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ABSTRACT 

This dissert at ion is c oncerned wi t h the ana l ysis of hydromagnetic 

waves which are gener a t ed in various r egions of the magnetosphere and pro­

pagated to the earth in t he extr emel y l ow f requency spectrtnn. Two different 

aspects of the pr obl em are i nves t i gated , ame l y , pr opagat i on through in­

homogeneous regions of t he ionospher e and pr opagat ion and excitation of 

waves in current carrying regi ons of t he i onosphere and the magnetosphere. 

Propagation through i nhomogeneous r egions is studied by two different 

methods. With t he first met hod, transmi s s i on coefficients for hydromagnetic 

waves are obtained in t erms of Airy i nt egral func t ions by assuming a linearly 

varying inhomogeneous region. Simplified expressions are obtained by using 

series and asymptot i c approximat i ons. Numerical results are given for 

typical ionospheric parameters. 

The second approach to propagat ion through inhomogeneous regions employs 

"Epstein's theory". In t his method, the wave equation is transformed into 

the hypergeometric equat ion to obt ain more tract able solutions for the types 

of inhomogeneities which are characteristic of the ionosphere. Assuming 

a hydromagnetic wave incident from above and propagating parallel to the 

earth's magnetic field, power transmission coefficients are calculated. 

Complex refractive index profiles are employed in the calculations. These 

profiles approximate those which are obtained from the dispersion relations 

for a partially ioni zed plasma and available ionospheric data. The trans­

mission coefficients are calculated for various times of day and show that 

maximum transmission occurs at about local midnight and minimum transmission 

at about local noon. 



The various mechanisms which may be responsible for the generation 

and amplification of hydromagnetic waves are examined. The expected 

characteristics of electromagnetic noise in the earth-ionosphere cavity 

due to excitation by hydromagnetic waves are compared with experimentally 

observed data and with characteristics deduced from excitation by world­

wide thunderstorm activity. 

Propagation of hydromagnetic waves through a current carrying plasma 

is investigated on the basis of macroscopic equations involving additional 

terms due to the existence of a constant current density. Thes_e equations 

are derived from the basic plasma equations in which streaming velocities 

for both electron and ion fluids are allowed. A general dispersion re­

lation for s~all amp~itude waves is ,derived from these equations. Ap­

proximate solutions of the dispersion relation for certain special cases 

are obtained. 

For transverse propagation (propagation normal to the steady magnetic 

field), when the currents are also transverse to both, the direction of 

propagation and the static magnetic field, it is found that amplification 

takes place. For longitudinal propagation with currents in the transverse 

plane, the propagation constant remains unaffected. In this case, how­

ever, an electric field component along the wave normal is introduced which 

changes the direction of the ray path. For longitudinal propagation, with 

currents also along the direction of propagation and the static magnetic 

field, the propagation constant has a resonance at the ion-cyclotron fre­

quency for both right and left hand polarizations. A nonconvective in­

stability is found to exist in the neighborhood of this frequency for 

certain values of currents. Numerical results are presented for longitudinal 

propagation, for data corresponding to the ionospheric and magnetospheric 

conditions. 
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I. INTRODUCTION 

The relation of extremely low frequency electromagnetic fields of 

natural origin, detected on the surface of the earth, to hydromagnetic 

waves in the ionosphere is now well established. These low frequency 

waves are generated in the various regions of the magnetosphere due to 

a variety of phenomena related to the solar plasma wind which is incident 

on the outer boundary of the magnetosphere. They are propagated through 

1. 

the ionosphere in various modes under appropriate conditions and are detected 

on the surface of the earth as electromagnetic waves in the VLF, ELF and 

micropulsations spectrum (Piddington, 1964). 

In an ionized gaseous medium, in the presence of a magnetic field, 

a variety of complex wave types may pr9pagate. In the simplified macroscopic 

treatment of a "cold" plasma model, however, there are only two modes of 

propagation. At frequencies below the ion cyclotron frequency these two 

modes are usually called hydromagnetic waves, and are variously identified 

as: the Alfv~n and modified Alfv~n waves, ordinary and extraordinary waves, 

or for propagation along the magnetic field, as left hand and right hand 

polarized waves. In an inhomogeneous medium, these modes are, in general, 

described by two coupled second order differential equations. In certain 

special cases, however, such as for propagation along the magnetic field, 

the two modes are uncoupled and may be described by a simple wave equation. 

The problem of propagation of hydromagnetic waves in the ionosphere 

18 
complex due to the complicated nature of the ionosphere. At extremely 



low frequencies , the various parameters characterizing the ionosphere, such 

as particle densities and interparticle collision frequencies, vary rapidly 

in a di s t ance comparable to one wavelength. Due to rapid spatial varia­

t ion , it i s di f ficult to obtain analytical solut ions for hydromagnetic waves 

in the ionospher e . The approach to the problem has been basically twofold. 

In the fi r st approach, some simple idealized model for the ionosphere is 

assumed to make the problem mathematically tractable in a way which permits 

solutions in tert'lls of known mathematical functions. 

Kahalas (1960) , and Ullah and Kahalas (1963) have studied the coupling 

of hydromagnetic waves in a collisionless homogeneous plasma to electro­

magnetic waves in vacuum. They calculated coupling cbefficients for a dis­

contineous transit ion between plasma and vacuum. Gr•ifinger and Greifinger 

(1965) and Field and Greifinger (1965) investigated the propagation of 

hydromagnetic waves in the ionosphere (80-500 km ) and the lower exosphere 

(500-2000 km , ). In the first of the Greifinger studies the ionosphere was 

assumed to have a constant electron density and Alfvln velocity, while the 

col lision f requencies were assumed to vary exponentially with height. The 

ionosphere was a ssumed to be terminated abruptly by vacuum at a height of 

80 km. Analytica l expressions for transmission coefficients were obtained 

i n terms of Bessel functions. In the second paper applicable to the lower 

exosphere, interparticle collisions were neglected, and the electron den­

s i ty and Alfven velocity were assumed to vary exponentially with height. 

The solutions fo r transmission coefficients in that case were obtained in 

t erms of garmna f unctions. 

In the second approach, relatively few approximations are made in the 

formulation of the physical model. The solutions for various desired 

2. 



quantfties such as transmission and reflection c'Oefficients,. power cfi.·ssipa .... 

ti on etc .. , are obtained,. however, either by nmnericaI so!uti'.on of di ff'er­

ential equations or by stratifying the ionosphere into a sufficiently large 

number of homogen~ous regions. 

Dungey (1954) studied the propagation af .• Alfve'n waves through the. 

ionosphere travell ing parallel to the magnetic fi~ld b.y solving a second 

order differential equation by numerical methods. In nia $tudy he as~lllt¥id 

a partially ionized plasma in which the collisiona between. cha4ged po~t~~le$, 

usually ignored in earlier studies, were included. Francis and Karpluf7t 

(1960) and Karplus et al., (1962) studied the attenuation of hydromagnetic 

waves in the ionosphere by ~umerical i ntegration of coupled diffexential 

equations and calculated the power absorption, and transmission and re~ 

flection coefficients of the ionosphere. 

Extensive numerical studies of hydromagnetic wave propagation in the 

ionosphere have been carried out by Prince, Bostick, Ti-Shu. Li and others 

(1964) at the Univers ity of Texas. They considered realistic models cOr• 

responding to the actual ionospheric parameters, and included the effect 

of motion of neutral particles and collisions between charged particles. 

Their analysis, however, was based on stratifying the ionosphere into a 

sufficiently large number of homogeneous regions and considering the inter­

layer reflections on the usual basis . Akasofu (1965) has studied, by numer­

ical methods, the diurnal variations in the attenuation of hydromagnetic 

wa~es due to variations in electron density. The attenuation in his study 

was, howev~r,. assumed to be only due to the imaginary part of the prop~ga­

tion co~stant ,. ~equivalent to neglecting reflections). 

3. 



4. 

A problem of particular interest in connection with the propaga-

tion of hydromagnetic waves in the ionosphere, is the possible excita-

tion of the earth-ionosphere cavity by hydromagnetic waves. This cavity, 

formed by the concentric spherical shells of the earth and t he lower boundary 

of the ionosphere, has its fundamental resonant frequency at about 8 c/s. 

It is generally believed that the worldwide thunderstorm activity is mainly 

responsible for the excitation of this cavity. Some of the experimentally 

observed properties of the c vity noise are, however, not clearly explained 

in terms of thunderstorm activity. An alternative mechanism for the excita­

tion of the cavity is by hydromagnetic waves. 

In the present study we wish to investigate the propagation of hydro­

magnetic waves in the ionosphere by analytical methods. Our first objective 

in this study is to investigate the propagation of hydromagnetic waves 

through inhomogeneous regions of the ionosphere. We consider, in particular, 

extremely low frequency (ELF) waves which could propagate through the iono­

sphere and reach the earth as electromagnetic waves. Waves at these fre­

quencies may be generated and amplified in the magnetosphere due to a variety 

of phenomena originating from the solar corpuscular radiation, such as gyro­

resonances and plasma-beam interactions. Excitation of the earth-iono­

sphere cavity could thus result from these waves as they propagate to the 

earth guided by the field lines of the earth's magnetic field. 

Our second objective in this study is to investigate the propagation 

of hydromagnetic waves through current carrying regions of the ionosphere 

and the magnetosphere. The existence of constant currents in the medium 

is usually ignored in analyzing the propagation of hydromagnetic waves, 

mainly to simplify the problem, and also because data describing these 



currents is not accurately known. The effect of constant currents may, 

be important at certain frequencies and for certain current den­howeVer, 

sities. 

The existence of electrostatic fields and a system of currents in the 

ionosphere is now well established. These "dynamo" induced electrostatic 

fields, arise due to the motion of air in the earth's magnetic field in 

s. 

the E-region of the ionosphere. It has been suggested (Dewitt and Akasofu, 

1965) that these currents extend beyond the ionosphere and cause large 

scale wind motions in the magnetosphere. A similar system of currents is 

produced by the solar plasma wind incident on the outer boundary of the 

magnetosphere. It has been suggested that these currents also penetrate 

deep into the magnetosphere and have an important role in the structure 

of the magnetosphere (Alfven et al., 1964). Although the quantitative 

description of these currents, either in the ionosphere or in the magneto-

sphere is not yet precise, their existence is now well established both, 

on theoretical grounds as well as through experimental observations. In 

the second part of this study, we investigate the effect of such currents 

on hydromagnetic waves as they propagate through regions carrying a con-
~ 

atant current density J
0

• 

In chapter 2, we consider the propagation of hydromagnetic waves in 

inhomogeneous media and study the special case when the propagation con-

Stant is assumed to vary linearly with distance. Curves are given for 

coupling coefficients of hydromagnetic waves in a homogeneous plasma to 

electromagnetic waves in vacuum when the two media are separated by a 

linearly varying transition region. 



6. 

In chapter 3, we consider more realistic situations and apply Epstein's 

theory (Epstein, 1930) to the propagation of hydromagnetic waves through 

the ionosphere. This theory provides t he most general method by which 

propagation through inhomogeneous media may be studi ed. We assume propa­

gation parallel t o the magnetic field for whi ch the two circularly polarized 

waves are uncoupl ed and are described by the s impl e wave equation. The 

Epstein's method, which consists of t ransf orming the wave equation into 

the hypergeometric di f ferential equation may thus be applied to this problem. 

We use a transformati on which provides rather general types of profiles 

through which propagation may be s t udied. Analytical expressions for trans-

mission coefficients f or these transformations are given. These expressions 

are then used for cal culating the transmission coefficients of hydromagnetic 

waves through the i onosphere. 

In chapter 4, we r eview some of the experimentally observed data on 

ELF noise in the ear th- ionosphere cavity as reported by various investi gators. 

These experimental r esults are compared with the theoretical noi s e character­

i st ics deduced f rom excitation by worl dwide thunderstorm activityo Some 

of the expected di fferences in characteristics due to excitati on by hydro­

magnetic waves and worldwide thunderstorm activity are discussed . 

In chapter s, we examine the vari ous generation mechanisms which may 

excite ELF waves in the magnetosphere. In particular, we look for processes 

and regions i n the magnetosphere where signals close to the resonant fre­

quencies of t he first few modes of the earth-ionosphere cavity may be 

generated
0 

In chapter 6, we investigate the propagation of hydromagnetic waves 

in current carrying media. We derive macroscopic equations for a fully 



ionized plasma in which the effects of streaming velocities of electrons 

and ions are expressed explicitly in terms of a constant current density 

J • 
0 

A general dispersion equation for small amplitude waves is the·n derived 

from these equations. Simplified forms of the dispersion equation are in-

vestigated by considering the following special cases: 

(1) Transverse propagation with constant currents transverse 

to both, the direction of propagation and the static magnetic field. 

(2) tongftud"inal propagation with constant currents in the trans-

verse plane (i.e. normal to the direction of propagation which is also the 

direction of the static magnetic field). 

(3) Longitudinal propagation with constant currents also along 

the direction of the magnetic field. 

The modifications in the propagation constants due to the existence 

of constant currents in the above three cases are studied and the existence 

of instabilities introduced by the currents is investigated. Numerical re-

sults are presented for data corresponding to altitudes of 500 km. and 

so,ooo km., representing, respectively, the conditions in the upper iono-

sphere and the magnetosphere. 

7. 



II. PROPAGATION OF HYDROMAGNETIC WAVES THROUGH 

A LINEARLY VARYING MEDIUM 

The propagation of hydr omagnetic waves along the direction of the 

static magnetic field is described by the simple wave equation, which 

for a particular mode may be written f or the electric field as 

* 2 E (z) + k (z) E = 0 (2.1) 

where it is assumed that the static magnetic field is along the z-axis, 

and the propagat i on constant k var ies along the z-axis only. 

2 For k (z) varying in an arbitrary manner, there are no known gen-

eral solutions of the above equation. Solutions for special cases may, 

however, be obtained. They involve transforming the wave equation into 

some equation f or which the solutions are known. 

A hydromagnetic wave may be considered simply as an electromagnetic 

wave in which the hydromagnet ic effects of the medium are coupled to 

the electromagnetic fields. If a homogeneous collisionless plasma were 

to merge into vacuum through a s l owly varying transition region such 

that the reflecti ons at each infinitesimal layer were, negligibly small, 

then to the same approximation a hydromagnetic wave would smoothly trans­

form into a pure e lectromagnetic wave in vacuum without any reflections. 

This is the well known WKB approximation (Budden, 1964). If the medium 

is rapidly varying, however, the wave is continuously reflected as it 

propagates thr ough the transition region. In the limiting case of an 

8. 



infinitesimally thin region, the reflection is the same as at a sharp 

boundary between a homogeneous plasma and vacuum. 

2.1 coupling through a linearly varying transition region 

In this chapter, we consider the coupling of hydromagnetic waves in 

a cold, homogeneous collisionless plasma to electromagnetic waves in vacuum, 

for the special case when the plasma and vacuum are separated by a transi-

tion region in which the square of the propagation constant of the wave 

varies linearly with distance. The general solution for this case is in 

terms of Airy functions. Simplified solutions for this case may, how-

ever, be obtained by using approximate expressions for the Airy functions. 

We consider a hydromagnetic wave propagating parallel to the direc-

tion of the static magnetic field B , which is assumed to be along the 
0 

z-axis. An anlysis based on the macroscopic <eqbll8tiGJlllS of a plasma in which 

the pressure gradient and HalL terms are neglected shows that in this spe"' · 

cial case the Alfven and modified Alfv~nrmo¢~become identical. The effect 

of pressure gradient and Hall terms is negligible for the sufficiently 

low frequencies which are considered here. The transition region is as-

sumed to be stratified along the y-axis, with the plane of incidence be­

ing the (y-z) plane. The wave equation for the electric field of a hydro-

magnetic wave is given by equation (2.1), where the propagation constant 

k(z) is given by (Ullah and Kahalas, 1963). 

v2 2 
w

2 
( ...! - .!!L + 1 ) 

2 c2 w2 
c e 2 

k (z) • (2.2) 
v2 

. 2 
( __!_ .. .!!L ) 

~2 2 
c w 

e 

where w is the radian frequency of the wave, V is the f.lfven we loci ty a 

.. 
·-' 
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2 2; d 2 · 1 th 1 f d f by v • B µ p , an w ~ ·s e p asma requency e ined by given a o o o · e 

2 • ne2 /m s • 
we e o 

The mass density ~ is equal to n(m +mi), where n o · e 

is the electron or ion particle density and me and mi are the electron 

and ion masses respectively. The rationalized MKS system of units is 

used. A time dependence of the form ejwt has been assumed. 

In the transition region, the propagation constant is a function 

of z due to the variations of electron density, average ion. mass and 

static magnetic field. 
2 

When k (z) is a rapidly varying function of 

distance, equation (2.1) can·, be solved exactly only for a few special 

2 
cases. If it is assumed that k (z) varies linearly with z, one of the·-

well known methods is to transform equation (2.1) into Stoke's equation 

which has solutions in terms of Airy functions (Budden, 1961). Let ~p 

and k represent the pr~pagation constants for the plasma and vacuum, 
0 

separated by the transition region between z1 and z2 above the origin. 

Using the following transformation 

2 
k -. ). 

0 
(2. 3) 

The differential equation (2.1) can be transformed into Stoke's equation. 

(2.4) 

where 

(2.5) 

We consider a hydromagnetic wave incident on the transition region at z1 

and propagating towards the origin. In the homogeneous plasma and vacuum 

10. 
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jk"' z ·k 
S olutions of the form e )' ·· , eJ oz may be assumed. In the transi­the wttVe 

tion region, the fields must be given by the solutions to equation (2.4). 

The Airy integral functions A1(s), Bi(~) may be taken as the two linearly 

independent solutions to Stoke's equation. The transmission coefficient 

expressing the rat io of transmitted to incident electric fields may be 

determined by the usual procedure which is indicated below. The fields 

in the plasma, transit ion region and vacuum can be written as follows: 

In the plasma 

E x 

jk z 
- e p + Re-j~z 

In the transition region 

In vacuum 

(2 .6) 

(2. 7) 

(2.8) 

The only magnetic field component H in the three regions is obtained 
y 

by using Maxwell~s equation, which under the present assumptions reduces 

to 

1 3Ex 
Hy• j~o az 

Uae of the boundary conditions for the continuity of the tangential electric 

and magnetic fields at z1 and z2 yields four equations from which the con­

stants R, c1 and c2 may be eliminated to obtain the expression for T: 

2 
--1 

nt~ 
2 

where the determinant is given by 

(2. 9) 



Det. • 

(2.10) 

In equations (2.9) and (2.10) ~l and ~2 represent the values of s at z1 

and z
2

; the prime indicates differentiation with respect to ~. In deriving 

' ' -1 equation (2.9) the Wronskian [Ai(~)' Bi (~) - Ai (~)Bi(~) ] - TT has been 

used, and the reference level for the transmission coefficient has been 

chosen as z2• 

The power transmission eoefficient is deteI'tJlined by taking the ratio 

of the Poynting vectors in vacuum and plasma. With our present assumptions 

this is given by (Ullah and Kahalas, 1963) 

k 
0 

Q- -k 
p 

2.2 Approximate expressions 

(2.11) 

The expression for T involves Airy integral functions which are tabu-

lated for a limited range of values of ( (Ab~amowitz and Stegun, 1964). 

For small values of ~ simplified expressions for T may be obtained, how-

ever, by using series representations for th Airy integrals. For large 

values of ~ asymptotic expansions for the Airy integrals are useful. The 

following asymptotic expansions for Ai(~) and Bi(s) may be employed (Budden, 

1961), if ~ is large: 

(2.12) 

2 4 
for yr $ arg~ IS y;r 
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- 1 -~ -1/4 2 3/2 2 3/2 
Bi ( ~) - pr ~ [ j exp ( 3 ~ ) + exp (3 g ) ] (2.13) 

2 4 
for -yr- S arg s II: yr 

The series representation for the Airy integrals is given by (Abramowitz 

and Stegun, 1964) 

(2.14) 

and 

(2.15) 

where 

f(~) = 1 + ;f ~3 + 1614 ~6 + •••• 

and 

The series of f(~) and g(s) are also two linearly independent solu- . 

tions of S okeVs equati on and are convergent for all g. For small values 

of ~' the series solutions f(~) ''-~nd g(~) may therefore be used in place 

of Ai(~) and Bi(~). Substituting f(~) and g( g) for Ai (g) and Bi ( ~) and 

their respective derivatives in equation (2.9) and (2.~0) we obtain 

T • 

(? . 1 ( l 
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~l 
2 

k " ' P ': Sz - - ( • 

lquation (2.16) is valid for small values of ~' and for ls2 1 ~ 1~1 1. Small 

Talue• of ~l occur when the transition region (z1-z2) is very small as 

compared to a wavelength. It is interesting to note that in the limiting 

case when the transition length is zero, equation (2.16) simply reduces 

to 
2k 

T - E 
k +k (2.17) 
p 0 

which, together with Eq.(2.11), is the same as equation (20) of Ullah and 

Kahalas (1963), for the coupling coefficient of hydromagnetic to electro-

magnetic waves at the interface between a homogeneous plasma and vacuum. 

To obtain a simplified expression for T for large values of s
1

, we 

assume that 1~2 1 is always ~ 1, so that f(s) and g(~) may be approximated 

by the first terms in the eries. Using asymptotic expresBions (2ol2) 

and (2ol3) for Ai(s1) and Bi(s1) and their respective derivatives 9 and 

series representat ions (2.14) and (2.15) for Ai(~1 ) and Bi(~1), we 

obtain an expression for T, valid for large values of s
1 

where 

and 

~1/4 u { } 3)1 e exp. jkp(z1-z2) 
T = I 

(<:r + Ci ~~) 
2 1 2 

u - 2/3 ~3/2 
1 

' a = 2 

(2.18) 

Using equations (2.18) and (2.11) for large values of s1 and equations 

(2.1 6) and (2.11) for small values of ~l' the power coupling coefficients 

14. 



Q have been calculated. Figures (2.1) to (2.3) show the variation of Q 

versus the length of the transition region, for various values of w/we' 

and v /c. The parameters chosen are representative of the ionosphere. 
a 

The coupling coefficients for the plasma-vacuum interface for each value 

of v /c converge to a constant value of Q, which is independent of fre­
a 

quency in the present approximation. With finite transition lengths, 

however, a considerable variation in Q takes place as the frequency is 

changed. 

2.3 Discussion 

It may be noted that the regions close to the left hand side of 

Figs.(2.1)-(2.3) represent the cases which approach the coupling of 

hydromagnetic to electromagnetic waves at a sharp plasma-vacuum inter-

face while those to the right approach ~he WKB approximatdon when the 

transition takes place over a relatively long distance. Under the pre-

sent approximations the coupling coefficient is independent of frequency 

if the plasma-vacuum transition is abrupt; but if the transition region 

between the plasma and t he vacuum has dimensions of the order of a wave-

length (in the plasma), the coupling coefficient depends upon frequency 

and the thickness of the transition layer. Hydromagnetic waves at high-

er frequencies are coupled more efficiently than at lower frequencies. 

15. 



Ill. PROPAGATION OF HYDROMAGNETIC WAVES THROUGH 

AN ARBITRARILY VARYING MEDIUM 

(APPLICATION OF EPSTEIN'S METHOD) 

The variation of the propagation constants of hydromagnetic waves 

corresponding to the actual variation of the ionospheric parameters, is 

such that it may not be described accurately by any of the simple mathe­

matical functions. If the interparticle collisions which have a pre­

dominant effect in the lower ionosphere are considered, the problem is 

even more complicated; the real and imaginary parts of the propagation 

constant in this case follow completely different forms of variation. 

3.1 Introduction to Epstein's theory 

The most general profile for the propagation constant of an inhomo­

geneous medium for which the problem of wave propagation may be studied 

analytically, results from a method originally due to Epstein (Epstein, 

1930). Significant contribut i ons have been made by subsequent authors 

(Rawer, 1939; Burman and Goul d, 1965). The method consists of trans­

forming the wave equation into a hypergeometric differential equation 

which has solutions in terms of hypergeometric functions. By using various 

transformations, and by choosing proper constants involved in the trans­

formation, it is possible to study a wide range of profiles. The hyper­

geometric equation has been studied extensively and its properties are 

Very well known. The circuit relations, i.e., the relations between solu­

tions valid in different regions of convergence are completely known for 

this equation. This fact makes it possible to determine the transmission 

•nd reflection coefficients for propagation through a large variety of 

16. 



ionospheric modelso 

In transforming the wave equation into a hypergeometric differential 

equatiort, various transformations may be used. ~e shall use a slightly 

modified form of t he transformation studied by Burman and Gould (1965), 

which provides r ather gener al t ypes of profiles for the refractive index 

for which transmission coefficients may be obtained. 

3.2 Hypergeometric differential equation 

The hypergeometric differ nt ial equation can be written as 
~ , 

x(l-x) u(x) + [Y-(a+a+l)x] u(x)-<l't3u(x) • 0 (3.1) 

where ~, ~ and V are arbitrairy constants. The two solutions of the hyper-

17. 

geometric differential equation which are convergent for Ix I< 1 can be writ-

ten in terms of hypergeometric function as (Budden, 1961) 

u -2 

where the hypergeometric function F is defined by the series 

Cl'(a+1) IH~l) 2 
"t(v+1)2: x 

+ ••••• 

The two solutions ui and u
2 

are linearly independent. 

(3.2) 

(3.3) 

(3.4) 

For the region of convergence lxl>l, the two linearly independent 

solutions are given by 

u -3 
(3.5) 

u -4 
-P -1 (-x) F(~, $-y+l; e..Q'+l;x ) (3. 6~ 

3.3 Circuit Relations 

In the above equations, u
1 

and u2 are solutions of the hypergeometric 
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cllfferential equation valid for the region !xi> 1, and are not valid for 

jsj<J... Similarly u3 and u4 are solutions of equation (3.1) only for region 

jsl<l. By the process f analyt i c continuation (Whitaker and Watson, 1935) 

lt ls possible, however, to express solutions valid in the inner region 

of eottVergence a a 1 n. ar combination of the solutions valid outside 

the circle of con elt'gen.ce of un.! t r adius. These linear combinations are 

oalled circuit relationso 

The circuit re l ation connecting the solution u1 , which is valid for 

lxl<l, and (u3,u4) which are valid for lxl>l is given by (Budden, 1961) 

where 

A • 
3 

f(y) rc~-Q') 
f(~) fC"t-Q') 

(3. 7) 

Similarly, the circui t r lation connecting solutions u
2 

and (u
3
,u

4
) is 

giTen by 

where 

f(~Q') f(2-y) 
B3 • f(l.Ci) f(~v+l) 

B -4 
f(a-~) f(2-y) 
f(l-~) f(~V+l) 

In the above equations, r represents the gamma function. 

(3.8) 

3•4 Transformation of t he hypergeometric equation into wave equation 

The hypergeometric differential equation (3.1) can be transformed into 

the WS\re equat i on by t he fo l lowing transformation 
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u - r(z)E(z) (3. 9) 

-y/2(1 ) (y..1a-a-1)/2 ( dx )~ 
r(z) • x -x dz (3.10) 

rP (z) 

wbere p(z) is some arbitrary f unction whi ch determines the refractive index 

prefile. Various functions for P(z) have been used. Following Burman 

aml Gould (1965) with slight modif i cations, we shall use the transfor-

•tion.. 

( ) 1 ( akz+c bkz+d) 
:x • P z - - 2 e +e (3.11) 

where k is the propagation constant for free space, a, b are real con-

1tant• such that a~ b; c and d are arbitrary constants. This transforms-

tion (Eq.3.11) introdu es additional constants as compared to that used 

in the well known Epstein profiles (Epstein, 1930). As a result, the""range 

of profiles which may be studied is greatly increased. If a and b are 

equal, and c, d are both ze~o, this transformation reduces to the one which 

prcwida• the symmetrical Epstein profiles. 

If the above transformations are carri~d out, we obtain the wave equa­

ion for electric fields travelli~ in the z-direction: 

" 2 2 E(z) + k n (z)E(z) = O (3.12) 

whera the refractive index as a function of z is given by 

(3.13) 



4Kl • y(y-2) 

4Ki - l-(ct .. ~)2+y{v-2) 
2 

4K • (ct+8-y) .. 1 
3 

J'rOll these constants t h parameters of the hypergeometric functions are 

obuineds 

26 • l+J(1+4K1 ) + J(l+4Ky + v1:+4(K1 .. K2) 

y • l+ J(l+4K1) 
(3.14) 

we assume that the origin of the coor~inate system is chosen to be 

somewhere within the ionosphere. If we now assume that the refractive 

index tends to some constant value q for large positive values of z, and 

to the free space value of unity for large neg~tive values of z, then from 

equation (3ol3) the c nstants K1 and K
2 

are given by 

1 1 
Kl • - 4 - b 2 

2 1 
K2•.9_.,_ 

2 2 
a b 

(3.15) 

(3.16) 

If the constants a and b are chosen, then K
1 

and K
2 

are fixed by equa­

tions (3.15) and (3.16). The th~ee constants of the hypergeometric 

function are t hus given by 

20' • 1+2j ( f; - ~ ) + J(l+4K
3

) 

2~ ,. 1+2j ( i + ~ ) + j(l+4K
3

) 

"( .. (l+' !.!) 
b 

3.5 Solutions for Electric Fields 

(3.17) 

The solutions for the fi lds in the general case are complicated. 



th origin in the ionosphere, approximations can, however, be made 
1fith • 

21. 

wh!Oh give simplified expressions for the e1-ect.ri-c: field for large positive 

and negative values of z 9 or above and below the region of interest in 

he iono•phereo 

From equation (3.11) it can be seen that as z·-co, x- - ro, and as 

• co, x .-. Oo Fs>r large po!! i ti ve values of x the hypergeometric func -

tiotl9 in equations (3o5) and (3.6) can be approximated by the first term 

In the •eries of equation (3.4), namely unity. Similarly for small x the 

hypergeometric fu ctions i n equation (3.2) and (3.3) can be approximated 

by unity. The approximate expressions for electric fields for large nega-

ti'ft Talues of z are obtai ned from equations (3.9) and (3.10,. correspond .. 

ing to the solutions u1 and u2 respectively: 

11 
(z) • (-l) ("{-l) /2 (:2)(1-y) /2 (bk)-\.e d(y..l) /2 (l+e6k!Z:+6 ') y/2 (l+: ~e6kz+3~) -\ebkz(Y-1) / 

and (3.18) 

12 (z) • (-l) 3/2 (1-y) ( 2§y.l) /~bk) -\e d(l-y) lh+e6kz+6') (l~) (l+ ~e6kz+6') -\e bkz(l-y) /2 

(3.19) 

where 6•a-b, and 6V·c-d. Equat ion (3.18) represents the electric field 

due to a wave incident from "below" (large negative value of z) and equa­

tion (3.19) represents th f i · 1d due to a wave reflected from "below". 

Similarly for large positive val ues of z, corresponding to solutions u
3 

and u4' we obtain from equat ions (3a5) and (3.6): 

E
3 

(z) • (-1) \ (21S-2«-y+l(2f O'- ~) /2 (ak) -\e c (f3-Cl') /2 (l+e -6 kz-6') (~a-+l) /2 

( 1 
b -6kz-5')-\ · akz(~a)/2 + -e e a 

(3.20) 

and 

•; 



~(2tX-2~-tt+l ).2f ~01) /2 ( k)-~ c(a-f3) /2 (l -6kz-6') (t:r-~l) /2 
( ) • {-1) \ a e +e 14 I 

(l+ ~-6kz-6')-~eakz(a-~)/2 (3• 21 ) 
a 

BctU•tions (J.20) and (3o21) represent el ctric fields due to incident and 

reflected waves from abov the ionosphere (po itive values of z). A time 

jwt 
dependence of the form e i assumed. The parameters a, ~' and y of 

the hypergeometric functions are to be chosen such that ~ and Yjl are 

real and positive for waves propagating along the z-axis. This require-

.. nt is satisfied if a and b are choaen to be real and positive. 

J.6 Transmission Coeffici nt 

22. 

Ve shall assume first that there is no ground conductor at the "bottom" 

(below the ionosphere) eo that th . reflected wav u1 below the ionosphere 

does not exist~ The transmission coefficient may then be found by using 

the circuit relation {3.8) which connects the field in the wave trans-

tllitted through the iono phere, to the fields above the ionosphere which 

are due to the incident and refl cted waves. By taking the ratio of equa-

tion (3.19) to the first t rm in (3.8), and assuming the incident field 

at z1, and transmi tted at -z
2

, we obtain: 

T. C-i5«-~-v+l(z5~-«+y-l)/2( !! )~(l+e-6kzz+6') (I;..y/2h+e·6kz1+6') (a-13-1)/2 
b (3.22) 

•C(l+ ~-6kz2+6')-~(l+ .;e-6kz1-6v)~exp ~-bkz2+d)(l-y)/2-(akz1+c)(k)/~ 
where 

c - f(l-~)f(§-..,+l) 
rca-tl') r<z-Y> 

The constants a9 ~ and y in the above expressions are given by equation 

(J.17), while a 9 bt -c and dare constants chosen to represent a given 

ionospheric profile. The values of z1 and z2 must be large enough so 



.... 

tbat the conditions used in deriving the expressions for electric fields 

are satisfied. The power transmission coefficient Q is calculated from 

tba relation (Ullah an.d Kahalas 9 1963) 

Q - l ITl 2 
q 

where q is the index of refraction of the ionosphere at z•z1• 

3.7 Numerical Calculat ions 

(3.23) 

For calculating the transmission coefficients from the expressions 

given in the last section, the constants in equation (3.13) have to be 

hosen to provide variations of the refractive index corresponding to the 

cte.ired profiles. For the refractive index to be unity for large . negs-

ti't'e values of z (below the ionosphere) and to some constant complex 

23. 

'f8lue q for large positive value. of z (above the ionosphere~ the constants 

'i and K2 are given by equations (3.15) and (3.16). The constant K
3 

may 

be conveniently chosen t give the value of n2 (z) at the origin. This 

2 K2 d 
(n (0)-1) - ""'2 (2+ec+e ) (3.24) 

In the above expression for K3, the known value of the square of refrac­

ti't'e index at the origin, n2 (o), is calculated from the dispersion re­

lation. 

An approximate choice tor the constants can thus be made readily 

with the help of equations (3.15-3.16) and (3.24). With such a choice, 

the •••urned values for the real and imaginary part of n2 (z), below, above 

and at some region within the ionosphere would correspond exactly to the 

calculated values from the dispersion relation. The proper slope for the 

Pl'OfUes is then mainly determined by the constants a and _b, which may be 



ho•ell arbitrarily. For more accurate correspondence between the asaumed 

prof ii•• and those ca lculated from the dispersi~n relatiott, a readjust-

11111-t of the constants may be requireda 

The expression for the transmission coefficient (3.23) involves 

s.-a functions of complex arguments. These functions are tabulated for 

a limited range of the complex arguments (Abramowitz and Stegun, 1964). 

For computer calculations, the gamma functions may, . however, be evaluated 

24. 

.,re conveniently by using ymptotic expressions or series representations • 

For large values of the argument z of the gamma function, Stirling's formula 

(Abramowitz and Stegun, 1964) may be used: 

( ~ -z z-~ [ 1 ] r(z) - 2rr) e z l+ 12z + •••• (3.25) 

for lzl - ~, jarg zl < rr 

For smaller values of the arguments, the following series representation 

(!rdelyi, 1953) may be used: 

r (z) .. lim (3.26) 
n->0:> 

The above two expressions for gamma functions were used for calculat­

ing the power transmission coefficients of hydromagnetic waves through the 

ionoshpere discussed in the next section. For the transition values of the 

arguments of the gamma function, ~nough terms were used in the series (3.25) 

•nd (3.26) such that the results from the two expres.sions agreed up to at 

least the first two decimal places. 

3•8 POwer Transmission Coefficients for the Ionosphere-

The pawer transmission coefficients, for which expressions have been 

&i?en in section (3.6) may be calculated for hydromagnetic waves in the 



25. 

hi h arrive as electromagnetic waves in the lower atmosphere. 
senolPhere w c 

f Ctive index profiles for these waves may be calculated from the 
the re ra 

....,a dispersion relations for the hydromagnetic waves in a partially 

sontzed plasma. The basic equations on which the analysis ofi hydromagnetic 

...., .. is usually based, are the linearized macroscopic plasma equations 

(Spitzer, 1963) in addition to Maxwell's equations. The effect of collisions 

in suah a description is introduced by defining interparticle collision fre-

queRCies which are assumed to be independent of the velocity perturbations. 

Th• pressure tensor term is usually replaced by an isotropic pressure term. 

In a partially ionized plasma, in which the neutral particles are 

allowed to be in motion, there are in general, five modes of propagation 

(Bostick, et al., 1964). Two of these are essentially transverse waves, 

while the other three are acoustic waves. The dispersion relation for this 

general case is difficult to solve, and the roots for the individual modes 

ean only be evaluated numerically from a fifth degree polynomial in the 

square of the propagat ion constant. For the frequency range of interest 

it has been shown (Bostick, et al., 1964), however, that the pressure gradi-

ent terms have very little effect on the two transverse waves~ These two 

1'8't'es thus propagate almost independently of the acoustic waves. If the 

pressure gradient terms are then neglected, all the acoustic modes vanish 

and the only two remaining modes are the transverse waves. The dispersion 

relations for this cas~ · are relatively simple, particularly if it is further 

•••umed that the magnetic field is along the direction of propagation. The 

dispersion relations thus obtained by Bostick et al., include the effect of 

•ll interparticle collisions and the motion of neutral particles. One or 

both. of th f ese e fects were usually neglected in relatively more simple 



i n relations which were given by Hines (1953), Dungey (1954), and ,..,.r• o 
60) The refractive indices for the two modes are given by rejer (19 0 

2 1 
(yll .:!: jy21> (3.27) n - -2 

k 

...... 
Y11 -jwµo (~11 + jwE> o) 

Y21 - jwµo (o-21) 

The "conductivities" a-11 and 0'22 are defined in the Appendix. Field varia­

j (wt~nk z) 
tioftl of the form e have been assumed. 

In equation (3.27) the upper sign gives the right hand circularly 

polarized wave (also called extraordinary mode or whistler mode) while the 

low.r 1ign gives the left hand c ircul arly polarized wave (ordinary n\Ode). 

These two modes have different propagation characteristics depending upon 

tbe frequency and the parameters of the plasma. Both modes have "zones" 

in which they are "allowed" or "forbidden" to propagate (Booker, 1962). 

For longitudinal propagation (i.e. along the direction of B ), the right 
0 

band polarized wave (R wave) can propagate at all frequencies from zero to 
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the electron gyrofrequeney, at which it has a resonance. For the left hand 

polarized wave (L wave) the upper frequency for the allowed zone is the ion­

gyrofrequency. Beyond the electron and ion gyrofrequencies for the R and 

L 110de1 res9ectively, propagation cannot take place in a wide frequency 

band which extends up into the megacycle region. On the basis of the assumed 

•lectron density an~ the earth's magnetic field, Booker (1962) has plotted 

•1101Nd d an forbidden zones in the magnetosphere for a large range of fre-

quencies. This 1$ shown in Fig. (3.1). At frequencies close to 10 c/s and 

•boye, the L wave cannot propagate in the magnetosphere, except at heights 

• 



~-- about 2 earth radii. The L wave, therefore, cannot propagate to i.-- tu• .. 

t 
earth unless it is generated below this height. 
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In addition to the above considerations, it is known that at frequencies 

10 .. to 10 c/s and above, the dissipation of the L mode in the lower regions 

of the ionosphere, even for longitudinal propagation is many of orders of 

lllltlitude more than that for the R mode (Akasofu, 1965). Therefore at the 

frequencies of interest it is more likely that the right hand polarized 

_..,. reaches the earth. 

There is some experimental evidence for a field aligned structure of 

iOlllzation at the base of the magnetosphere. On this basis it has been 

shown by Booker (1962) that at frequencies close to 10 c/s and above, both 

the I and the L wave are likely to be guided along the direction of the 

earth'• magnetic field. The generation and amplification processes in gen-

eral, as will be discussed in section 5, involve propagation parallel to 

the magnetic field lines. We therefore assume propagation parallel to the 

direction of the magnetic field. 

The refractive indices as a function of height in the ionosphere, for 

parallel propagation, were calculated for the R wave at 8 c/s using the 

ionospheric data (Prince et. al., 1964; Akasofu, 1965), for sunspot minimum. 

The profiles for the real and imaginary part of the square of the refractive 

index have been plotted in Fig. (3.2) for various times of day. To cal­

culate the transmission coefficients applying Epstein's theory, the constants 

ln equation (3.13) have to be chosen. With appropriate constants, the pro­

files calculated from equation (3.13) for both the real and imaginary part 
2 

of n (z) should correspond to the profiles calculated from the dispersion 

relation. 
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2 
1• set of profiles for real and imaginary part of n (z) correspond­

>. .... 
sq to different times of day and calculated from equation (3.13) is 

sl"f91l In Figs • • (3!3 - j.4). The profiles calculated directly from the 

dt.,.rsion relation for each case are also plotted. The variable constants 

... the origin z
0 

used for each profile are shown on each figure. 

The power transmission coefficients calculated for these profiles are 

pl tted in Fig. (3.S). It is to be noted that the maximum transmission 

coefficient occurs at about local midnight and the minimum at about local 

2 noon. This fact, easily explained from t he higher imaginary part of n (z) 

at noon due to higher electron dens i ties, is i n agreement with the results 

giTen by Akasofu (1965). His resul ts, however, show much higher values of 

trarunnission coefficient because they are based only on attenuation due to 

the dissipative part of the propagation constant, and reflections due to 

inhomogeneities in the ionosphere are neglected. 

The procedure used for the choice of constants which are required in 

obtaining the results discussed above may be indicated as follows: The 

constant K3 was chosen to provide the known value of refractive index at 

some point within the ionosphere. This point, also used as the origin, ~ 

2 ns chosen in the Vicinity of t he height where maximum Im(n ) ?ccurs. Such 

a choice ensures that the profiles in the region of maximum dissipation 

closely approximate the desired profiles. The slopes of the profiles for 

Re(n
2

) and Im(n2) d are then mainly determined by the constants a an b. 

These were chosen to provide the desired refractive index below and above 

the ionosphere. The value of Re(n2) below the ionosphere was assumed to 

be unity at a height of about 40 km (where Im(n2) was .taken to be zero). 

The ~ariation in the slopes of the profiles corresponding to various times 

of day ~as obtained by variation of the constant a and b. 



The procedure indicated above provides pro"files with refractive in-

closely approximating the desired values in three regions, ~amely, •t••· 
below and above the ionosphere, and in the region of maximum dissipation 

,..._bere within the ionosphere. The constants a and b may be chosen 

fairly accurately to meet the above conditionso The order of magnitude 

of the effect of an inaccurate choice of the constants a and b, however, 

.. y be seen from the following example given as an illustratiorl: For the 

Rour-18 profile shown in Fig. 3.3, an alternative choice of the constants 
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a-625, b-615 (instead of a=67o, b=660) l owers the point of unity refractive 

index from a height of about 40 km to about 30 km. The corresponding value 

for the transmission coeff icient changes from .119 to .122. The curves 

for both choices of the constants a, b are shown on Fig. (3.4). 

An estimate of the effects which changes of constants have upon the 

re ulting stten8ation c an also be obtain d by comparing the values of at-

tenuation for day and night (for example hours 0 and 18 on Fig. 3.5) and 

2 2 the corresponding Re(n ) and Im(n ) profiles. Certainly the analytical 

approximations by hypergeometric functions (Figs. 3.3 -3.4) for the "experi-

mental" index of refraction profiles (that is profiles calculated from 

the ionospheric data, Figo 3.2) for the same hour do not deviate more than 

the analytical approximations for the day profiles differ from the analytical 

approximation for the night profiles. Yet the resulting maximum difference 

in the calculated attenuation between day and night is ,,.., 6.2 db. This 

C:ODlpares with a diff rence of """0.4 db be-tween our .. attenuation. values · ... ,.. 

(daylight hours; - for' eXllmple) artd the attenuation values obtained by 

Akasofu (1965) neglecting reflections due to inhomogeneities in the 

ionosphere. 



IV. EXPERIMENTAL RESULTS ON EXTREMELY LOW FREQUENCY 

NOISE ON THE EARTH'S SURFACE 

,,. seen from the analysis given in the last chapter, hydromagnetic 

W9Y9S incident on the upper ionosphere from above, may be propagated 

through the ionosphere and reach the eart h as pure lectromagnetic waves. 

Excitation of the earth-ionosphere cavity could thus result from extra-

terrestrial sources through these waves. In this chapter we shall examine 

the possibilities of excitation of the earth-ionosph re cavity by hydro-

magnetic waves on the basis of ext remely low frequency measurements re-

ported in the literature. Some of the discrepancies between the experi-

1-lltal results and t he predict ed noise characteristics deduced ff!bm thunder-

storm activi y will be discussed. 

4.1 Earth-Ionosphere Cavity 

The concent r i c spheri al shells formed by the earth and the lower 

boundary of the ionoaph z 9 form a cavity for extremely low frequency waves. 

That such a cavi ty exist s, and is excited by sources of natural origin, 

was first suggested by Schumann (1952). Following an analysis based on a 

simplified model, and assuming infinite conductivities for the earth and 

the ionosphere, the resonant frequencies for such a cavity were shown to 

f 
n 

c 
2rrR 

Jn(n+l) (4.1) 

•here fn is the resonant frequency for the nth mode, c is the velocity 

of light in vacuum and R is tha radtus of the earth. This idealized model 

gives the resonant frequencies for the first few modes as 



f • io.6 c/s, f 2 • 18.4 c/s , f 3 ~ 26.0 c/s, etc. Due to the finite con-
1 

tiTitieB of the ionosphere and the earth the actual resonant frequencies, 

b....,.er, are somewhat lowero 

The first experimental evidence for the exist ence of these resonances 

.... prO'l'ided by Schumann. and ~nig (1954)0 Since then, a large number of 

paper•, both theor etical and experimental, have appeared on t his subject. 

Mor• detailed theories of the eart h-ionosphere cavity have been developed, 

in which the inhomogeneity of t he ionosphere and t he effects of the earth's 

111g11etic field have been cons d~r d. Gal j s (1963) considered an isotropic 

inhomgeneous ionospher i n whi h t he conduct ivi t y is aa urned to vary ex-

ponentially with hei ght . The effect of t.he earth's magnetic field in a 

spherically st rat i f ied ionosph re has been consider ed by Thompson (1963), 

and Galejs (1965), i n which the magnetic field is assumed to be in the 

radial directiono An anlysis for dipolar magnet ic field has been given 

by Wai t (1966). Several excellent review art icles are now ava ilable, in 

part icular those by Kleimenova (1963), Galejs (1965); Madden and thompson 

(1965) and Wait (1965) . For a det a iled s tudy of t h theory of Schumann 

resonances, reference is made to the above papers and to the original 

references listed t hereino Here, we shall only> consider some of the im­

portant characteristics of the earth-ionosphere cavity pertinent to the 

present study. 

4.2 Electromagnet ic Fields in the Cavity 

31 . 

The theoretical analyses of the Schumann resonance phenomenon usually 

consider exci t ation by vertical dipole sources on the assumption that the 

ca't'ity is exci t ed by the vertical component of lightaillg -discharges. The 

field due t o an exci tation by a hori zont al dipole is believ d to be small, 

being of the order of lo-5/ .;;;::- of the field due t o the vertical discharges 
& 
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(Walt, 1960) where ~e is the earth's conductivity. The fields due to a 

~teal dipole moment for any of the TM modes are of the form 

E .-P (cos 0) (4o2) 
r n 

where pn(cos 9) is the Legendr polynomial of or der n and argument cos e. 

For the first resonance mode, the Legendre polynomi al of order one is 

0 
p ( 08 e) • cos e and is zero f r e = 90 o The radial electric field 
1 

l• thu. zero at an angular di t ance of 90° from the dipole, and the as-

•oolated horizont al magn ti field has a maxi nrum at that pointo Similarly, 

for an excitation in th 2nd mode, the radial electric field has zeroes 

0 50 for e • 55 and 0 • 12 , with the corresponding maxima for the magnetic 

field at those pointso Many attempts have been made to explain the varia-

tlons of ELF noise in the eart h-ionosphere cavity in terms of the above 

characteristics along wi t h t he seasonal and geographical variation of the 

nol•• sources (Balser and Wagner , 1962; Gal ejs, 1965; Madden and Thompson, 

1965; Rycroft 9 1965). 

4.3 Sources of Excitation of the Earth-Ionosphere Cavity 

The sources of excitation of t he earth-ionosphere cavity may in general 

be divided into two differ nt cla es: 

(a) Lightning discharges due to the world wide thunderstorm activity. 

(b) Processes in the magnetosphere and the ionosphere exciting waves 

which are propagated to the eartho Such processes will be ex-

amined in the last two chapters of this thesis (V and VI)o 

The electromagnetic waves generated by lightning di charges are capable 

of exciting earth-ionosphere cavity resonanceso The frequency spectrum of 



ct --•gnetic waves generated in lightning flashes has been dis­
al• ru-

d by Pierce (1963) and it has been shown that the various pro-
OUSH .. 

...... accompanying cloud to cloud and cloud t ground discharges are 

of comparable effectiveness in generating low frequency waves. The 

warld wide thunderstorm activity has frequently been b'elieved to be 

.. inly limited to the continental land mass area 9 in particular close 

to the equatorial belt (Balser and Wagner, 1962)4 Curves showing the 

diurnal variation of thunderstonn activity over the continents, are 

ll'f'ailable (Handbook of Geophy ice , 1960)~ they ar e based on the average 

number of days of thund .rst orms as reported by observation posts in var-

lou• regions, and indicste the period of maximum and minimum activity 

only over those regionso Var i ous explanations of the variation of ELF 

noise in the earth-ionosphere cavity ha~e been heavily based on these 

CUrTes, which neglect thunderstorm act ivity over the oceanso 

Thunderstorm activity ower t he oceans 11 generally ignored in ex-

plaining the variation of noise in the earth=ionosphere ·cavity , must, 

however, be included. The ~e~ ge t hunderstorm activity over the 

oceans, as estimated by Pierce (1958), is larger than the total activity 

O'f'er all the continents. 

The characteristics of measured ELF noise in the earth-ionosphere 

cntty and the relation of these characteristics to those expected due 

to excitation by hydromagnetic waves or thunderstorm activity is dis­

cussed in the next section. 

4•4 Experimental Results on ELF Noise 

Measurements of electromagnetic fields in the ELF band (l-3000 c/s) 

ha,-• been made by various investigators in different parts of the world. 

33. 



'fbe9• measurements have been reported for narrow as well as for wide 

--~y bands. The data are given in the form of electric field or 
fnqu--

34. 

lllllUltic field intensiti es or as power densi t ies computed from either of 

the two. 

The intensity of measured elect romagnetic fields in the earth-iono-

BPher• cavity depends upon generation as well as propagation characteristics 

and power spectra of both, measured electric and magnetic fields clearly 

•how peaks at frequencies c lose to t he predicted resonant frequencies of 

the cavity (Balser and Wagner , 1962) 0 

The various charact risti s of these resonances, such as resonant 

frequency variation, diurnal and seasonal variati n of the power densities 

in the various modes, an.d their re l aUon to some of the known characteristics 

of world wide thunderstorm activity, have been a subject of several in-

"98tigations. Th .re appear to be, however, some contradictions between 

•OJll of the measured charact er sties of the resonances, as reported by 

Tarioua investigators, and t h theor etical . predictions. 

Most theoretical analy es of Schumann resonances assume thunderstorm 

-.tl'f'ity as the almost exclusive source of excitation. As noted before, 

the world wide thunderstorm a ti~ity is assumed to be mainly limited to 

the land areas. The two land mass areas which are believed to be most 

effective in exciting the cavity are Central Africa and the Amazon Valley 

in South America. One of the most important characteristics of the measured 

fields, such as the diurnal variations of the cavity fields, are thus 

U&ually explained in terms of "storm maxima" corresponding to the time of 

lllxl111Unt storm activity in any of the source areas, and "mode zePos" corre"' 

lpoftdlng to the regions where the fields due to the sources have minima. 



diurnal T4tiations of the fields in the cavity due to the thunderstorm 

tiTitY in accordance with these theories are thus expected to depend 

• th• distance f r om the thundere torm cente s, and the diurnal varia-

tion at twO widely separated locations should not b the same in terms 

of 1oaal timeo 

rrom the available publi hed datap the following characteristics may 

be ob .. 1"9'8d which do not seem to be consi t ent with the expected results 

of the theories, sue~ as the n di uesed above: 

(1) In general 9 th iult';tt81 va iati on of ELF measurements show 

higher signal during the t n1ght9 and t he maxi~ occurs around 

looal noon. This chara~t ristic may be observed from both narrow and wide 

frequency band measurementso 

In the narrow frequency band c ose t o the first resonant 

frequency of the earth~ionospher~ cavity, t he measurements reported by 

Keefe and Polk (1964) a t Kingstonp Roio 9 and K6nig at Brannenburg, Germany, 

llld Rycroft (1965) at Cambridge, Engl nd, all show maximum fields during 

the day close to the local noo~ or aft rnoono Measurements conducted by 

Balser and Wagner (1961) ~n California at the end of July and in Mass­

achusetts during the middl o* August, show maxima £or both places occur­

ring during local afternoons. 

From the measurements made over relatively wide frequency bands, the 

lame characterist ic may be obBerved 0 Measurements by Holzer and Deal (1956) 

lnealifornta, over the frequency range 25-130 c/s show maximum signals 

e>ecurrtng before local noon for measurements in March and April, and at 

•bout local afternoon in Augusto Horizontal magnetic field measurements 

"Yer the frequency range 1-150 c/s by Go ldberg (1956), in Oregon during 
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f July and August show maximum signal during local afternoon. the 1110nths o 

(2) In general, the characteristics of diurnal variations of 

ILF noise measured at different longitudes, display time shifts similar 

h time difference between universal and· local times. 
to t e . · 

The most suggestive evidence for this is ·provided by the measure-

ments conducted by Keefe, Polk and K8nig (1964), simultaneously in U.S.A. 

and Germany. The maxima and minima of the diurnal variation of the hori­

zontal magnetic field in the first resonance, as reported by them, seem 
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to be shifted in time which is almost equal to the time difference between 

the universal and local times. The German and American curves for both, 

October-November and May measurements appear strikingly similar, when 

viewed against local time. .. 
It is interesting to note, that even from the measurements made at 

aimilar times, a tendency towards this characteristic may be observed. 

For instance, the horizontal magnetic field measurements at 8 c/s by 

Gendrinc·and Stefant (1962) near Paris, and at Tromso, Norway, made during 

the months of July 1962 and April 1962 respectively, show very similar 

diurnal variations. The variation near Paris, however, appears to dis­

play a distinct time lag with respect to that in Norway (about l~ hour) 

which is somewhat larger than the time difference corresponding to the 

difference in the longitudes of the two places (about 1 hour and one 

quarter). It should be noted that the above measurements are not only 

for different months but the two sites are also situated at different 

latitudes. These two differences may be significant factors in the larger 

time shifts observable from the curves. 

Another example of this characteristic may be observed from the 



1 magnetic field measurements reported by Aarons .and Henissart 
erisont• 

,cl) over the frequency range o5~2o c/s 9 made for 15 days tm August 
(19J ' 

1952, in Massachusetts and N w Mexico. The three peaks in their diurnal 

.,.riation curves disp l ay a distinct time shift which is slightly less 

tba1l th• time differenc betw n universal and lo al timeo Here, the 

_...urements are for the ame days but the wo sites are at different 

la itudesa 

conclusions in contradiction t o the above considerations have been 

drawn by Shand (1966 ) 9 bas d n simultaneous ELF measur ment at several 

widely separated aitae in the fr quency range of the resonant frequencies 
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f the earth-im.'l.ospher ca~·Hyo According to his observations, the diurnal 

't'al'iation of average ELF a tivity at al l ites closely follows the occurr~nce 

of the world wide lightning as outlined in t he Handbook of Geophysics (1960). 

The rldwide thunderstorm act ivity curv s in this reference, however, as 

1tated before, are based on the continental land mass areas centered 

around t he equatorial bel t o Excitation of the earth-ionosphere cavity by 

th nderlltorm acti vi\ty cizci.rrring in accordance with the Handbook of Geo­

physics would thus lead to variations in field intensity as described in 

section (4o2). The observations reported by Shand, however, indicate that 

the average field int nsiti s w re ,ttpproximately equal at all measurement 

•ita1, which are widely separated both, with respect to latitude and 

longitudea This is inconsistent with the postulated distribution of thunder­

atorni sourceso Furthermore,Shand does not show in his paper any curves of 

diurnal amplitude variations and it is therefore difficult to evaluate how 

justified his conclusion is that ELF amplitude variations agree with the 

Haadbook of Geophysic~ curves for thunderstorm activityo 



5 Discussion 

The measured characteristics discussed in the preceaing~sectton, 

•t a source of excitation in add1tion to thunderstorm activi tyo 

particular, the processe in the magnetospher which could generate 

•m•lY low frequency wav.s a t the appropriat frequencies 9 and which 

propagate to th earth and excit the earth-ionosphere cavity. 
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~twill be seen in th f !lowing two chapt rs 9 that th conditions 

f.r ..--ration and amplif ication processes at frequencies close to 10 c/s 

exist in various region~ of th magnetosph r o The hydromagnetic waves 

thU9 generated, as ae ~ from the results discuss d in chapter 3, could 

prepagate through th ion phelr and re5ch th earth as electromagnetic 

,..... with reasonably high tr nsmission coefficients . The transmission 

oeffieients, however , w r f und to be mininrum during the day and msxi-

9111 at rdght o To explain highe~ field intensity measurements during the 

day due to hydromagne io waves, ELF g neration m~ehanisms on the day side 

f the hemisphere will have t be sufficiently higher than on the night 

•Ide, in ord r to off et the lower transm ssion coefficients . Further­

mre, it is possible that the earth-ionosphere cavity acts as a "half-

nity", i.e., the day ion.a ph re and the earth form an independent cavity 

which has much lower lo ses (by radi ation through the ionosphere) than 

the night cavityo This is of particular importance if excitation takes 

plaee by hydromagnetic waves propagating along the magnetic fi.eJ.d; ,line.$,, with 

excitation centers being near the magnetic poles. 

To compare some of the differences in excitation from the two sources, 

the following characteristic may be expected: Due t o the guiding effects 

•lid the generation and amplification mechanisms being in general along the 
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_.rth'• magnetic field lines, the incident circularly polarized waves from 

the ionosphere are probably of maximum intensity in the higher latitude 

1 -· For excitat ion of the cavity, howeverp the angle of incidence . ... •-· 
f these waves has to deviate at least slightly from the normal. The field 

'18tributlon in the firat reson,ant mode due to the excitation of the cavity 

by hydromagnetic waves may thus be expected to hs:ve higher vertical electric 

fW• intensities in the mid or high latitude regions than in the equatorial 

regions or at the poles.,, Lower vertical ele«:trt~ field intensities will 
'· 

be expected in the ~quatGrial regions due to the lower intensity of the 

lMident waves .. -

On the other hand~ if the worldwide thunderstorm activity is assumed to 

be mainly around the equatorial belt, including the oceans, as is usually 

belined, the electric fields in the first resonant mode shot!ld show R.igher 

Taluea in the equatorial regions and lower in the higher latitude regions. 

Since the fields due to both sources are probably superimposed, and 

since amplitude measurements at different latitudes reported in the litera­

ture, may not be compared accurate ly~ it is difficult to identify these 

effects separately. Simultaneous measurements at different latitudes may, 

lurwever, shed some light on this problemo 



V • GENERATION OF ELF WAVES IN THE MAGNETOSPHERE 

Extremely low frequency wave1 may be generated in the magneto$phere due 

to a variety of processes within the magnetosphere (and the ionosphere) or 

at the boundary between the magnetosphere and the solar plasma wind. The 

various processes may, in general, be separated into two di fferent classes. 

The first involves single charged particle mechanisms and the resulting co­

herent radiation due to a large number of such particles. The second is 

based on instabilities and growing waves due to the interaction of charged 

particle beams with plasmas in a magnetic field. The radiation flux from 

the first type of mechanisms is believed to be an order of magnitude smaller 

than that from the second type. Since the coherent radiation from the single 

particle mechanisms may be amplified in some regions of the magnetosphere 

(Hultqvist, 1965), we shall also consider this type of generation. 

The various single particle and instability mechanisms arising from 

charged particle beams have been classified by Brice (1964), according to 

the type of charged particle (electron or proton), type of resonance (longi­

tudinal or transverse), and the type of emission mechanism {single particle 

or instability). The various combinations of these conditions give rise to 

eight different types of mechanisms. With the exception of two, all have 

been suggested as the possible sources for either VLF or hydromagnetic 

emissions. We shall consider here the mechanisms which may possibly give 

rise to extremely low frequency waves close to the resonant frequencies of 

the 
earth-ionosphere cavity at its first few modes. 
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1 r Shifted Cyclotron Radiation 
S 1 Dopp e 

41. 

A charged particle gyrating about the magnetic field lines emits 

lon at the local gyro-frequency (and its harmonics). For a particle 
tdl•t 

.t non-relativistic velocities, the Doppler shifted radiated fre­
..,.1ng 

.-iicy u given by 

w - -----
1 + .!:!. n 

- c 

(5 .1) 

wblre 0 is the local gyrofrequency of the particle, u ~ is the radial com-

ponent of velocity of the particle relative to the observer, and n is the 

refractive index of the medium at the Doppler shifted frequency. The nega-

tlve or positive signs are taken depending upon whether the particle is mov-

ing towards the observer or away from him. 

the Doppler shifted cyclotron radiation from electrons as a possible 

1ource for VLF emissions was suggested and considered by Dowden (1962). The 

frequency band for the Doppler shifted cyclotron radiation of the electrons 

trapped in the earth's magnetic field is estimated to be in the VLF range 

for all heights in the magnetosphere and therefore is not likely to contri­

bute to radiation ~t about 10 c/s. 

The Doppler shifted cyclotron radiation from protons was considered 

by MacArthur and others (MacArthur, 1959; Murcray and Pope, 1960), as a 

PGllible source for VLF emissions. The proton cyclotron frequ~ncy .on. the 

earth•s surface is about 103 c/s and decreases with height h:as· 1 
3 , 

(R+h) 
where l is the earth's radius. The Doppler shifted proton cyclotron radia-

tion can therefore be expected in the frequency range of interest (7-30 c/s), 

frClla Proton clouds at heights of about 3 or 4 earth radii or higher depending 



the particle velocities. It has been pointed out (Murcray and Pope, 

1 
l), however, that a large number of protons must radiate coherently if 

i to be detectable on the ground. Nevertheless, amplifi­
clll• radiation s 

~tlon processes in regions of the magnetosphere below the proton clouds 

.-y greatly enhance this radiation. 

5•2 Cerenkov Radiation 

A charged particle moving along the direction of a magnetic field 

with velocity u in a plasma of refractive index n will emit electromag­

netic waves if the follow ing coherent radiation condition is satisfied. 

n cos e c 
= -

u 
(5.2) 

whare c is the velocity of light, and 0 is the angle between the wave nor-

.. 1 of the radiated electromagnetic wave and the magnetic field. 
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Of all the single particle mechanisms which may generate low frequency 

waves in the magnetosphere, Cerenkov radiation is believed to be the strong-

eat, and has been suggested as a source for VLF emissions (Ondoh, 1961). 

Mclenzie (1963) has considered the problem of Cerenkov radiation from 

charged particles moving along the direction of the magnetic field in a 

.. gneto-ionic medium. On assumptions valid for the magnetospheric conditions, 

it baa been shown that low frequency waves may be emitted over two bands. The 

lower frequency band, over which the extraordinary wave is emitted, extends 

from zero to an upper frequency w
1 

given by 

) (5.3) 



m and 0 are the electron plasma and gyro-frequencies respectively. 
re 8 e 

!bl _.xlDlm power radiated is at a frequency: 

1 
w -- w 

1,max J'3 1 
(5.4) 

for particles with velocities of the order of those in the solar 

p1lalla wind, Cerenkov radiation in this mode is ~stimated to be in the 

ftoaqUency range of 10 c/s and above, for heights in the magnetosphere of 

about 6 to 2 earth rad ii . (McKenzie, 1963). 

5.3 Inatability Mechanisms from Plasma Beam Interactions 

llectron or ion beam interactions with a plasma in a magnetic field 

can give rise to excitation and amplification of electromagnetic waves in 

a wide frequency range. A charged particle beam in a plasma, under appro-

prlate conditions can either lead to an instability and a growing wave by 

tranaferring its own energy to the wave, or under diff~t- conditions, may 

abaorb energy from the wave. The question of amplification or absorption 

under a given set of condition for the plasma beam system may be decided 

frc111 the direction of transfer of energy (Stix, 1962; Hultqvist, 1965). To 

.. termtne, however, the type of instability (convective or non-convective), 

it ia necessary to examine the plot of the dispersion relation in the real 
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k plane, or to examine the roots of the dispersion equation of the system. 

In general, both an electron and an ion beam may excite electromag­

netic waves of right or left hand polarization when certain conditions are 

••tiafted (Neufeld and Wright, 1963). Under these conditions, the require­

lllnta •re that the beam must move in the same direction as the wave, the 

beaut IJIUst have a "superluminous" velocity, (i.e., the beam velocity must be 
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L•n the phase velocity of the wave) and the wave frequency is in 
t•r tu-

with the gyrofrequency of electrons or ions in the beam. The in­
_.,..nc• 

)illty conditions for the various plasma-beam interactions have been the 

ject of a large number of recent papers. 

An electron beam streaming parallel to the magnetic field lines can 

cit• an R and L wave at one frequency under appropriate conditions. 

lleotran beam and R wave interactions have been suggested to be a possible 

.. cbanism for VLF emissions (Cornwall, 1965; Gendrin, 1965), in the 1-100 

ko/s range in which the electrons are believed to be the high energy elec­

trena trapped in the radiation belts . For R wave excitations in the 7-30 

c/s range, very high energy e l ectrons with energies in the relativistic 

range are required (Neufeld and Wright, 1963; Cornwall, 1965). Whether such 

high energy electrons do exist in higher regions of the magnetosphere in 

large enough numbers is not known. 

A proton beam in tability with an R wave can take place either for 

ena frequency or for three different frequencies, depending upon the beam 

Telocity and the plasma para t rs (Neufeld and Wright, 1963; Gendrin 9 1965). 
·w -

ror a "dense" plasma, for which the ratio o-1>?1, (whe~ . w1 ~ is~ io~' plasma · fre-
i ' -

~uency and ni is the ion gyro-frequency) ion beams of relatively low velo-

cltiea can excite hydromagnetic waves in a wide frequency range. In the 

lillltlng case, where the group velocity of the wave equals the beam velo­

city, two roots of the dispersion relation coalesce (Gendrin 9 1965) for two 

V&luea of u/V (where u is beam velocity and V is Alfv~n velocity). The 
a a 

lnatabUi ty at the lower frequency in this case occurs at about twice the 

ton 8 yro-frequency, and at the higher frequency occurs at about half the 

•lectr on gyro frequency. Proton beam and R wave interactions can take place 



distances in the equatorial regions since both the particle r longer 

as well as the plasma parameters remain essentially constant 
.alec-itY 

,,,.r relatively long distances. Calculations by Gendrin show that for 

.. gnetospheric parameters and the inst&bility corresponding to the 

1 
r frequency 2 0 i 9 the excited frequencies are in the range 5-30 c/ s 

fer the L-parameter varying from 6-3 in the equatorial regions. The 

required proton energies for this frequency band are in the range 50-500 

keY fer trapped particles in the r~diation belts, which are assumed to 

.....,. airror points at an a ltitude of 500 km. Emissions from such trapped 

particles satisfying th inet&bility conditions 9 however 9 are expected to 

1taTe a periodicity corresponding to the bounce period of the charged par-

ticles between success! e reflections from the magnetic mirror points. 

the two interact ion frequencies 2 ni and ft~/2 discussed abtive are 
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fer the cases when the particle velocity is about equal to wave group velo­
w 

city. For sufficiently 1 rge values of the ratio 'ff- , curves given by Neu­
i 

! ld and Wright (1963) predict 9 however 9 excitation of h..ydromagnetic waves 
w 

for "almost any velocity" of th beam. The quantity fr- 9 which increases 
i 

with height due to rapidly decreasing B , is very large in the magneto-
o 

•phere for heights of about 5 or 6 earth radii and above in the equatorial 

regions. In these region 9 untrapped particles directly from the solar 

Wind .. y excite right hand polarized hydromagnetic waves in the frequency 

range 7-30 c/s. The conditions for excitation and amplification of R wave 

•re therefore readily av Hable in the magnetosphere. 

s.4 ILF Waves from Electrostatic Instability Mechanisms 

In addition to the plasma-beam interactions which ~give rise to growing 

transverse waves, it is also possible for an electrostatic instability to 



,.aerate such waves 

and Rolland, 1964). 

as has been pointed out by Lepechinsky (Lepechinsky 

When electrostatic oscillations created by charged 

be S grow into non-linear regions, the oscillations do not re­particle am 

.,in purely electros tatic in nature but acquire radiation properties and 

electromagnetic waves. The waves generated from this mechanism, generate 

must conform to the solutions of the dispersion equation for os­balfeVer, 

cillations in the beam-plasma system. The instability band for such a 

system extends from zero to an upper frequency equal to the electron or 

ion plasma frequency depending upon the beam. The lowMfrequency waves 

generated by this mechanism may propagate to the earth in the whistler 

mode as guided by the field lines of the earth's magnetic field. This 

mechanism of generation for ELF waves is thus basically different from 

those discussed in Section (5.3) in connection with plasma beam inter-

actions. Mechanisms of this type have been suggested to explain the 

electromagnetic radiation from the sun (Haeff, 1949). 
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VI. HYDR<M\GNETIC WAVES IN A CURRENT CARRYI?«a MEDIUM 

6•1 Jntroduct ion 

In this chapter we wish to investigate the propagation of hydromag-

.-tic waves in current carrying regions of the ionosphere and the magneto­

aphere . The effects due to the existence of currents in the medium are 

uaually ignored in discussions of wave propagation ~inly to simplify the 

analyai• and also because the data describing such currents is very in­

COllPlete. Constant currents in the ionosphere or the magnetosphere, how­

ever, .. y have signifi cant effects at certain frequencies and for certain 

current densities. 

?be existence of electrostatic fields and a system of currents in 
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the ionosphere is well established both on theoretical considerations and 

experi!Ental observations (Maeda and Kato, 1966). The electrostatic fields 

•rise due to the motion of atmospheric gases in the earth's magnetic field 

in the I-region of the ionosphere. These dynamo-induced electrostatic 

fie lds and the resulting currents, form a basis of the electrodynamics of 

the ionosphere. It has been suggested (Akasofu and Dewitt, 1964) that 

tbeaa electrostatic fields extend far beyond the ionosphere and cause large 

•cala wind motions of the magnetospheric plasma. A strong coupling between 

tha ionosphere and the magnetosphere is thus expected to exist through the 

dJn&llo..induced electrostatic fields. 

A •1•1lar system of currents is produced by the solar plasma wind 

Which la incident on the outer boundary of the magnetosphere. It has been 

•u88aated (Alfven et al., 1964), that the electric fields and the currents 



d b the solar plasma wind ~ also penetrate deep into t he magneto-
- •• y 

d have an important role i n the structure of the magnetosphere. 
ipb8r9 an 

antit3tiv knll:.Wledge of the . e currents n either in the iono-AlthOU8h a qu N 

iph•r• or i n the magn ~ phere is not yet accurat e, their existence is 

dlf well est ablished. 

In the present tudy we inv stigate explicitly the behavior of hy-

dromagnet ic waves as they pro·pagate through regions carrying a constant 
I 

current dens i ty J o ?hi con tant current dens ity J may arise due to any 
' 0 

of the var i ous processe. ·c pahle of producing currents in the systemo 

It i s of interest to ~tudy t he conditions under which the refractive 

index of hydromagnetic wa es in the ionosphere--or the magnetosphere is 

1igni ficant~y modifi d du to the pr sence of J in the medium, and 'its 
0 

I 

interaction with the wave fi lds . We investigate t he frequencies which 

are llOSt affected by th curr n\l::s · in variou. regions of the magnetosphere, 

and study the condi~iona und r whi ch t he existence of currents may give 

r ise to inata iliti s nd to amp ifi cation or eyane cence of waves. 

An an~ ogous pro' has r e ceived cons i derable interest i n 

the li teratur e is wave propag t ion in a medium traversed by energetic 

charged parti cle beamso Thefle · . mm give rise P ·under appropriate · condi­

tions, t o instabilities and to gr ing or evanescent waves. A large num­

ber of papers have appeared in recent years on the instabilities arising 

fro11 the pl a s·ma-beam inte·ract ions; some of these were discussed in par­

t icular in Chapter v. In the pl asma-beam analysisp it is usually assumed 

t hat a very small fraction of one of the· plasma constituents (electrons 
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or iona) is moving wi t h r latively high velocity in a partieular direction 

(usually a l ong the magnetic field). The s treaming particles are assumed to 
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i tegral part of the total collection of charges which make up the 
Ila an n 

1 ~ The modified dispersion relation for a system consisting .-utral P as • 

of plasma and a single beam, thus, has a perturbation term added to the 

uiual dispersion relation for the unperturbed plasma. The new resonances 

introduced due to the existence of the beam then appear as instabilities 

in the system. The analysis for a system with both electrons and ion 

bea1IS is much more complicated. 

to investigate the effects of constant currents in the medium, we 

use macroscopic equations for a fully ionized plasma involving addi-

tional terms due to the existence of a current dens i ty J • The current 
0 

density J arises as a result of the macroscopic motion of electron and 
0 

ion fluids. A der ivation of the macroscopic equations is given in Section 

(6.2). In Section (6.3) we use these equations to derive a general dis-

persion relation for small amplitude waves. Simplified forms of this 

dispersion equation are then used for studying the characteristics of 

these waves. In Section (6.4) we discuss the criteria for distinguishing _ 

between instabilities and evanescent waves. 

In Sections (6.5) to (6.8) we study the simplified forms of the 

general dispersion equation for three special cases. In case (1), we 

consider transverse propagat i on and the currents also transverse to both 

the direction of propagation and the static magnetic field. In case 

<2> we assume longitudinal propagation and the currents in the trans­

verse plane. In case (3) we consider longitudinal propagation again, but 

With currents also in the direction of the static magnetic field. The 

effects of the existence of J in the medium on the propagation constants 
0 

of hydromagnet ic waves and the current induced instabilities are investi-

gated for the above three cases. 



6 2 Baste Bquations 

the equation of motion for the jth species of particles may be 

written ass 

(6.1) 

where N and V. are the total particle density and the macroscopic velo-
j J. 

-· -· city of the jth gas; E and B are the total electric and magnetic field 

intensities. The equation of continuity for the jth gas may be written asl 

(6. 2) 

In addition to the plasma equations, we have Maxwell•s equations 

-, ai• 
VxB •-at (6.3) 

(6.4) 

..... _ -· •ncre the total current density J is _given by 

J'' • L qj NJ vj (6.5) 

6•2el Linearized Equations 

?he set of Equations (6.D to (6.5) completely determine the plasma 

field variations as a function of space and time. These equations are 

so. 



ar and in general have not been solved. The non-linear equa­
oon-Une , 

-•y however, be linearized by assuming that the total fields 
ctons - ' 

omposed of perturbed fields superimposed on static fields which 
are c 

are assumed to be independent of space and time. Thus we set: 

v. ""Voj + v. 
J 

i' = B + B 
0 

i' = E + E 
0 

'J' J + J 
0 

J 

N 
j 

n . + n 
OJ j 

(6.6) 

?he streaming velocities v . are allowed for in each species of particles. 
OJ 

'l'he perturbed fields v., B etc., are assumed to be small as compared to the 
J 

static fields. Substituting Equation (6.6) in (6.1), and neglecting second 
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order terms of perturbed quantities, the equation of motion may be written as: 

+ -v .• 
OJ 

v v-.1 = q 
J- j 

n . 
OJ 

+v.XB+v.xB 
OJ J 0 

(6.7) 

In obtaining Equation (6.7) it has been assumed that the perturbed quanti­

ties •re small as compared to the static quantities (with the exception of 

stre&uling velocities). Similarly, the linearized continuity equation may 

be written as& 

·en. 
J 

at"" + n. V•v. +vn. 
OJ J J 

V . a Q 
OJ 

(6.8) 



Substituting for J' from Equation (6.6) and neglecting second order 

J• can be written as 
terms, 

-, I - + L' - + - > J - q.n .v . q .n .v. q.n .v . 
J OJ OJ J OJ J J J OJ 

M.9) 

1f the streaming velocities v
0

j are assumed to be small, being of the order 

of v or less, the second term in the second summation may be neglected. 
j 

'thl• is valid due to the assumption that n. << n j• Thus we may write: 
J 0 

J -Iq. n • v oj 0 ' J OJ 
(6.10) 

J - Lqj n oj v. 
J 

(6.11) 

Using Equation (6.6), (6.10) and (6.11), Maxwell's equations may be 

written as 

V x E • 
oB 

- at 

L v x B - J + 6 oE 
µ

0 
o ot 

6.2.2 Generalized Ohm•s law and momentum transfer equation 

?he linearized plasma equations given above involve fluid velocities of 

each species of particles. Assuming a plasma consisting of electron• and 
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lona only, macroscopic equations may be derived involving a single fluid velo­

city v. We define the perturbed velocity of ·the center of massl 

v - (6.12) 



~ ii the mass density and th s bscript s e and i now refer to elec-

and ions. Similarly for th zero order velocity, we def ine 

v (6.13) 
0 

Assuming a perfectly neutr al pl s such tha t n = n = n, the cur-oe oi 

rent• J and J may then be wr!tt n. from (,- 0 ~.0) and ' 6. 11) a s : 
0 

J • ne (v .-v ) 
o 01 oe (6.14) 

(6.15) 

Adding Equations (6.7) for electron to that for ions, and making use of 

tiens (6.10..6.13), we obta in the mo ntum transfer equation expressed 

in thl •croscopic plasma variabl B as & 

av if -P -=JxR + 1 J xB 
o ot o t o 

~~1- J • VJ- p v 
2 0 0 0 

6 w 
(6.16) 

o e 
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re P • n(m + m ) !:'!!', n m. and w 
o 1 e 1 t-. 

i · the e l ectron plasma frequency. In de-

rlTing lquation (6.16}, the apprDX:'.': ti.on 1 

i-.. appearing in the bracket on the right 

m 
+ ..£ 

m. 
1 

hand 

~ 1 was made. The three 

side are introduced expli-

Citly du 
e to the presence of electron nd ion streaming velocities. 

In• •l•ilar way, by subt racting Equat ion (6.7) for electrons from that 

for lona, the 
generalized Ohmos l~w f or a pl asma wi t h -electron and ion 

•tx.aaing velocities and a resulting current density J may be derived as 
0 



~ 
aJ -E + v x .B L J x B + [ v

0
x'B .L J x B - 0 ne 0 ne 0 Clt 

' 0. 
_J_ (J • V) v - 1 <v- • V) J + 1 L (Jo•V)J ] (6.17) 

2 0 2 0 2 ne 
6: w g w g w 
o e 0 o e 

'fb9 last five tenns in the b a · t o t he r ight hand side of the above equa-

uon arise as a result of the str(. 1n ve locities of electrons and ions in 

the plasma; only the first three t e remain in the absence of streaming 

velocities and the constant curr nt density J in the system. 
0 

Equations (6.16) and (6.17) involve the zero order center of mass velo­

city vector v defined by Equation (6.13) . This velocity is independent of 
0 

space and time. A simplifi cat ion of t he equations may be achieved by choos-

ing a moving reference system in which v vanishes. The current density J 
0 0 

in the moving system, however, remains t he same. This may be easily seen as 

followss In the stationary system, J is g iven by 
0 

J = ne (v - v ) 
o oi oe 

•nd in the reference system moving w t h a velocity v , the current density 
0 

J' 
0 

.. ne [ ( ~ + v ) - ( v + v ) JJ 
v oi o oe o J 

J 
0 

?he results valid in the stationary frame of reference may be obtained 

by• transformation from the results in the moving reference system. 

lf, however, it is assumed that the particle streaming velocities are 
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l, beln& naich less than the fhase velocities of the waves, then the 

f the terms involving v may be considered to be negligible. This, 
.tf•~ o o 

• t u the case under consideration for currents in the ionosphere and 
la ... ac ' 
t .. gnetoiphere. thus, after dropping the terms involving the zero order 

center of mass velocity v
0

, the macroscopic equations along with Maxwell's 

equatlona may be rewritten as 

"o .!! • J x i + J x B at o o 
__!_ ('J • V) J 
6 w2 o 

o e 

LJxi-L J )l:i 
ne o ne o 

• .....L ('J • V) v + !~ ( e 1112) (J 
0 

• V) J 
c w2 0 o e 
o e 

- ai 
VxB·-at 

(6.18) 

(6.19) 

(6.20) 

(6.21) 

The analysis to be given in the following sections will be based on the 

•bove equations. 

6•3 Dispersion equation 

The basic equations derived in the last section describe the propagation 

of •vea in a plasma in which the effect of streami-ng particles is expressed 

IXplicitly in terms of a constant current density J
0

• An analysis of waves 



on the•• equations in t~e general case is complicated. Assuming a 
j(Wt-k r ) 

~neou• medium, however, and field variations of the form e • , 

dispersion equation for waves in a homogeneous current carrying plasma 

magnetic field may be derived. 
lD a 

the velocity vector v may be eliminate~ from Equations (6.18) and 

(6.19) to obtain an equat ion in J, E and Bas 

where 

+ cJxi > 
0 

z 
b·-

jWS 
0 

and z-x+Y 'X• 

y - [ 

CJ •k)-2 
0 

ne 
+ (J xi) 

0 

(J •k) 
0 -!e] (6.22) 

1 I! -- ' ' 2 · WW p S 
e o o 

0 2 'l 

i ..!!!?:... ) - - · 2 
W 

2 w 
· e i . 

(J •k) ] 
0 

ne 

'rhevave magnetic field i in Equation (6.22) may be eliminated by substitu­

tion fr0111 Maxwell•s equation 

- 1 B • w (k x B) (6.23 

Taki ng the scalar and cross product of the above equation with J, and sub-

•titut1ng in Equati on (6.22), we obtain an expression for J as follows& 

56. 



Deflnlns . -1 

and a • 
2 

+ b [ (j •B) [ (kJ)xB ] . 
4 0 0 0 

((kxE) •B ) (J xB )J 
0 0 0 

+ b
7 

[ [B
0
•(kxB) ] J

0 
• (J0 •i0)(kxi~ 

J
0 

x (kxB) ] 

J • k 
f 0 

\ ww2 P e 
e o o 

.!..) 
ne 

- l.. ) ne 

the coeff lcients b1 through b6 in the above equation are given by: 

b2 - o'l 
z (z -~) 

w2 
1 
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(6.24) 



a 
b - :1 8 w 

An expression relat ing J and i may also be obtained from Maxwell's Equa-

tions (6.20) and (6.21) as 

[ ~ ~ - 2 - 1 
k xkxE+µew E 

0 0 
(6.25) 

Coaabining Equations (6.24) and (6.25) and eliminating J, an equation 

involving only the electric field i may now be obtained: 

+ "'· [[i · Ckxi>J J - ('J ·B") [hi] 
~ 0 0 0 0 

+ a.. (cY ·i Hkxixi > - [B •Ck'xi)J c:J xi) 
· ~ 0 0 0 0 0 0 

58. 



(6.26) 

where, defining the denominator Das D m (Z
2 

- w2 e~ a~ B! ), the coeffi­

cient• ~ through ~ are now given bys 

~ --

~ - -

~ --

w2 
-2z 
c 

D 

D 

a • - _JZ 
4 2 D p c 

0 

a., - -
D 
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(6.27) 

In deriving Equation (6.26), no assumptions have yet been made about 

the directions of propagation, the static magnetic field or the currents. 

Equation (6.26) is too complicated to be considered in general. To sim­

plify this equation we shall first assume that (y-z) is the plane of in­

cidence and that the static magnetic field is along the z-axis, i.e., 

k• (O, ky' kz)' and B
0 

• (O, o, B
0
). With these simplifying assumpt i ons, 

Equation (6.26) may now be conveniently written in the form 

Ro E • 0 (6.28) 

where R is a 3 x 3 matrix. A necessary and sufficient condition that 

Bquation (6.28) have non-trivial solutions is that the determinant of 

the matrix R vanish, i.e., 

II Rll - 0 (6.29) 

An equation in w and k resulting from (6.26) to (6.29) gives the dis-

persion relation D(w,k) a o. With the simplifying assumptions stated above, 

the elements of the 3 x 3 matrix R may be written as follows: 

Rll Rl2 Rl3 

R .. R21 R22 R23 

I 
R31 R32 33 R J 

Where the elements Rij are given by: 
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k2 + k 2 + ~-a.,. J B k + a-B
2 

(J k +J k ) R11 • y z 1 ~ ox o y ·~ o oy y oz z 

+ a. J B k - a... (J k + J k ) 
7 OX O y H oy y OZ Z 

R a..B + J B k (a. a...) 
12 • j o oz o Z ~- I 

R • - a...B - a.,.B (J k + J k ) - a.... J B
2 

k 21 j 0 "t 0 oy y OZ Z .J OX 0 y 

+ a. B (J k + J k ) + a... J k 
7 0 oy y OZ Z ~ OX y 

R • - k k - a.
5 

J B2 k + a... J k 
23 y z oz 0 y ts oz y 

R • CLJ B
2 

k + a... J k 
31 0 ox 0 z ~ ox z 

R32 • - kykz + a, J B2k + a... J k o oy o z ~ oy z 

2 . 2 2 
R • k + a. + a...B

0 
- a, J B k - a.... J k 33 y 1 ~ o oy o y ~ oy y 

(6.30) 

Equation (6.28) with the matrix elements given by Equations (6.30) 

la too involved to be analyzed in the general form. Further simplifications 

in the matrix elements may, however, be made by considering special cases 



111 be discussed in Section (6.5). 
teh " 

the solutions of Equation (6.29) for k give the possible modes of 

propagation. The characteristics of a particular mode depend upon the 

nature of k and its variation with frequency. Since constant current 

.a.itilties in the medium have been assumed, it may be expected that at 

certain frequencies and parameters of the medium, the existence of cur­

rent• will give rise to instabil ities. A brief discussion on the cri­

teria for instabilities, based on an examination of the dispersion re-

lation, is given in the following section. 

6.4 Criteria for Instabilities 

The dispersion relation D (w,k) = 0 gives a relation between w and 

j(Wt-kz) 
k. For wave functions of the form e to exist, w and k must be 

solutions of the dispersion relation. The dispersion relation may be 

solved either for k or for w and may be written as 

k • K(w) (6.31) 

or w • O(k) (6 .32) 

where K and 0 are functions of k and w respectively. The solutions for 

the propagation constant k and t he frequency w, in general, are complex 

quantities which may be expressed as: 

k - k + j k. (6.33) 
r 1 

w - w + j w (6.34) 
r i 

Wbere k 
r' ki, w and w are real quantities. The existence of a positive 

r i 



ry Part of k for real w appears to indicate a wave growing in space. 
191181na 

!bl presence of a growing wave, however, has to be consistent with physical 

eonitderations. A wave in certain cases may onl y be an evanescent wave al­

thOUSh both signs for the propagation constant are permissible. This is 

to, in particular~ in systems where there is no physical process for a 

tranafer of energy to the wave. 

the question of whet her a particular solution indicates a growing or 

an evanescent wave may, however, be decided from a more detailed examination 
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of the dispersion relation. The precise cri t eria for this which not only in-

dicate the existence of an inst ability but als o t he type of instability, were 

put forward by Sturrock (1958). 

According to Sturrock's ana l ys is, instabilities may be classified into 

two classes; convective and nonconvective. A convective instability, which 

11 1ynonymous with an amplifying wave, is excited and propagated away from 

the point of origin. For a convective instability, the wave grows as it 

propagatesg and at some point away f rom the source, the wave amplitude gets 

larger than at the source. A nonconvective instabili t y, on the other hand, 

grows indefinitely with time at all points in the neighborhood of the point 

of origin. 

The criteria for the existence of instabilities and a distinction be-

tween the two types of instabilities are very clearly provided by plotting 

Sturrock•s A and f diagrams. The A diagram is the locus of k a K (w) in 

the complex k plane for real values of w and the r diagram is the locus of 

111 
• O(k) in the complex w plane for real values of k. 

If K(w) is real for real values of w, and O(k) is real for real values 

of k, then there is no instability and the wave is a simple propagating wave, 



for wand k as shown in Figures (6.la) are both along the file contours 

~1 axis. If for a certain range of values of w, k is complex, but 

1 
real for all r eal values of k, then t he wave is evanescent. The 

A and r diagrams have the configuration as shown i n Fi gures (6.lb). 

For a convective ins tabi lity to exist, the A and r diagrams must 

haVe the conf i gurat i on shown in Figures (6.lc). The A contour bridges 

t he gap between k1 and k2 and has complex k over this range. The con­

tour r bridges the gap be t ween w1 and w2• For a convec t ive instabi lity, 

k i• complex f or r eal values of w and W i s complex f or a certain range 

of real values of k . 

On the other hand, if k is real for a l l real w, then any complex 

•for real values of k indicates a nonconvect i ve instability. The A 

and r diagrams for a nonconvect ive instabili t y must have the configura­

ti on shown i n Fi gure ( 6.ld). In th i s case the cont our r bridges the 

gap between w1 and w2 ; t he contour A, however, l ies along the real axis. 

A distinction between convective and nonconvective instabi lities is 

also provided by s imply e ami ning a plot of t he d ispersion r e lat ion in 

the real w real k plane . The W-k plots for a simply propagating wave, a 

convective ins tability and a nonconvective instability are shown in 

Figure (6.2). The corresponding plots of frequency versus refractive in­

dex (f-n) are shown in Figure (6 . 3). 

6.5 Special Cases of Pro pagation 

64. 

The s pec i a l cases of interest for which the equati ons are rela tively 

•i•ple are for the transverse and longitudinal propagations (perpendicular 

•nd parallel to the magnetic field). In this investigation we shall consider 



following three cases. 

(l) Transverse propagation& The constant currents are perpendicular 

to both the direction of propagation and the tatic magnetic field. For 

~•se the static magnetic field, the propagation vector~ and the con­tbll ..... , 

atant currents are thus all mutually perpendicul r. This case is of inter­

est for its application to the propagation in the ionosphere and the mag­

netosphere in the equatorial regions. 

(2) Longitudinal propagation with cons t ant current s transverse to 

the direction of propagat ion. This case is of interes t for its applica-

tlon to the waves in the ionosphere in the high l~titude regions. 

(J) Longitudinal propagation with cons ant currents al o along the 

direction of propagation . For this case, the static magnetic field, 

the propagation ·ector and the constant current s are all in the same 

direction. Thi . case i also of interes t for i t s application t o propa-

gation in the high lati t ude regions in the ionosphere and the magneto-

sphere. 

We 8hall investigat the s.bove thre casi s in more detail in the 

following sections. It will be our objective to derive the simplified 

forms of the dispersion rel 8t i ons f or each case and to study the character-

istics of the waves by examining solutions of the dispersion relations. 

6.6 Case (l): Transverse Propagation 

For transverse propagation in a plasma with a magnetic field in the 

absence of constant currents, it is known that two modes of propagation 

•re possible. The extraordinary mode, which has electric field components 

in the transverse plane, and the ordinary mode, which has the electric 

field along the direction of the static magnetic field. 
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In the present case, we assume that J
0 

is transverse to both the 

l rection of propagation and the magnetic field, thus: 

and 

B • (O, o, B ) 
0 0 

J - (J ' o, 0) 
0 0 

k = (O, k, O) 

With this choice, both (J •k) and (J •B ) are now equal to zero, and the 
0 0 0 

coefficients a given by Equations (6.27) are independent of J and k. 
0 

Equation (6.28) can now be wr tten as 

mre 

•nd 

0 

0 

0 0 

E 
x 

E 
y 

E 
z 

0 

2 
Rl 1 - k + a.l + Bo Jo k ( °7 - a.4) ' 

2 
R21 - - ~ Bo + Jo k (~~Bo °s) ' 

2 . 2 
R33 • k + ~ + a.2 Bo 

(6.35) 

The dispers ion relations for the two modes may be obtained in the 

Ulual way by setting the determinant of the matrix in Equation (6.35) 

equal to zer o. The ordinary mode, which has an electric field component 

•long the magnetic ffeld i's given by R =O 
33 
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and l• independent of J
0

• The ordinary mode is ~herefore not affected 

"1 the presence of constant currents. Substituting for the coefficients 

1 tbe dispersion relation for this mode may be shown to reduce to 
in 33• 

the uaual expression given by 

w2 
w2 

k~ - - (1 - ...L ) 
c2 .,,2 

(6.l6) 

The extraordinary mode for which the electric field comronents are 

la the transverse plane is, however, modified by the presence of constant 

currants. The dispers ion relation for this mode is given by 

2 2 

k2 + J B k (-ci +a.., + ~ B2 -~ ) + (ci + ~ BQ) 
- 0 0 0 ~ ' '\ 0 ~ 1 °'1 

(6.l7) 

For J
0 

• o, the secpnd term in the above equation vanishes, and the las~ 

tera may be shown to give the propagation constant k for the extraordinary x 

lllde in an unperturbed plasma (no currents). Equation (6.37) may thus be 

written conveniently in the form 

11hen P •nd k2 may be shown to be given by x 

w2 '. -2 c 

2 w2 
k .-x 2 

c 

(
L L) + 
w2 - w2 

,..2 r 
+ - . /o """2')' l 

c 

w2 
2 
c 

i i. 

(6.38) 

1 
0

2 } ( w~ -7) 
i e 

(6.l9) 

(6.40) 
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denominator o
1 

in Equations (6.39) and (6.40) is now given by 

2 and x .. (6.41) 

the dispersion Equation (6.38) is a quadratic equation in k, in which 

the coefficient of the f irst power of k is imaginary. This term, which 

arises only due to the presence of J
0

, indicates wave characteristics 

which do not exist in unperturbed plasmas. The solution of this equation 

•Y be written as 

(6.42) 

Equation (6.42) indicates that k has an imaginary part which may be nega-

tive or positive depending upon whether J is positive or negative; k 
0 

becomes completely imaginary if 

I k I x 
(6.43) 

the existence of a positive imaginary part of the propagation constant 

indicates evanescence or amplification of the wave. A positive imaginary 

part of k occurs for negative values of J • Which of the two processes 
0 

•ctually does take place in a given situation may be determined on the 

baua of the instabi 1i ty criteria discussed in Section. (6.6). 

?o find the con~itions under which evanescence· or instability is indi­

cated, we solve Equation (6.38) for frequency. For this, we first simplify 
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the expression for P for the special case when the wave frequency is less 

f . the order of the ion cyclotron frequency . For this case the ex­
ti-n or o 

69. 

pre••iOI\S for P and kx given by Equation (6039) and Equation (6040) are very 

t11ch simplified and may be approximated by 

J B 
p ~ ~ (6.44) 

v2 
Po a 

w 
k '::/. v (6.45) 
x a 

where V is the Alfven velocity. For frequencies les s than or of t he order 
a 

of the ion-.cyclotron frequency, Equation (6038) can t hen be wri tten as 

2 + ( 
w2 

v2 
a 

0 

Equation o4') may naw b easily solved for w to give 

where 

W .. W + J"W 
r - i 

w - lwl case r 

w ... lwl s in9 i 

lwl = k v (l 
a 

2 
+ ~ )l/4 

k2 

e - 1/2 tan -1 ( ! ) 
k 

(6.46) 



jWt . 

SinCS time variat ions of the f9rm e have been assumed, a negative imag-

..art of w i nd icates an instability. The reai part w of the fre-
1..-ry r- r 

quency gives the amplified or excited frequency, and the imaginary part 

•1 
indicates the growth rate of the wave. 

the solut i on of the dispersion equation for real values of w indicates 

a poiitive imaginary part of k for ne~ative values of JQ. As shown above, 

tlw•• currents also give complex roots with respect to frequency for real 

.alue1 of k. Thus, as may be seen from the criteria discussed in S~ction 

(6.4) these roots correspond to a convective instability and ~he wave 

propagates as it grows. 

the case di s cussed above is applicable to the propagation conditions 

in the equatori a l regions of the ionosphere and the magnetosphere. Hydro-

.. gnetic waves propagating transverse to . the magnetic field may thus be 

mtcited and amplified in regions where currents exist which are transverse 

to both the magnetic field and the direction of pro~gation. 

6.7 Case (2): Longitudinal Propagation, Transverse Currents 

We assume that the magnetic field and the direction of propagation are 

•long the z-axis, so that 

In thia case of longitudinal propagation, we assume that J
0 

is in the 

t ransverse plane so that 

-J • (J J O) 
o ox• oy• 
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bo restrictions we have 
"J,th the a ve 

cJ • k) = o and c'J • 'B ) = o 
0 0 0 

Equation (6.28) can thus be written as 

0 

0 

E 
x 

E 
y 

E 
z 

0 

Since (J •k) 
0 

o, the coefficients °'J. to '13 are now independent of 

J
0 

and k, and <1i. to ~ are the same as for the plasma without constant cur­

rents. It way be seen by setting the determinant of the matrix in Equation 

(6.48) equal to zero, that the propagation constant for the two transverse 

waves turns out to be the same as for the two circularly polarized waves 

in a plasma without constant currents, and is given by (see for expl. 

Bostick, 1964) 

2 0 0 

w 2 w! ( l - ~2 e ) 
c 

2 - w 

(6.~9) 
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The propagation constant thus remains unaffected by the introduction of 

. .. 



t density J
0 

in the transverse plane. It is interesting to note • curren 
Equation (6.48), however, that an electric field component along the . 

from 
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direction of the static .magnetic field has now been introduced which vanishes 

in the absence of J
0

o This introduction of an electric field component along 

the wave normal causes a change in the direction of the ray path. In the 

absence of J
0 

the ray path is along the direction of the wave normal. With 

the presence of transverse currents, the direction of ray path deviates from 

the d-irection of 'the wave no:nr..al 9 and the wave is continuously refracted as 

it propagates through transverse current shee ts. 

6.8 Case (3)1 .Longitudinal Propagation, Longitudinal .Currents .. 

In this .case o~ longitudinal propagation ~e assume that the magnetic 

field, propagation vector and the constant currents are all along the 

same direction. Thus we set: 

B 
0 

- (0" 0 
' ' 

k -='.. o, o, k) B ) 
0 ' 

and J 
0 

co, o, J ) 
0 

Equation (6.28) then reduces to 

R.ll R.12 0 E 
x 

~21 R22 0 E 
y 

.. 0 0 R33 E 
z 

Where 

0 

(6.50) 



2 
-d R ... a.. + a... B 
••• JJ .L . ' 0 

As seen from the symmetry of the coefficients in the above equations, 

the two transverse waves in this case may be decoupled into circularly 

palarized waves by substituting in Equation (6050)0 

B :wE +;· E .!. x- y 

Substituting for the coefficients G's f.rom Equations (6.27) we obtain, 

after some algebra and s.implifications, the dispersion relations for the 

tvo polarizations as 8 
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1t2 ~ .2 · w2 
{ u.Oi .2--2 +-+ c - 2 

n2 2 

[(j- -~) + y( y - . w w i)] n w v w
2 

wi ) 

[ 
1 + e EC . - _g__ y ( w y-1) 

- w2 wwi c w 
1 i e 

zw [ n n +y ( · ) ei --1. y-l - -
W WW + 

i 

(6,,51) 

where the denominator D
2
is given by 

[(~ - :~) 
i e 

2 
(6.52) w 

+ y (y - ;-> 
i 



the dimensionless parameter y in the above equations has been defined as 
J k 

0 • w are the electron and ion plasma frequencies and n 
y • ;?(p 

6 
/~' e 9 i e,i 

e o o 

are the electron and ion cyclot on frequencieso The upper sign in the 

bracket in Equation .(6.51) applies to the left hand polarized waves and 

the lower sign to the right hand polarized waveso 

It may be noticed that in the absence of constant currents, Equa-

tion (6 0 51) reduces to the usual d ispersion relation for the two circu­

larly polarized waves given by Equation (6o~·9) • 

6.8.1 Roots of the denominator D2 

The presence of constant currents in the plasma will have drastic 

effects in the neighborhood of frequencies or for currents such that 

the denominator of the dispersi on Equation (6.51) becomes very small. 

The frequencies or currents ~t which the denominator vanishes may be 

determined by obtaining the roots of the denominator D2 which may be 

rewritten by def ining 

n m w J. _g_ a. .. - a = 6 = w , w m. i i l 

(6. 53) 

The four root of Equation (6 0 53) with respect to a, at. wh·ich the denom-

inator of the dispersion equation vanishes, are approximated by 

l 
~ = - -e <y+a) , 

a. = (y-13) 
2 

(6.54) 
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In the absence o. const ant currents ~ when y = O» these four roots 

reduce to .! '\ and .:!: 0 e or-res ponding to i on a nd electron cyclotron 

resonances which may be seen r om Equation (6 049) • In the presence of 

curxents 9 these roo ar mod ified i n ccor dance with Equations (6054)0 

Conversely 9 th v~1·e of cont nt cur rent s a t some particular 

frequency ~ uch that the d no i nator comes very smal l may be obtained 

by solving for the roots of Equ t~on 6 . 53) wi t h. respect to y. The four 

roots of (6.53) w.ay be sh~ to b tJ.ppr. ·i mated by 

y ~ (a. .! j;) (6 .55) 

As may be seen from Equat ion (6 o5c4) or (6 . 55) ~ th.~ roots of the 

denomin tor are mod i~ied ~ign fi e ntly fo r t he current nsi t ies and 

plasma paramet ers o r w1i ch y _, S· f r hydr omagneti c waves i n the iono-

•pher nd t he gnetospher P t is oc~u:: only for re l tively 1 rge values 

of r-urrent • 

For current d nsi t ies whi ch may be normally expected in the iono-

sphere and the magn tospb. r ~ y is smal l as compared to a (S << 1). In 

Section (6.8. 2) y i s s u ted t\Q! b l ess t han a. The assumption y << /3 

has been made in the d r iva t i on of pproximat e results in Sections 

(6.8.J) and( 6
0
8

0
4) 

0 

6.8.2 Numerical Soluti on of t he Dispersion Equation 

The dispersion Equa t _on (6 0 51) is rat her involved in the general 

fonno If the constant current dens ity J is assumed to be relatively 
0 

•11a11, such that y < a f or /3 << 1, and a i s less t han or of the order 
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f l, the dispersion equation for longitudinal propagation and currents 

9/JY be written as a fourth order algebraic equat i on in k 

a • 
3 

a "" 1 

a • 
0 

k
2 

+ a k + a = 0 
2 1 0 

(6056) 

3 2 2 
-x z[-2a. +a. (-sx ) +a.(-x -x +.a:.:.) + 

4 + 1 2+ 3 6 

2 2 2 2 2 2 2 2 
-x4 a [ (a -sa ) ~ a. !3 .:!:. ae + s - 6 a. ] 

In the above coefficients the upper and lower signs refer to the left and 

right hand polarized waves respectivelyo The constants x and z have been 

defined as 

w2 
x ... --1. 
4 2 

c 

J 
z = 0 

w2 (p s )~ 
e o o 

=~ 
k 

0 

(6.57) 



lquation (6.56) has four r oot s for k correspond i ng to four waves ; 

t90 for each direction of propagation . It i s expected» however, that 

the two add itional wa~·es will be si gnif icant on ly for relatively stronger 

For ext r m l'lY currents. J 
1 values of J 9 the two or i gi nal waves are 

0 

only expected to be modified due ·i:;o the existence f currents . Equation 

(6.56) wi ll be solved num rically f or dat a corresponding to the ionosphere 

and the magnetospher • The numerical results are given in Section (6.8.5). 

To investig t the ~i ·~e. ce of any i ns t.abilities due t o the presence 

of current s 9 the disper , ion equa·tion has t o be sohred for the frequency . 

Assuming fre.quenc i s 1 ~ than or of the rder of t he ion-cyclotron fre -

2 << f"'\2 quency9 such that sw ~\ , Equ tion (6 . 5 ) way also be written as a 

Thusa assuming €W
2 << 0 2 

fourth ord r a l gebraic eqtl8 ion in f r equency. 
. i ' 

w 
and letting X = O""' P w ere Oi is t he ion cyclotron frequency 9 the dis-

i 
persion r e lat ion (6 . 51) may be written as 

A x4 + A x3 + A x.2 + A x + A .., 0 
4 3 2 1 0 

where 

4 
S x

4 
(_:!: S - 2y) 

A3 .. SJ ( X4 ( 132 + 2/'- - {:-) - k2(y2 - 132)] 

'-z = a2 [ X

4 
( ~ + 2y/ - x 2y :;:: (x1/ + x 3y)) - k

2
(2ya

2
- 2/)] 

2 2 ·-4 ] 
Al ... S [x4 (2x2y2 - ~ - ~ + (xlS2Y ±. xly3 + 3x3y2)) -k2(s2-y2)2 
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to investi gate any ins bili ti s i nt r oduce d due to th presence of 

currents
9 

Equat i on ( . 5 8) i ll be solv·ed nu ri ca lly for data corres -

,-ndl g to the ion 11pher 

ce-Plax roots of th , aboYe 

~1 part of xp denoted 

nd th gnet o pher • The existence of any 

uation il l ind i cat e an instabil i ty. The 

R (X) 9 ~i l l indicat e the exci t ed or amplified 
e 

frequencies and the imaginary part of X9 denoted as Im (X), will indi­

cate the growth r ates . T_ t ype of instability is t hen dec ided on the 

basil of the criteria d!3c~sed i n Sect ion (604). 

6.8.3 Approx imate Solut · on r the Prcpag~ti on Const ant 

The g nera l fourth ord r qmtU on i n · may be reduced to a quad-

all powers of z (or of J ) xc t the fi rst are vani shingly smal l 9 and 
0 

the f requenci r e l ess t n or of t h rder of ion cyclotr on f requencies. 

With this approximat ion ~ t h d!. rs i on equation may be writ ten as~ 

k
2 

+ k + Ill. '"' 0 11
1 0 

where the coefficients are now g iven by 

a 
0 

- -k! <s .! w 
s <s2-a.2> 

( 6 . 59) 

?he upper and lower signs in the brackets apply to the left and right hand 

polarized waves; k
0 

is t he propagation constant for free space. The t wo 

•olutions for k may be explicitl y writ t en as 
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For very small current dens i ties, and frequencies of the order of the 

lon-cycloeron frequency or less, the above ior1Jlll1la gives r&Slll~s apP.raxi­

Olting those obtained numerically from the g~neral fourth order equation. 

41 W!IY be seen, the propagation constant now has a resonance at ion-cyclo­

tron frequency (a=S) for both left and right hand polarized waves. In the 

absence of currents, this resonance occurs only for the left hand polarized 

wave. 

It may be noted that Equation (6.60) gives real values of propagation 

constant for the right hand polar ized wave for both positive and negative 

values of currents. For the left hand polarized wave, the propagation con• 

1tant is also real for frequencies less than the ion-cyclotron frequency. 

On the basis of the criteria discussed in Section (6.4),any instability for 

such currents, indicated by the complex roots for frequency, must then be 

nonconvective. This conclusion is confirmed by the numerical results ob-

tained from the general fourth order equation, as well as the configuration 

of the W/k plots in the real w and real k plane. 

6.8.4 Approximate Solution for Frequency 

To investigate the existence of instabilities due to the pres~nce of 
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currents in the system, we solve the dispersion equation for frequency. The 

disper ion equ t i on in t h gene r 1 f orm , s gi n by Equation (6.58), is a 

fourth or der algebr a ic quat ion. For v ry ma l curr ent dens i ties, such 

that y << a, retaining terms containing only the first power of y, the 



rs ion equation may be reduced to a cubic equation in frequency which 
di•P8 

be written in the form: -.y 

x3 + a
2
x 2 + a X + a = O 

1 0 

yhere the coefficients are now given by 

1 a ,.., +-2--x 
4 

a ::::: 
0 

(k2 + x ) 
4 

(6.61) 

the upper and the lower signs in the above coefficients apply to the left 

and right hand polarized waves respectively. 

The cubic Equation (6.61) may be solved in the usual way by putting 

it in the "reduced" form by the transformation 

a2 
x"" y - 3 

which gives 

Y3
+pY+ 0 q . "" 

where the coefficients p and q are now given by 

2 
a 2 

P "" al - 3 

3 
+ 2a2 

27 

The three solutions of the cubic equation are given by 

(6.62) 

(6.63) 

(6.64) 

.BO. 

( 



yl • A+B and Y2,3 
l (A+B) 
2 .:. j £3. (A-B) 

2 
(6.65) 

,mere 
1/3 1/3 

A [- t + J&] B [-.9. -JR] - 2 

( 3 ) 3 + ( 
q 2 

R • - ) 
2 

(6. 66) 

the three solutions of the original Equation (6.61) are then given by 

a2 
x - y -3 3 3 

The existence of any complex roots of the cubic equation may be ascer-
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tained without solving for the roots by making use of the following theoreml 

A cubic equation with real coefficients has either three distinct real roots, 

a single real and two complex conjugate roots, or three real roots of which 

at least two are identical, depending upon whether its discriminant is pos-

itive, negative, or zero. The discriminant for the cubic equation is 

given by 

6 • - 108 R • - 4 p
3 ~ 27 q

2 (6.67) 

Complex roots with respect to frequency exist if the discriminant 6 < o, 

or if 

> ( ll 2) 1/3 
p - 4 q (6.68) 

The currents and real values of propagation constants for which the 

above inequality is satisfied will give rise to instabilities in the 

lledium. Since the propagation constants for small values of currents and 



real f requenc i es were found to be real in Section (6.8.3), any complex 

roots ,i f t hey exist, must correspond to a nonconvective instability. 

6.s.5 Numerica l Results 

Numer ical results have been obtained by solving the fourth order equa-
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t i OIUI for propagation constant and frequency for two different sets of data. 

In the firs t case, representative of the conditions in the upper ionosphere, 

data corresponding to a height of 500 km was used. In the second case, 

representative of the conditions in the magnetosphere, data corresponding to 

a he i ght of 50 ,000 km (below the magnetospheric boundary) was used. 

The Fi gures C6o4 - 607) show the plots of frequency (f) versus refrac-

t ive index (n) for the right hand polarized wave for 500 km data for various 

values of current density. The plot for zero current density is shown in 

Figure (6 . 4). The refractive index for the right hand polarized wave de-

creases monotonically with frequency over the frequency range shown and has 

no resonance at the ion-cyclotron frequency. 

Wi t h the presence of currents, the f-n plots are modified as illus-

trated i n Figures (6.5-6.7). It may be seen that the right hand polarized 

wave now has a resonance at the ion-cyclotron frequency as is indicated by 

the approximate solution for propagation constant give~ by Equation (6.60). 

The plots for various val ues of currents show significant modifications at 

frequencies much below and in the neighborhood of the ion-cyclotron fre-

quency. Over the frequency range shown, the refractive index, however, is 

real a t all frequencies. It may be seen from the configuration of the f-n 

plots that the frequencies at which the refractive index is most affected 

corres pond to a none nvective in.stability. This ·is verified by solving for 



,._ roots of di s persion equation with r espect to frequency or the fourth 

order equat i on in frequency (6.58) . For certain current densities and 

real values of propagation con tantss this equation gives complex roots 

yith respect t o frequency indicating the existence of an in. tability. 

Since the refractive index i• r al over the entire frequency range shown, 

thi• instabili ty must be nonconvective. The real part of the complex 

root for frequency 9 denoted by Re(x), gives the excited or amplified fre-

4111ency; the imaginary part of freq ency, denoted by Im(x) gives the growth 

The compl ex root of the dispersion equation with respect to fre-

4111ency, for t he right hand · polarized wave for 500 km data» are illustrated 

in Figures (6.8-609) for various current densities. It may be noted, t hat 

for the right hand polarized wave, the complex r oots appear only for nega-

tive values of curr nts (oppo lte to the direction of propagation). For 

positive currents, the root s of the dispersion equation with respect to 

frequency a r e all real and t here is no instability. 

The f-n plots and the compl ex roots of t he dispersion equation with 

respect to f requency, for the left hand polarized wave for 500 km da ta are 

•hown in Figures (6.10-6.13) . In the absence of currents, the left hand 

Polarized wave has a resonance at the ion-cyclotron as shown in Figur e 

(6.10). With the presence of currents the f-n plots are modified as 

•h01m. in Figures (6.11-6.12). For the left hand polarized wave, the com• 

Plex roots of the dispersion equation with respect to frequency for rea l 

k, appear only for po itive values of J and are shown in Figure (6 . 13). 
0 

For negat ive current densities, the dispersion equation has only real 

roots and there is no in tability. 

83 . 



The curves for data corresponding to a height of 50,000 km in the 

.. snetosphere, for the r i ght hand polarized wave 9 are shown in Figures 

(
6
•14.6 .19). With the presence of currents 9 as before 9 an instability 

occur• in the neighborhood of the ion-cyclotron frequencyo It may be 

noticed, that for the 50 9000 km height data, the current densities which 

.., give rise to complex roots with respect to frequency 9 producing an 

instability9 are ch smaller than for lower altitudes. This is con-

siatent with the result predict~d by the charged part icle beam analysis, 

which indicates excitation of hydromagnet ic waves for lower beam velo-

cities at higher alt itud s (Neufeld snd Wright 9 963) . 

As seen from Lhe sol tion of ·he denominator of the dispersion equa-

tion, the existence of currents has drastic effects for current densities 
J '\ "" __ • With 

w · 
i 

for which the parameter y ... is of the order of 13 
w~ (Po4 o)~ 

increasing altitudes 9 the quantity 13 gets smaller due to the rapidly de-

creasing magnetic field. The parameter y thus approaches 13 for smaller 

current densities a t higher altitudes. 

The numerical result pres nted fo r longitudinal propagation for 

two different altitudes and for various current densities indicate ex-

citation and amplification of hydromagnetic waves in the neighborhood of 

the local (average ion) ion-cyclotron frequencyo The ion-cyclotron fre-

quency varies from an order of 40 c/s in the upper ionosphere to about 

1 c/s in the upper parts of the magnetosphereo Hydromagnetic waves in 

this frequency range may thus be excited in the various parts of the 

ionosphere and magnetosphere due to the presence of longitudinal compon-

lnts of current densities. This excitation arises from the existence of 

1 nonconvective instability produced by the currents. The waves excited 

by this process may be propagated to the earth. 
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VII. SUMMARY AND CONCLUSIO S 

Hydromagnetic waves whi ch are gener a ted in various reg i ons of the mag­

netosphere through a variety of mechanisms and a r e propagated to the earth 

in the extremely low frequency spect rum, were investigated. Basically·, two 

different aspects of the problem were s tudied: 

(1) Propagation through inhomogene ous regi ons of the ionosphere at 

frequencies close· to the resonant f requency of the e rth- i onosphere cavity. 

(2) Propagation through current carrying region·s of the ionosphere and 

the magnetosphere, and the resul ting instabilities and a~pli fying processes-

For propagation through i nhomogeneous media, two different methods were 

employed. In the fi r s t method , a relat ively simple approach was used by as­

suming that the square of t he propaga t i on constant k in t he inhomogeneous 

mediu' is linearly varying wi t h d istance. Power t r ansmission coefficients 

for the transition from hydromagnetic waves in a homogeneous plasma to 

electromagnetic waves in vacuum through an inhomogen~ous transition were 

obtained. This model provides re l a t ve l y s mple express i ons for the trans­

mission coefficients . 

The second method for the study of wave propagation through an inhomo­

geneous ionosphere involved an application of "Epstein's theory". The 

theory is based upon transformation of the wave equation into a hypergeo­

metric differential equation. By us i ng various transformation equatpons 

and ' by making a proper c lO i ' I?. of the constants involved, it is possible 

to study a wide range of index of refraction profiles. The ionosphere 

Was assumed to be described by the macroscopic equations for a partially 
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isad inhomogeneous plasma embedded in the earthos magnetic field. Con­

rlng a hydromagnetic wave inc i dent from above and propagating parallel 

t earthos magnetic field at a f r equency close to the resonant frequency 

ef t-be earth-ionosphere cav i t y 9 power transmission coefficients were calcu­

lated• Complex refractive index profiles were used in these calculations 

.tdch approximate thos which a r obtained f rom the dispersion relations 

1n4 published ionospheric dat a. The transmi s sion coefficients calculated 

for various times of day ind i cated maximum t ransmission at about local 

midnight and minimum transmis ion t shout local noon. 

Hydromagnet ic waves a r e gen r ated and ampli f i ed in various parts of 

.. gnetosphere by a var i t of s i ngle par t icl e and instability pro­

ce11e1. These processes were x mined in part icular for frequencies close 

t• the resonant frequency of t he eart h-ionosphere cavity. Waves generated 

by any of the various processe may be propagated t o the earth along the 

1&rth•1 magnetic fie l d lines . Ea r th- ionos phere cavity resonances could 

thus be excited through t ese waves i n h igh lat itude regions. The angle 

of incidence of the waves for exc itati on of the cavity has to deviate, 

however, at least slight l y from the radial direction. The field distribu­

tien in the first resonant mode of t he cavity due to excitation by hydro­

.. gnetic waves may thus be exp cted to produce higher electric field in­

tensities in the mid to high lat itude regions than in the equatorial or 

polar regions o Lower electric field intensities will be expected in the 

tq\Jatorial regions due to t he lowe r int ensity of the incident waves. The 

&anerally accepted source of excita tion 9 namely the worldwide thunderstorm 

activity, does not clearly expl ain s ome of the experimentally established 

characteristics of ELF elect romagnet ic noise in the cavity. Excitation of 
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cavity by thunderstorm activity in the first resonant mode, should 

pt9C1uce higher electric fields in t he equator ial regions and lower inten-

in the higher latitude region • Simul taneous measur ments at dif­
lti•• 

ferent latitudes y shed some light n this probl em. 

Following an analyais sed on macroscopic equations 9 propagation of 

~ramagnetic w<lves through a current carrying plasma was investigatedo 

'lhl .,croscopic equations involv ing additional terms due to the existence 

ef a constant current dens i ty 11 r derived f rom t he basic plasma equa-

tionl in which stresming v ! ci ies for both lect ron and ion fluids were 

allowed. Assuming a ho dium 9 8 gener al dispersion relation for 

... 11 amplitude waves w s deriv.d f r om these. equ tions . Simplified forms 

of thiS dispers ion relat ion r e inv sti g ted by considering three special 

casea3 

(1) Transverse prop gation 9 with constant currents also transverse to 

lloth the direction of propag ti on and t he static magnetic field. 

(2) Longi tudinal propagation 9 wi t h const ant currents transverse to the 

direction of propagation. 

(J) Longitudinal propagat ion 9 with constant currents also along the 

direct ion of propagation. 

For transverse propagat ion when the currents are also transverse to the 

direction of propagation and the static magnetic field 9 the waves were found 

to be amplifying 0 The dispersion relation admits complex solutions with 

respect to both the propagation constant and the frequency (for real values 
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of frequency and propagation con tant respectively)o A convective instability 

1rla found to result from the existence of these currents. Approximate solu­

ttona for the propagat ion con t nt and the complex frequency were obtained. 



For longitudina l propagation with transverse currents the propagation 

Clftltant was found t o remain unaffected by the existence of currents. It 

found, however , that a component of electric field is now introduced 

allll8 the wave normal which has the effect of changing the direction of 

ray path. 

For longitudina l propagation with currents also along the same direc-

u on, it was found t hat the propagation constant now has a resonance at the 

ton-cyclotron frequency for both right and left hand polarized waves. A 

nonconvective instability was found to exist in the neighborhood of this 

frequency for certain values of currents. Numerical results were obtained 

for data correspond ing to heights of 500 km and 50,000 km, representative 

liapecUveij i:of the. cbhditions ,, ln the. ionbsphere and the magnetosphere. 

lxiatence of currents in the various parts of the ionosphere and the mag­

llltoaphere may have s ignificant effects at frequencies much below and in 

the neighborhood of the ion-cyclotron frequencies. Hydromagnetic waves in 

the frequency range of 1-40 c/s may be excited due to currents along the 

•tatic magnetic fi e ld in the various parts of the ionosphere and the 

• anetosphere. 
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APPENDIX 

The "conductivities" ~ll and o-21 appearing in the dispersion rela-

tiont (J.27) are defined by the following equation (Bostick et al., 1964). 

on 
2 [ .. e i 1 

e
0

we · v3+jw(l~) LJ 
w 

2 
e w [O +M] o e e 

021 - Denominator of 0"11 

[' v - 2 Vl 2 l (l+ (~) (.2:) - < n ) L :: ) 
1+ n w n e n 

L - XE 

V2 Vl 22 2 
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e n 
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Z 2 
X E • 1 + ( - ) (l+ ,!: J 
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The frequenc ies v
1

, v
2

, and v
3 

are the linear combination of interparticle 

0llision f requencies, and are given by 

v - v - fJin 1 en -
2 
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11in + m 
"2 - e Ven 

2 mi 

m IJin 
V3 -vei + 11en +~ -2-

mi 

yarious symbols appearing in the above equations are defined as follows: 

w • frequency in radians 

2 
2 ne '· 

we•;-€" 
e o 

0 
e,i 

eB 
0 --m e,i 

ven - electron-neutral collision frequency 

vei • electron-ion collision frequency 

Vin - ion-neutral collision frequency 

n - electron or ion density 

n - neutral particle density 
n 

µ - permeability of vacuum 
0 

e
0 

- permittivity of vacuum 

e - electron charge 

m • electron or ion mass e,i 

B
0 

• earth's magnetic field intensity 

The interparticle collision frequencies are calculated by using the 

feU01r1ng formulas: 

I.I • (2.6 x 10':":'~-~) (n+nn) 
in 

w!ts. 



where 

T3 
vei ... (34.o + 4.18 log10 _6 ) nxlO 

0 

T - Temperature in Kelvin 

-6 n x 10 
T3/2 

w = ion or neutral particl e molecular weight 

The ea~th 's magnetic field is calculated by using the formula 

IB' I - _M_ 
o (z+R)3 

/1 + 3cos
2 ¢ 

6 
M • magnetic moment of the earth (8.06 x 10 Weber-m) 

R - earth's radius in km 

z - altitude above the earth in km 

¢ = magnetic colatitude 
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(b) Evanescent wave 

r 

(c) Convective instability 

r 

(d) Nonconvective instability 

Figure 6.1 Instability crit.eria. (From Sturrock, 1958). 
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• (b) Convective instability 
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(c) Nonconvective instability 

Figure 6.2 w vs k plots of the dispersion relation 
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Figure 6.3 Frequency vs refractive index plots of the dispersion 
relati·on in the real f real n plane. 
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