a similar argument to the sequence

{wn, 2} to find a subsequence {wy,, »} and see, for h sufficiently small, that

€o

|s2n,, — 8| < 5

Thus |s — §'| < o for any subsequence h,, for which h,, — 04. Thus
|s — §'| < &g for all h sufficiently small, and using the continuity of ¢!, the claim

follows. O

Now define the Internal Siegel disc, U = @3} (U), and let R" = Ré@fo)ﬁ.
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Next, we show

Claim: R— R" — 0, as h — 04

First we show Ré%h’O)U —+ oo as h = 04. Fix Ry > 0 and set X = Upg, and
Y = Ugyr1- Now ¥(X) = Ap(0, Ry) and ¥(Y) = Ap(0, Ry + 1). As Ap(0, Ry) C
Ap(0, Ry + 1), let n = d(0AR(0, Ry), 0Ap(0, Ry + 1)) > 0. Now let z € 9Y and
w € Ap(0, Ry). We have that (Va,,0) — (U,0) as h — 04 (Lemma 21), so by
Theorem 8 we have that 15, converges to ¢ uniformly on compact subsets of U.

So for all h sufficiently small, we have

So by Rouché’s theorem, since the convergence was uniform and w € Ap(, Rp)
was arbitrary, Ap(0, Ry) C 19,(Y). Then 15, (Ap(0, Ry)) C Y, so R?{szh,o)y > Ry.
We also have that Y C U so R U > Ré%h,O)Y, and thus Ré?}éh,o)U > Ry. Since

(Van,0

Ry was arbitrary, we have that Ry, U — 0o as h — 0.

Now, by conformal invariance, Ré%h,O)U = Ré%h,o)ﬁ . For a constant ¢ and a
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domain D, define the scaled domain ¢D := {z € C : z = cw for some w € D}. As
¢2h(‘72h) = Ap(0,74), for some 7, > 0, depending on h, and then %@Dgh(%h) =D.
As Rzﬁ%hmﬁ — o0 as h — 0, it follows that Ré’%%h(%h)’o)(i%h(ﬁ)) — 00 as

h — 0. We can the apply Lemma 26 to conclude that

d<a<%¢%<0>>, a<%¢2h<%h>>> S0, ash o 0,

and thus, scaling by r,, we have

d(a(wzh(ﬁ)),a(%h(%h))) — 0, ash — 0.

Further, we have that

Yo (U) C th(VZh) C Yan(Ur) C o (Ur) C tan(Avy, (0,1)),

where we use the Schwarz Lemma for the hyperbolic metric for the last
inclusion. Since qu—hl converges to 1! uniformly on compact subsets of D by
Theorem 8, we have that d(0U,dVa,) — 04 as h — 0. Using Lemma 1, we see

that pU((?[j,aVzh) — 0, as h—0,.

Fix ¢o > 0. Pick z € dU such that py(0,z) = R” using Lemma 2. Since
pU(c‘?U,a‘?zh) — 04 as h — 0, we can pick wy, € Vs, such that pu(z,wy) < 2.

2

Now let v be the unique geodesic in U passing through 0, wj,. As v must eventually
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leave Uy, let w be the closest point on v N OUg to wy. Then 0, wy,, and w are on
the same geodesic. We now have py(0,w) = R and py (0, w,) > R’ using lemma 2.

Then, since 0, wy,, and w are on the same geodesic, we have

IOU(w7 wh) = pU(()? U)) - pU(07 wh)

<R-FR

€0
<_
2

for h sufficiently small. Further, we have

R — R” = pU<Oaw) - pU<07 Z)
< pU(Z7w)

Finally, we have

R—R" < py(z,w)
< pu(z,wn) — pu(wn, w)
€o
< J— p—
5 +

for h sufficiently small, and thus R — R” — 0, as h — 0,.. O

Since R — R” — 0, as h — 0., we have that
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R—R'"— 0, ase; — 0, (13)

by the Fitting Lemma (Lemma 25).

We now fix h. Let T'(¢;) be as in the statement of the Target Lemma and
set h = min{h : R(h) = T(e;)}. We know h — 04 as e, — 0, by the Fitting
Lemma. The Target Lemma will guarantee that our fundamental annuli in the

“During” portion of the proof are indeed conformal annuli.
Controlling Error: “Up”

Recall that ¢y, is the unique Riemann map which sends ffgh to Vo, and gy,
is the unique Riemann map which sends V5, to ID. Notice that, in the conformal
coordinates of V5, @9 is a dilation of ‘N/Qh. To estimate the error, we wish
to break this dilation into many smaller dilations, and apply the Polynomial
Implementation Lemma so as to approximate each of these small dilations with a

polynomial composition.

Let 7 € (0,1) be such that ts,(Va,) = D(0,7). Also, we have that
on (Vi) € D(0,s) for some s € (0,1) with s > r. Fix N such that ( 1{/;)3 < /s
This will ensure that g in the composition does not distort 9V} so much so that

we lack a conformal annulus for interpolation in the Polynomial Implementation
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Lemma. Put more specifically, we have g(V},) C Vap,.

Define on 5, (D(0, s)) the map

9(2) = v < T/sz;xz))

and note in particular that g is defined on V}, as ¥, (V) C D(0, s).
Remarks (for 1 < k < N):

i) ¥y (D(0,r/N)) D 45! (D(0,1)) = Van
i) g°*(2) = ¥a, (wtan(2)) on Yot (D(0, T%/NY)

iii) g°N(2) = @an(z) on Vo, as @op is unique.

Thus, as 9, (D(0, sr*/N)) is a relatively compact subset of 1y,' (D(0, r*/N)),
we can use the chain rule to find M| > 0 independent of both N and & such that
on 1, (D(0,s7%/N)) we have that |(g°N=*)'| < M. Recall that the hyperbolic

density in Vo, oy, , is uniformly continuous and positive on compact sets of Vay,.

Let K{ > 1 be such that Z“:Qh((i)) < Kj for all z,w € 15! (D(0,5)), and note that
2h

w;hl(D(O, s)) D w;hl(D(O, sr’“/N)). Set M, := K{Mj and then, on w;hl(D(O, srk/N)),

we have
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v (9° " (2))

e A (O

(g™ ()l =

< K1M;

— M,

We also have that 1o, maps U compactly inside D(0, s), the function z
%z maps D(0, s) inside D(0, 1/5), and ;" maps D(0, 1/5) compactly back inside
Vap. Combining these three observations with the chain rule, we can make M,

larger if necessary to ensure that, on U, we have

Ilg°llo < My (14)

Set B = UN_1g°%(Ugr_s5,) for 0 < k < N and let A be a 1-neighborhood of
B in the hyperbolic metric of U. Then if 21 is a 2-neighborhood of A, again using

the hyperbolic metric of U, and A = AU(O,Rf(”}fO)A), we have ||¢%]|; < M, as A

is a (relatively compact) subset of U. Define I'), = 0V}, and TI'y, = V4, and set

in the statement of the Polynomial Implementation Lemma to be W—EIM%,

where M, and Mj; are equicontinuity bounds which will be chosen later. For
now we just assume that M; > 1 for ¢ = 1,2,3 (these are bounds, and we can
always choose a larger upper bound). Without loss of generality, assume that

W < 1 which implies that both € < 1 and €5 < 1. Further, note that ¢ < &,.
Now apply the Polynomial Implementation Lemma, with v = 'y, I' = I'yp,, and

£2

€ = 3@M)N-TMM;

to g to get My > 0, and a (17+k)-bounded finite sequence of
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quadratics polynomials {Qm}%ﬁl such that the composition of these polynomials,

@y, s univalent on A and satisfies

€2

pU(QMN(Z),g(Z)) < 3(2M1)N_1M2M37 z€A (15>

%) )
3(2M1)N71M2M3

Q5 14 < Mi(1+ (16)

Define Qiny = Q}’\’/}N. We prove the following claim, which will allow us to

control the error in the “Up” portion of Phase II:

Claim: For each 1 < k < N, we have Qs is univalent on A and, for

Z € UR”*SEU

€2

L pu(Qrary (2), 9°"(2)) < 3(2My )Nk My M

(17)

2. Qrmy(2) € A (18)

For the base case k = 1, we have that 1. is obvious while 2. follows from the
fact that € < 1 and g(z) € B. Now assume this is true for some 1 < k < N. For

z € Ugn_5., we have

pu Qe (2),9°(2)) < pu(Quusyniy (2), 9 © Quary (2)) + pu(g © Qrary (2), 9 (2))

Now Qrury(2) € A by hypothesis so the first term in the inequality above is

less than ¢ by (15). We have that py(Qrary(2), 9°%(2)) < € by hypothesis so the
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second term is less than M;e using the hyperbolic M-L estimates and (14). Thus

we have

pu(Quenyniy (2), ¢ (2)) < e + Me

1 €9 1 E2

(2M1)k ' 3(2M1)N_(k+1)M2M3 * 2 3(2M1>N_(k+1)M2M3

€2
<
- 3(2M1)N7(k+1)M2M3

which proves 1. in the claim. Now Q41)nmy (Ugr_s5¢, ) lies in a 1-neighborhood
of ¢°" ™ (Ugr_se,) by 1. But ¢ "1 (Upi_s.,) € B 50 Qriiymy(2) € Aif 2 € Upn_se,
(note that k4 1 < N), which finishes the proof of 2. To see that Q1) (2) is
univalent, we know Qx+1)ay (2) = Qary © Qrary (2). Since Qrary (2) € A, and Qary
is univalent on A by the Polynomial Implementation Lemma (Lemma 8), we have

that Q41)a, is univalent on A. This completes the proof of the claim. O

For convenience, set Q1 = Qnu, - Recall that on ‘72h, we have ¢°V = @q,.

Thus on Ugr_5., we have

€2
3MyMs'

pu(Qu(2), pan(2)) < (19)

and
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Qi(z) € A (20)

Controlling Error: “During”

Let z € OUgr_ge,, w € OUgi_5, and note py(z,w) > €1. As g, is a homeo-
morphism, we have that @on(w) € Opan(Ugr_s5:,) and pap(2) € intwop (Urn_se,). If
we set Ry := ngfo)sozh(URﬂ_5gl) and consider Ay (0, Ry), we have that Ay (0, Rp)
is compactly contained in U as Ugr_5., is compactly contained in U and ¢y, is a
homeomorphism. Note that ¢, (Ay(0, Ry)) D Upr_s5e, D Ugrr_ge,. Thus we can
find n > 0 such that ||(v5))"||ay0,r) < 7. Lemma 3 ensures that Ay(0, Rp) is
hyperbolically convex and we may use the hyperbolic M-L estimates. Thus we
have py(@2n(2), 2n(w)) = <, which implies the hyperbolic distance from ¢4 (2)

to O(wan(Urr—se,)) is at least % Making €5 smaller if necessary to ensure that

g9 < %1, we have that

)
2Mo M,

pu(Q1(2), p2n(2)) <

< €92

€1

Y

n

and thus Qq(2) € won(Urr_s5-,). As z was arbitrary, we have that

Q1(Urr—6z,) C pon(Upr_se,) (21)
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On the other hand, we observe the following hold:

1. We have that U C V,. Then by the Target Lemma, h was chosen such
that an e;-neighborhood (in the hyperbolic metric of U) of Vj, avoids an

g1-neighborhood of 8‘72h.

2. It follows from 1. above that an £; neighborhood (in the hyperbolic metric

of U) of U has finite external hyperbolic radius in Vi,

Thus if we define £ = py,0& 0 @y, we have that €% is uniformly bounded on
U. Let N be a 2-neighborhood (using the hyperbolic metric of U) of @op(Upr—se, )
and let N = Ay(0, ng;fo)N ). As N is compactly contained in U, we have that

€% is uniformly bounded on this neighborhood. As we used the Target Lemma to

choose h, £(8V}) C Vay, and so we have (€, Id) are an admissible pair on (T, Tap).

Now fix M, > 1 such that

1E8(2)| < M, zelU (22)

Note that this doesn’t affect our earlier assertion that ¢ < 1. We can then
apply the Polynomial Implementation Lemma (Lemma 8) to construct a (17+4k)-
bounded composition of quadratic polynomials, Qg, univalent on o, (Ugr_se,)

such that, for z € @on(Ugr_s5¢, ), we have
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€2

£ 2
pu(Q2(z),E(2)) < 30, (23)
Q2| < My(1+5-) (24)
2 llpan(Upr_5ey) = #¥72 3M,
Controlling Error: “Down”
It is easy to see that
E(on(Urr—se,)) C pon(Upr—az,)- (25)

Now Ugr_4e, C U C f/gh. Thus there exists a finite constant My > 0, de-

pending on ¢1, such that R?gtO)U rr—4e, = My, whence by conformal invariance

R oypon(Urr—ae,) = My. Also by (23) we have that Qa(pon(Urr—se,)) is con-

€2

tained in an 3 =z -neighborhood of @o(Urr_4c,) (using the hyperbolic metric of U).

Thus
€9
Rext Ui . < M
0,0)Qa(2n(Upr—ae,)) < Mo + 30,
< My + e,
and so
(t10)Q2(pan(Urr—se,)) < Mo + 1 (26)
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as &2 < 1. Now Qa(pon(Urr—se;)) € Untyr1 C Unigys C U C Vap. Now fix

M3 > 1 such that

(o) < M3, 2 € Uppyss. (27)

Further, we have that (go;hl,f d) is easily seen to be an admissible pair on
(T, Ta). We can then apply the Polynomial Implementation Lemma (Lemma
8) to construct a (174+k)-bounded quadratic polynomial composition Qg that is

univalent on Uy, 41, and for 2z € Uy, 41, we have

pu(Qa(2), 03! (2)) < 5 (28)
1Qsllong < Ma(1+ ) (29)

Concluding the Proof of Phase 11

Now, as Q1, Q2, and Qs were all constructed using the Polynomial Im-
plementation Lemma, they are all (17+k)-bounded compositions of quadratic
polynomials. Then, if we define Q := Qg3 o Q2 0 Q1, we have that Q is a (17+k)-
bounded composition of quadratic polynomials. We have that Q; is univalent on
A D Urr_s5:, D Urr_gey, Qg is univalent on o (Ugr_s.,) D Q1(Upr_ge,), and Qs

is univalent on Upgy 11 D @on(Urr—4e,) D @on(Urr—se, ).

Thus Q is univalent on Ugr_g.,, and analytic on a neighborhood of Ugr_7.,,
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namely Ugr_g.,. As all compositions were created with the Polynomial Im-
plemetation Lemma, we have that Q(0) = 0. Set 6 = R— R"+7&;. It follows from

(13) that d — 04 as e; — 04. Choose & sufficiently small such that 6(e1) < &,

which ensures that Up_s(.,) # 0.

Then for z € Ugr_s5 = URN_7€1 - UR//_Ggl, we have

pu(Q(z2),€(2)) <pu(Qs o Q20 Q1(2), ¢y, © Q20 Qu(2))+
pu(ea © Qa0 Qu(2), 95, 0 € 0 Qu(2))+
pu(pa © € 0 Qu, E()) (30)
We now estimate the three terms on the right hand side of the inequality

above. We have that z € Ugr_7., C Ugr_ge,, 80 Q1(2) € wan(Urr—se,) by (21).

Then Q2 0 Q1(z) € Upgy+1 by (26). Thus

pu(Qs 0 Qa0 Qu(2), 9y ©Q20Qu(2)) < %2 (31)

by (28). For the second term, we still have Q;(z) € won(Upr_5.,) and Qg o
Q1(2) € Unp41 C Unpyys as above. Also, we have Eo Q1(2) € on(Ugr_4e,) C
Unor1 C Upyys by (25) and (26). Thus, using the hyperbolic convexity lemma

(Lemma 3) and the hyperbolic M-L estimates, we have
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pu (0o 0 Qz 0 Qu(z), g 0 & 0 Qu(2)) < Ms -

< = (32)

by (23) and (27). For the third term we note that £(z) = 5! o £ o gy,
Recall that ]if is a 2-neighborhood of oy, (Ug»_5.,) in the hyperbolic metric of U.
We still have Q1(z) € wor(Ugr_se,) C ]\:f, and clearly @on(z) € won(Ugr—_ge,) C
won(Upr—se,) C N. We know €% is bounded on U D N using (22). Also,
£ 0 won(2) € won(Upr—se,) C @on(Uni—ae,) C Ungy C Ungpss while € 0 Qq(2) €
©on(Uni—4e,) C Uty C Ungyss using (21) and the definition of £, where we know
|(p5,))f] is bounded using (27). Then, using (19), the hyperbolic convexity lemma

(Lemma 3), and the hyperbolic M-L estimates, we have

_ 5 9
pU(%hl 0&0Qq,E(2)) < M- M, - S,
€9
= 33
< (3)
Finally, using (30), (31),(32), and (33), we have
pu(Q(z),E(2)) < e
which completes the proof of Phase II. n
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CHAPTER 6

Proving The Main Theorem

In this chapter we prove Theorem 2. The proof of the theorem will follow

from a large inductive argument. We first have some additional lemmas.

Lemma 28. (The Jordan Curve Argument) Let U and Ug as above. Given e > 0,
suppose g is a univalent function defined on U such that g(0) = 0 and py(g(2), z) <

e. Then g(Ug) D Ug_..

Proof. We have that g(OUg) avoids Ug_. and is a Jordan curve. Also, g(0) = 0, so
0 lies inside g(Ug). The function g is a homeomorphism, so d(g(Ug)) = ¢g(OUR).
Then 0 lies inside the Jordan curve d(g(Ug)). Since this curve avoids Ug_., all of

the connected set Ug_. lies inside 0(g(Ug)). Hence Ug_. C g(Ug). O

Lemma 29. There exist

a) a sequence of positive real numbers {€;}5°,,
b) a sequence {J;}2, of natural numbers and a sequence of quadratic polynomial
compositions {Q}°, where each Q' is a composition of J; (17+k)-bounded
quadratics,
¢) a sequence of strictly decreasing hyperbolic radii {R;}$2,, and

d) a sequence of strictly increasing hyperbolic radii {S;}2,,
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such that

2’)5}<%<%<Riforalli21,
i) Q! is univalent on a neighborhood of U, , and Q'(Ug,_,) D Ug,,
i) Qio-qul(U%) C Us, CUy for each 1 <i<2n—1, and
i) if QL denotes the partial composition of the first m quadratics of Q, then for

all f € S, there exists 1 < m < J; such that, if z € U%, we have

pu(Qh o Qo - 0QY, f(2)) <&
The next lemma follows as an immediate corollary:

Lemma 30. There ezists a sequence of quadratic polynomials {P,,}5°_, such that
the following hold:
i) {Pn}_, is (17+kK)-bounded.
ii) Qm([/%) C U% for allm > 1.
iii) For all f € S, there ezists a subsequence {Qum, }32, such that Qn, = f on U%

as k — 0.

Proof of Lemma 29:

Let C' be the equicontinuity constant from the statement of Phase I and
let 0(x) be the function measuring loss of hyperbolic radius from the statement
of Phase II. The proof of Lemma 29 will follow immediately from the following

claim, which we prove by induction.
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Claim: There exist sequences of positive real numbers {e;} ,, {n;}",, and

{o;}7_,, sequences of hyperbolic radii {R;}?";" and {S;}7";", integers {J;}"*

=1 >

and polynomial compositions {Q!}?";! such that the following hold:

i) The sequences {n;}?_, and {o;}", are given by

and 0 < o0; <m; < 1< <n.

_1
40-2%>

ii) The sequence {R;}>"5! is strictly decreasing and is given by Ry = }L, Ry =

R, = %_<ZZ=177J)_6§—81 1=2kforsomel <k<n-1
i (21 m) — (3 + 36)k+1 — 0(ept1) i=2k+1forsomel <k <n-—1

The sequence {S;};";" is strictly increasing and is given by Sy = 5, 51 =

1 €

50 T 31, and

3, 2 + (Zzzl 0;) + E i=2kforsomel <k<n-—1
%+(Zj:10j)+(g+%)€k+1 1=2k+1forsomel <k<n-1
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iii) Si<1—10<é<Riforeach1§i§2n—1.

iv) Each Q' is a (17+k)-bounded composition of .J; quadratics. For each 1 <

i<2n—1,set [ =3"_,J,.

J=1

v) For each 1 <i < 2n — 1, Q' is univalent on a neighborhood of Ug,_, and

Qi(URi—l) 2 URi

Thus the branch of (Qio---0Q')~! which maps 0 to 0 exists and is univalent

on Ug,.

vi) For each 1 <7< 2n—1,

i 1
QO-HOQ(U%)CUS{CU%

vii) If i = 2k with 1 <k <n—1iseven, and z € Ug

i—17

i i— - £
pu(Q(2), (Q o0 Q) (2)) < 55
3C
For the final three hypotheses, let i = 2k + 1 with 0 < £ <n — 1 be odd.

viii) If 2 € Ug, C Ug, ,_=, using the same inverse branch mentioned in v) we
= 3

have

pu((Qlo - 0Q"N)(2),2) < e

88



ix) IfzelUs

pu(Qi(z).2) < 2

x) If, for each 1 < m < J;, Qi denotes the partial composition of the first m
quadratics of Q!, then for all f € S there exists an m, 1 < m < J;, such

that, if z € U%, we have

pu(Qi o Q7 o0 QN (2), f(2)) < ekt
Remarks

1. Statements i)-iii) are designed for keeping track of the domains on which

estimates are holding.

2. Statements v) and vi) in regards to keeping track of domains under iteration

of the polynomial compositions.

3. Statement vii) is a “Phase II” statement regarding error correction of a poly-

nomial composition constructed with Phase II.

4. Statements viii) -x) are “Phase I” statements. Statement viii) is a bound on
the error to be corrected by the next Phase II approximation. Statement x)

is the key piece for proving Theorem 2.

89



Figure 3. A block diagram illustrating the induction.

Last Block

k=n—1
Index: | k=0 | k=1 | | Block k | | (n blocks) |
Domains: U, Ur, Uk, Uk, Ury Uy, URyin Urys Uksiz Uraus
Polynomials: Q! Q1 Q Q¥ | Qn Q»-2 | Q-
Phase: Phase I | Phase IT | Phase [ Phase IT | Phase I Phase IT | Phase I
Number of i | | | |
Compositions: § =0 i=1 =2 i=3 1=2k—1 i=2k i=2k+1 i=2n—-3i=2n—2i=2n—1

Base Case: n = 1.

Let §(x) be the function whose existence is guaranteed by Phase II. Now pick

g1 > 0 such that if we set

4
m = 561 + 5(61)

4

01 = 5€1,

3

then 0 < o; <m < 402 This verifies 1). Now set Ry = i, So = %, and

1 €1
Rl—Z—g—a(Sl)
1 ISH

=5 T g

which verifies ii) and iii). Let {fo, f1, - fn,+1} be an t-net for S, where N; €
N, with fo = fn,+1 = Id. Apply Phase I for these functions with R = i =3,
to obtain M; = M (g1, N1) € N, and the polynomial composition Q' = Qn,+1)a, ;

which satisfies, for 1 <17 < N; + 1,
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[\

. Qi 1s univalent on Uspg.

w

. Qing, (Usgr) C Uyp.

4 pul£(2), Quin(2)) < § on Use.

ot

N@inllon < C.

As fn,41 = Id, ix) is verified in view of 4. above. If z € Ug,, let z = Q*(w)

for some w € Ug,. Then

which verifies viii). Next, for f € S, if f,, is the member of the net for

which py(f(2), fm(2)) < %, and Qf, is the partial composition which satisfies

pu(Qu(2), fm(2)) < 3. Then

pu(Qm(2), £(2)) < pu(Qm(2), fn(2)) + pu(fin(2), £(2))

€1 &
< — 4+ —
-3 3
< €1,
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which verifies x). Now Q! fixes 0 and is univalent on U 5 D U 1= Ug,-
Further, if py(z,0) = 1, then py(Q'(2),0) > + — =, so by the Jordan curve
argument Q'(Ug,) D Ui_a1 D Ug,, which verifies v). Similarly, if py(z,0) = 5,
then py(Q',0) < 55 + % This implies Q*(Sy) C S; and verifies vi).

Set J; = Ny + 2, I = Jy, which verifies iv). Finally, we note that vii) is

vacuously true, which completes the base case.

Induction Hypothesis: Assume i)-x) hold for some arbitrary n.

Induction Step: We show this is true for n + 1.

Since the above hypotheses hold for n, we've already defined Ry, 1 = Ro,_o—

€ —0(en), where we recall that §(z) is the function whose existence is guaranteed

by Phase II. Using viii) for ¢ = 2n — 1 we have

pU((Q2n_1 ©---0 Ql)_l(z)v Z) < En, z € URQn—l' (34)

We can pick ¢, sufficiently small such that if we set

4 1
Thh+1 = <§ + @)€n+1 + 5(€n+1)
4 1

Ont1 = (5 + %)EnH,
then we caln ensure
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1

0 <opt1 < Mg < 10 oni1

which verifies i) for n4-1. If we now apply Phase II, with R = Ry, 2 — %, 61 =

Ep, and 9 = Eggl, we can find a quadratic polynomial composition Q2" which is

univalent on a neighborhood of Ug,, , (as Ug,,_, € Ron—2 — %) and satisfies

=

o (Q2(2),(Q* 1o 0 QY (2)) < 5;51, 2 € Up, . (35)

which verifies vii) for n+ 1. Note that in light of &, in the statement of Phase
IT, we may need to make e, smaller, if necessary. However, this does not affect
Nny1 OF 0,41 above. If we let Jy, be the number of quadratics in Q®® and set
Iy, = s, 1 + Jo,, we see that the first half of iv) for n 4 1 is also verified. Then,

by hypotheses i) and ii) for n, if we set

En+1
Rn:Rn— —&n T S5~
2 oan—1 — € 3C
S2n:S2n—1+5n+%7
3C

then
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and

V

V
O —

e i
5l |

En+l
“2m 50

>
40-29 40 - 2ntl

=1

1 1 1
(1 - — —

o~ )
1

40
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En+1

1 n
Sy = — L Ennt
2 20+;m+ 30

1 "1 1
< — -
20+;40-zﬂ+40-2n+1

1 1 1 1
=20 T "3 e
1 1
<50 " 10
3
=10
1

57

<

which verifies the first half of iii) for n+ 1. Combining (34) and (35) we have,

on Ug,, .,

pu(Q™(2),2) < pu(Q™(2), (Q™ o 0Q) 7 (2) +pu((Q™ o 0QY)(2),2)

En+1
<30 +en (36)

This, combined with the Jordan curve argument, implies that

QZD(URzn—1 ) ) UR2n )

which verifies the first half of v) for n + 1. Further, (36) implies that

2
Q n(USQn—1> C U32n71+5n+62’% = USzna
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which verifies half of vi) for n 4+ 1 and finishes the Phase II portion of the

induction step.

Construct an  =t-net  {fo, fi, -~ fn, 41} for S, where we obtain

Npi1 = Npyi(eng1) € N and require fy = fn,.,+1 = Id. We apply Phase

I with R = }1 and ¢ = = to obtain M,y1 = Mpji(eny1, Noy1) € N, and a
(174k)-bounded sequence of quadratic polynomials {Pm}ﬁszfllw"“ﬂ). Set

Q™ = Qry 1,100+ Myt (Naa+1) and let Jo, g = M, 1(Npyq + 1) be the number
of quadratics. Setting Io,.1 = I, + Jony1, we verifies iv) for n + 1. Let Q2»+!
denote the composition of the first m quadratics of Q2*!, with 1 < m < Jo,41.
By Phase I this composition is univalent on a neighborhood of Ug, , fixes 0, and

satisfies

a) Q2n+1(U1) cU;

2

b) pu(fi(2), QY (2)) < 5, 2 € Uy, 1< 0 < Ny + 1

’ i]-v-[nJrl

o) QN1 llo, <C1<i< Nuya+1

iMn+1
Using the fact that fy,,, 11 is the identity function, ix) is verified in view of

b). Next define

€n
R2n+1 = Ry, — 3“ - (5(5n+1)

En+1

3

Sont1 = Son +
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Then, using i) and ii) for Ry, and S,

4 3C 3
J=1
1 u En+1 En41
=12 5g g )

Thus we have verified ii) and iii) for n + 1 (note that completing the verifi-

cation of iii) is similar to a calculation above verifying the first half of iii) for n+1).

By b) applied to the function fn, ,+1 = Id, together with the Jordan curve

argument we have

Q2n+1<UR2n) D URQH—E”T+1 D R2n+17

which verifies v) for n+ 1. Again by b) applied to the function fy,,,11 = Id,

we see

2n+1
Q nr (US2n> - USQn+E"T+1 = U52n+1'

This, together with vi) for n and iii) for n + 1, verifies vi) for n + 1.
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Now let z € Ug,,. By v) for n +1 2z = Q**(w) for some w € Ug,, ,. Also,

the branch of (Q®*)~! which fixes 0 is defined and univalent on Ug,,, so

pu((Q*™ o Q™ o 0QN)(2),2) = pu((Q*™ o+ 0QN) 0 (Q™)7!(2),2)
= pu((Q™ o 0QY) H(w), Q™ (w))

En+1
37
<30 (37)

by (35). By b) for fw,,,+1 = Id, using this same inverse branch which fixes 0,

_ gn n
Q)7 (2) ) < =5 2 €Q™ N Un,) D Uny (38)

Then, if z € Ug,,,, and we let w = (Q**™*)7!(2) € Ug,,, we have

pr((Q™ o Q™o 0Q")(2),2) = pr((Q*™ o+ 0 Q)™ 0 (Q™)7!(2), 2)
< pu((Q*o---0Qh) ™ o (Q™)7H(2), (Q*™ ) 7H(2) + pu((Q™) 7 (2), 2)
=pu((Q 0 Q™ o 0Q) H(w), w) + pr((Q™ ) (), 2)

Entl | Entl

30 T3

using (37) and (38). This verifies xiii).

Let f € § be arbitrary and let z € U L Let f; be the element of the £-net

which approximates f to within =% on D(0, i) DUD U%. Let Q20+ = ?ﬁil
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be the corresponding partial composition of Q?**! which approximates f; to

within E"T“ onUir DU:1.
2 20

Also, (recall z € U, ) we have Q%™ o---0Q'(z2) € Ug,, using vi) for n + 1.
Then using the univalence from v) for n +1 z = (Q* o --- 0 Q') (w) for some

w € Ug,, . Then, if w = Q®*(¢) for ¢ € Ug,,_,, we have

pu(Q™ o+ 0Q(z),2) = pu(w,(Q o0 Q) (w))

= pr(Q™(0), (@™ o 0Q) Q) < 5 (40)

by (35). Using (40), b), ¢) and the fact that f; approximates f, we have

pu(Qm ™t oQo--0Q'(z), f(2))
< pr(Qut o Qo0 QN (2), QuH(2)) + pu(QW(2), fil2)) + pu(f'(2), £(2))

En+l | En+1 | En+l
<C-
- 3C + 3 + 3

= En+1

which verifies x). Note that the first term uses (40) and c), the second uses
b), and the third uses the net approximation. This completes the proof of the

claim from which Lemma 29 follows. ]

We now prove theorem 2:
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Proof of Theorem 2: Let f € S be arbitrary. Lemma 30 implies that there
exists a bounded sequence of quadratic polynomials {P,,}°°_,, and a subsequence
{Pn, 132, of {Pn}®_, such that {@Q, }32, converges locally uniformly to f on
U L Further, Lemma 30 also implies that U s is contained in a bounded Fatou
component V' for this sequence. Since {Q,, }72; is normal on V', we may pass
to a further subsequence, if necessary, to ensure this subsequence of iterates will

converge locally uniformly on all of V. By the identity principle, the limit must

be f. O
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