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ABSTRACT 

Dynamic fracture experiments have been conducted on a polymeric material 

Homalite-100 and heat treated 4340 steel and 7075-T6 aluminum using various 

specimen geometries. The experimental techniques of caustics, photoelasticity and 

strain gages have been used to evaluate the stress intensity factor describing the 

near tip stress field surrounding the dynamically moving crack. The data has been 

used to characterize dynamic fracture behavior of brittle and ductile materials as a 

stress intensity factor vs crack velocity relationship. 

The results obtained from the three techniques used have been critically com­

pared and the validity of each technique is discussed under the experimental con­

ditions studied. Results show that the techniques of caustics in transmission when 

compared with photoelasticity under dynamic conditions give lower values for the 

stress intensity factor. For opaque materials the results from the three techniques 

compare well. 

A direct method of evaluating J-integral in power law hardening materials using 

strain gages has been developed. The use of this new technique is demonstrated 

by obtaining an engineering estimate of the HRR singularity field size in annealed 

4340 steel specimens. 
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CHAPTER 1 

INTRODUCTION 

The behavior of a dynamically moving crack is governed by the stress field 

surrounding it. A moving crack is considered dynamic when the inertial and strain 

rate effects have significant influence on the stress field. Such is considered the case 

when the crack speed is of the order of wave speed in the media. For linear-elast ic , 

homogeneous materials it is possible to represent the stress field in the vicinity of 

a moving crack tip by a single parameter K1, the dynamic stress intensity factor 

[1.1]. All the stresses in the singularity dominated zone[l.2] are proport ional to the 

stress intensity factor. The singularity zone excludes a very small non-linear region 

at the crack tip itself. 

It is believed by some investigators that the dynamic fracture toughness of a 

material can be characterized by a relationship between the stress intensity factor 

and the crack tip velocity i.e. such a relationship is unique for a material and can 

be treated as a material property[l.3,1.4]. Thus the measurement of stress intensity 

factor and crack velocity are of vital importance in the st udy of the frac ture behavior 

of materials and in the establishment of a fracture criteria. 

There are many techniques currently being used to estimate the value of stress 

intensity factor. Among these techniques are included the experimental methods 

of photoelasticity[l.5,1.6], caustics[l.7,1.8] and strain gages[l.9,1.10] and numerical 

method of finite elements[l.11,1.12]. 

In contrast, for power-law hardening materials t he stress intensity factor is not 

a valid parameter to describe the state of stress around the crack tip because there is 

significant amount of non-linearity and plastic deformation. Hutchinson, Rice and 



Rosengren[l.13,1.14] suggested the existence of H RR singularity the intensity of 

which is governed by the value of the J integral evaluated around the crack tip. Thus 

the measurement of J has the same importance for power law hardening materials 

as the measurement of stress intensity factor has for linear elastic materials. 

A considerable amount of stress field data has been generated from various 

experimental techniques over the years but the results have never been critically 

compared. In recent years, there has been some controversy over the results ob­

tained by different researchers using the techniques of caustics and photoelasticity. 

In particular, the results using photoelasticity[l.15] show that the relationship be­

tween the crack tip stress intensity factor and the crack tip velocity is unique for a 

given material in low velocity regions whereas the results from caustics[l.16] show 

no such relationship. This has lead the researcher to question the accuracy of the 

results obtained using different methods. 

In this research the technique of caustics and photoelasticity have been used 

to evaluate stress intensity factor in a polyester material Homalite-100. The results 

from the two techniques are compared with each other to look for any discrepancies 

in the techniques . Next, heat treated 4340 steel specimens have been tested using 

the technique of caustics and strain gages. The stress intensity factor values are 

evaluated and compared for different methods. 

The analysis technique is developed to use strain gages for the evaluation of 

J integral value in power-law hardening materials. This technique is t hen used to 

determine J in 4340 steel specimens. Also the region of validity of H RR field i.s 

investigated. 

Figure 1.1 shows schematically the various studies conducted in this research 

and how they relate with each other. Chapter two reviews the past work done in 

development of the three techniques used in this work. Review of work done in 

dynamic fracture of metals and non-metals, in K1 - a characterization and in the 

2 



study of power law hardening materials are given in the appropriate chapters. In 

chapter three the details of analysis used for these methods are provided. Next two 

chapters give the experimental procedure and results of dynamic stress intensity 

factor evaluation in polyester and metals respectively. Stress intensity factor and 

crack tip velocity data is analyzed in the light of K1 - a relationship in chapter 

six. Studies related to J integral evaluation in power law hardening materials are 

discussed in chapter seven. 
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CHAPTER 2 

REVIEW OF PAST WORK IN THE THREE TECHNIQUES 

The behavior of a dynamically moving crack is governed by the stress field 

surrounding the crack tip. For linear-elastic materials the stress field near a moving 

crack tip can be defined by the dynamic stress intensity factor Kf It is thus 

believed that the determination of the dynamic stress intensity factor would assist 

in the prediction of the crack behavior. Estimates of Kj can be made on a totally 

theoretical basis only for extremely simple geometries. In finite bodies the problem 

becomes analytically difficult because of the boundary reflected stress waves coming 

back to the moving crack tip. Direct experimental observations are necessary for 

complete understanding of the dynamic fracture process. 

There are many methods now available to an experimentalist for evaluating the 

stress intensity factor for a dynamically moving crack. These methods include both 

optical and non-optical techniques. In this research work the optical techniques of 

caustics and photoelasticity and a non-optical technique of strain gages have been 

used. Recent work done in the development and analysis of these is discussed below 

in light of their application to fracture mechanics. 

2.1 Photoelasticity As Applied To Fracture: 

The method of photoelasticity has been in use for almost 20 years by many 

investigators. Many improvements have been incorporated in the analysis technique 

to allow full field evaluation of the stresses around the crack tip. 

The application of photoelasticity to fracture mechanics was first demonstrated 

by Post[2.1] and Wells and Post[2.2] and in the discussion of the latter paper by 

Irwin[2.3]. Irwin showed that for the mode- I conditions the stress intensity factor 

(j 



could be determined from a single isochromatic fringe loop at the crack tip. The 

accuracy of his method is very sensitive to the precision of locating points on the 

fringe[2.4]. 

Bradley and Kobayashi [2.5] and Schroedl and Smith[2.6] modified his approach 

and employed a differencing technique to· obtain K1 and <:Tox· Etheridge and Dally 

[2.7] introduced a third parameter into the analysis by modifying the Westergaard 

stress function to more closely account for stress field variations near the crack tip. 

These methods are based on measurements taken from specific points and there is 

no way to minimize the errors. 

Sanford and Dally[2.8] suggested a multi-point method which uses more num­

ber of data points from the fringe pattern than the number of unknowns to be 

determined. Their technique uses the method of least squares coupled with Newton­

Raphson method to minimize error in obtaining the solution. It is global in nature 

and the use of full field data permits a significant improvement in the accuracy of 

determining the stress field coefficients. 

C. W .Smith and his associates[2.9] have applied stress freezing photoelastic 

techniques to determine the stress intensity factor for a number of three dimen­

sional crack problems. A.S.Kobayashi and his associates[2.10] have used dynamic 

photoelasticity to study the stress field around a propagating crack. They have also 

developed hybrid techniques to solve fracture mechanics problems by combining 

photoelasticity with numerical methods. 

J. W .Dally and his associates [2.11] have employed photoelasticity to study the 

range of dynamic fracture behaviors from crack initiation and propagation to crack 

arrest and crack branching. They have also employed photoelasticity to study 

crack-wave interaction problems in rock mechanics applications. Kobayashi and 

Dally[2.12] have demonstrated successful use of photoelastic coatings on metals 

using diffused light setups. 



2.2 Caustics As Applied To Fracture: 

The method of caustics, developed by Manogg[2.13] is in current use by many 

researchers[2.14-2.16]. The great advantage of this method over other experimental 

techniques is that it provides a direct measure of the crack tip stress field and the 

corresponding crack speed without concern for the geometry of the specimen, the 

boundary conditions or the complex stress wave pat tern in the bulk of the specimen. 

This technique gives the first term of the series representing the stress field around 

the crack tip which is related to the st ress intensity factor . 

Theocaris and co-workers[2.17] generalized the method of caustics to non­

transparent materials by using reflection and applied it to fracture problems of 

general interest in various branches of engineering science. Theocaris and Gdoutos 

[2.18] applied this method to examine the deformation fields near the tips of st a­

tionary crack in metal plates. Kalthoff and his associates[2.15 ,2.19] in Germany 

have also employed caustics to study dynamic fracture in both transparent as well 

as opaque materials. 

Kalthoff et al. [2.20] introduced an approximate correction fac tor to account 

for the error introduced by assuming static local field in data analysis. The exact 

equations of the caustic envelope formed by the reflect ion of parallel incident light 

from the surface of the specimen containing a rapidly growing crack were obtained 

by Rosakis[2.21] for mixed mode plane stress crack growth. It was found that , for 

some typical laboratory materials used in crack propagation studies, the neglect of 

the influence of inertia on the crack t ip stress field could lead to errors of up to 

30-40 percent in the value of the elastic stress intensity factor evaluated from the 

measured caustic diameter. 

Rossmanith[2.22] included the higher order terms of the Westergaard type 

stress functions and discussed their effect on the shape and extension of the highly 

constrained zone surrounding a crack tip. For a singular solution it was found that 



the Kj values associated with larger shadow spots are lower than their static coun­

terparts. Higher order terms induce a generalized evaluation formula for the stress 

intensity factor where powers of the order n + 5/2(n = 0, 1, ... ) of the caustic di­

ameter appear. The dynamic correction is negligible for small and moderate crack 

velocities justifying the use of static equations for practical purposes. 

In a detailed report on crack tip stress state, Rosakis and Ravi Chander[2.23] 

discussed the effect of three dimensional stress state on the evaluated results which 

are based on two dimensional analysis. They tried to identify the regions in which 

local experimental measurements based on two dimensional theory can be performed 

with confidence. They concluded that the three dimensional nature of the crack tip 

field scales with thickness. Extremely small plane strain region exists around the 

crack tip. 

Rosakis with Freund[2.24] also studied the effect of the crack tip plasticity 

on the determination of dynamic stress intensity factors and found that the error 

introduced by neglecting plasticity in the analysis of data are small as long as the 

distance from the crack tip to the initial curve ahead of the tip is more than about 

twice the plastic zone size. They also found that the error introduced by neglecting 

inertial effects are small as long as the crack speed is less than about 20 percent of 

the longitudinal wave speed. 

Effect of higher order stress terms on mode- I caustics in birefringent materials 

has been recently studied by Phillips and Sanford[2.25]. They developed a theory 

to determine the sizes, shapes and location of the double caustics produced in 

statically loaded birefringent plates containing mode- / cracks. It was found that 

the transverse diameters of the inner and outer parts of the double caustic have 

an average value essentially equal to the transverse diameter of the single caustic 

produced by optically isotropic material having the same optical constant. They 

also observed that with the superposition of a constant tensile or compressive stress 



parallel to the crack, each part of the double caustic deforms independently but in 

such a way as to maintain this average transverse diameter. 

More recently, Ravi Chander and Knauss[2.26-2.28] have used the technique 

of caustics to investigate dynamic fracture in a birefringent polyester material, 

Homalite-100, which was also used extensively by both Kobayashi and Dally with 

photoelasticity. The use of the method of caustics has recently been extended to 

the study of elastic-plastic fracture of power law hardening materials[2.16]. 

2.3 Strain Gages As Applied To Fracture: 

Electrical resistance strain gage technique suggested by Irwin[2.29] in 1957 for 

the evaluation of stress intensity factor, is one of the lesser used methods for fracture 

studies. The primary hesitation in the use of resistance strain gages for fracture 

studies was their finite size. Since the crack tip strain field has steep gradients the 

averaging effects can be large if the strain gages are not small enough. With the use 

of extremely small strain gages of sizes less than a millimeter square, it is possible 

to accurately measure strains at any point. 

Dally and Sanford[2.30] demonstrated the evaluation of stress intensity factor 

using strain gages under static loading. Further, Dally and Berger[2.31] have used 

the technique to evaluate stress intensity factor in 6061-T6 aluminum for stationary 

cracks. 

In a recent paper Shukla et al. [2.32] have shown the applicability of strain gages 

to the study of dynamic fracture of a polyester material Homalite 100. The effect of 

various parameters on the accuracy and applicability of results is studied in detail. 

In this work the applicability of strain gages is extended to power law hardening 

materials. 
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CHAPTER 3 

METHOD OF ANALYSIS 

In this research three different experimental techniques have been used for 

obtaining the stress field data around the dynamically moving crack tip. The tech­

niques are a: The method of photoelasticity b: The method of caustics and c: The 

method of strain gages. 

A detailed review of the past work done in the development and use of the 

three techniques was given in chapter 2. The three techniques depend on different 

phenomenon to extract the information regarding the stress field. The method of 

photoelasticity depends on the change in the optical properties of the birefringent 

material. The method of caustics is primarily based on the out of plane displace­

ments caused by the existing stresses. In contrast, the strain gages measure the in 

plane strains on the surface of the material being studied. Hence, the three tech­

niques are very different in their analysis procedure and it is of extreme importance 

to understand the underlying assumptions and derivations to be able to interpret 

the results correctly. 

3.1 Method Of Photoelasticity: 

When circularly polarized light passes through a stressed birefringent material 

and then through a circular analyzer, an optical interference pattern of light is 

produced. These bands are referred to as the isochromatic fringes. These fringes 

are lines of constant maximum in-plane shear stress and are related to the fringe 

order by the stress optic law, namely 



(3.1} 

where u1 and u2 are the in-plane principal stresses, Tm is the maximum in-plane 

shear stress, N is the fringe order, fa is the material fringe value and h is the 

thickness of the material[3.1]. The isochromatic fringe pattern which is obtained 

can then be used in combination with the appropriate stress field model to obtain 

the parameters of interest. The optical setup used is shown in figure(3.1} and a 

typical isochromatic fringe pattern is shown in figure(3.2}. 

The cartesian stress components for a constant speed crack propagating in a 

finite body can be expressed as[3.2,3.3] 

uxx = 0 ( (1 + 2aI - a~)ReZ1 - 01ReZ2 + (1 + 2aI - a~)ReY1 

- (1 + a~)ReYz] 

uyy = 0 [-(1 + a~)ReZ1 + 01ReZ2 - (1 + a~)ReY1 

+ (1 + a~)ReY2] 

Txy = n[- 2a1JmZ1 + 2a1ImZ2 - 2a1ImY1 + 02JmY2] 

where, 

00 

Z 1 = L Anz~- l/2 
n=O 

00 

Y1 = L Bmz! 
m = O 

~ A n - 1/ 2 
Z2 = L nZz 

n=O 

00 

Y2 = L BmZz 
m = O 

(3.2 - 3.4} 

(3.5) 

(3.6) 

(3.7) 



z1 = x + ia1y z2 = x + ia2y (3.8) 

[C0,1]2 ai = 1 -

[C0,2] 2 Ct~ = 1 -

(3.9) 

where a is the crack velocity, c1 is the longitudinal wave speed and c2 is the shear 

wave speed in the material. The crack tip coordinates, x and y, are oriented such 

that the negative branch of the x-axis coincides with the crack faces (see fig3.3), 

and An , Bm are unknown real coefficients to be determined for the problem of 

interest. 

A 0 is related to K1 by the relation K1 = A 0 y'2";i. Equations (3.2)-(3.4) can be 

combined with (3.1) to relate the fringe order and position coordinates at any point 

in the isochromatic field with the unknown real coefficients An and Bm through the 

stress transformation expression 

(Nfa) 2 _ 2 _ (ayy - <1xx) 2 + 2 
2h - Tm - 4 Txy (3.10) 

The first step in the analysis of an isochromatic fringe pattern obtained exper-

imentally is to take a region around the crack tip from the experimental pattern 

being analyzed, extract a large number of individual data points, generally 40-60 

points, and determine the coordinates and fringe order at each point. These data 

points are then used as inputs to an over-deterministic system of non-linear equa-

tions of the form of equation ~3.10) and solved in a least-squares sense for the 

unknown coefficients by the method of Sanford and Dally[3.4] . It should be noted 

that the region surrounding the crack tip for which data points would lie less than 

one-half the plate thickness away from the crack tip is likely to be strongly influ-

enced by triaxial and nonlinear effects, and should therefore be avoided. Once the 
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coefficients are determined the complete stress and strain field around the crack tip 

is established. 

When analyzing dynamic stress patterns, the data acquisition region is usually 

restricted to that portion of the stress pattern which can be seen to translate with 

moderate changes in the pattern because of the constant crack-speed assumption 

in the analytical representation being used. The number of coefficients necessary 

for an adequate representation of the stress field over the data acquisition region 

is estimated by examining the average fringe order error, the values of the leading 

coefficients and the reconstructed fringe patterns corresponding to a given set of 

coefficients[ 3.5]. 

It is seen that as the number of parameters increases the average fringe order 

error generally falls but it does not necessarily mean that the solution is approaching 

the actual stress field. As can be seen in fig(3.4), the average fringe order error n(%) 

falls from 5.8% for two parameter analysis to 2.3% for six parameter analysis but 

the reconstructed fringe pattern from a six parameter analysis does not match with 

the actual experimental pattern. Thus it is important to look at both the fringe 

order error as well as the fringe replot before deciding on a solution. In general 

it is found that three to five parameters are sufficient to represent the stress field 

surrounding the crack tip but when the crack is close to the boundary up to 10 

parameters are required to get a satisfactory reconst ructed fringe pat tern. Hence 

no set rule can be provided as to how many parameters are sufficient. The choice 

is dependent on the location of the crack tip with respect to the boundary among 

other factors. 

3.2 Method Of Caustics: 

Unlike the method of photoelasticity, which is based on the interference of light , 

the method of caustics is based on geometric optics governed by Fermat's principle. 

When a material with a crack in it is loaded in tension, the high stresses near the 

t 8 



crack tip cause the deformation of the body leading to a non-uniform change in 

the optical path length of the light transmitted through it, or reflected from its 

surface. For an opaque material the change in optical path is due to non-uniform 

changes in thickness of the body and for transparent material there is an additional 

contribution due to changes in the refractive index of the material. 

If light from a point source falls on the crack tip region, the image of the 

crack tip on a reference plane appears as a dark spot surrounded by a bright curve, 

called the caustic curve. An experimentally obtained shadow pattern is shown in 

figure(3.5). 

To determine the stress intensity factor KJ from the experimentally obtained 

diameter of the caustic, consider an initially planar body lying in the x, y plane at 

z = 0. Consider light falling normally on the surface z = - f(x , y) of the opaque 

material as illustrated in figure(3.6). Let a reference plane (screen) be located 

behind the reflecting surface at z = -z0 • An incident light ray falling at a point 

p(x, y) denoted by x of the reflecting surface will be projected to point P(X, Y) 

denoted by X. The mapping of points p(x, y) of the body surface on to points 

P(X, Y) of the reference plane is given by the following expression[3.6J. 

- - [ VJ l X = x - 2(z0 - !) · -
1 - (''V !)2 

(3.11) 

The choice of the sign of z0 depends on whether the image is real or virtual. 

The optical arrangements used in this study are shown in figure(3.7a,b). The 

I ight from the point source was collected by the concave mirror and focused on 

the 20-lens camera. The specimen was placed in the path of the light between the 

concave mirror and the camera, and the camera was focused at the reference plane, 

located at a distance z0 from the specimen, as shown. For transparent material the 

image is real (fig3. 7a) and z0 is negative. For opaque materials the image on t he 

reference plane is virtual i.e. z0 is positive (fig3.7b). When z0 ~ J, as is usually 
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the case, the above relationship simplifies to 

(3.12) 

The deformed shape of the specimen surface reflects the light in such a way that 

the virtual extension of reflected light rays forms an envelope in space as illustrated 

in fig(3.6). This surface, called the caustic surface, is the locus of points of maximum 

luminosity. The intersection of the caustic surface with the reference plane is called 

the caustic curve. The caustic exists if and only if the Jacobian determinant J of 

the mapping[3.6] vanishes, i.e., 

J ( x, y, z0 ) = det [ ~: ] = 0 (3.13) 

The locus of points on the specimen surface for which J = 0 is called the initial 

curve, the points of which map onto the caustic. All points inside and outside 

the initial curve map outside the caustic. Since the light from the initial curve is 

mapped on the caustic the interpretation of the results will depend on the location 

of the initial curve. It should be noted that the initial curve position is dependent 

on the experimental setup parameter z0 and hence can be varied by varying z0 • 

The shape of the caustic will depend on the out of plane displacement of the 

specimen which in turn depends on the stress field given by equations (3.2-3.4). In 

caustic analysis only the first term of the Z1 series is used. The stress field equations 

thus simplify to: 

KI [ 2 2 1 </>1 1 </>2 l <lxx = --11 (1+2a1 + a2) · - ·cos(-) - 111 · - ·cos(-) 
~ Fi 2 y'r2 2 

KI [ 2 1 </>1 1 </>2 ] <lyy = --11 -(1 + a 2) · - ·cos(-)+ 111 · - ·cos(-) 
~ Fi 2 y'r2 2 

(3.14 - 3.16) 

KI [ ( 1 . </>1 1 . </>2 ) l rxy = --11 20:1 - · sm(- ) - - · sm(- ) 
~ Fi 2 y'r2 2 
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The out of plane displacement is given by the following relationship: 

(3.17) 

combining equations (3 .14)-(3.16) with the above equation gives: 

with 

vh Kf 01 1 
z = - · ·cos- ·--

E J21TT1 2 F(a) 

F(a) = 4a10:2 - (1 + a~) 2 

(1 + a~)(ay - a~) 

(3.18) 

Substituting equation (3.18) into equations (3 .12) and (3.13) one can determine 

the shape of the caustic and can obtain the expression defining the relationship 

between the stress intensity factor Kj, and the caustic diameter D, 

Kd = 2v127r . F(a) . C(a ) . D 512 
1 3/512 z0 ch 1 

(3.19) 

where f = 3.17 and c = // / E for opaque materials and the expression for C is given 

as: 

( ) (6.8 + 14.4a1 - 2.6ai) 
Ca1 =--------~ 

18.6 
(3.20) 

For anisotropic transparent materials the equation is very similar and takes 

into account the optical path length changes due to refractive index gradients: 

d _ 2v121f I . 5/ 2 
K1 - 5/ 2 · F0 ,i · F(a) · C (a1) · D 0 ,i 

3/0 i z0 ch , 

(3.21) 

where .the subscripts o, i refer to the outer and inner caustics that are obtained 

for materials which display significant optical anisotropy. F 1 .· , the additional cor-o,. 

rection factor is very close to 1.0 for Homalite 100[3. 7] . The initial curve is very 

nearly circular and its size is closely approximated by[3. 7] 
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(3.22) 

It should be noted that the term F(a) only accounts for the in-plane inertia 

effects caused by the dynamic nature of the problem. Out of plane inertia effects, 

which influence the surface displacements and hence the caustic evaluation, are not 

accounted for in the correction factor. 

Since the intensity of light is a maximum at the boundary of the caustic[3.8], 

the measurement of the diameter should be made at a point where the steepest 

gradient in the light intensity is observed. Some investigators [3.8,3.9] measure 

the diameter at the outer edges of the shadow spot where as others [3.7] contend 

that because of diffraction effects and because of an imperfect point light source 

the boundary is not defined properly and the use of the surrounding bright rim 

for measurement purposes gives more accurate values. The difference in the two 

diameters is about 5%, which can in turn lead to difference of about 13% in the 

calculated stress intensity factor values. In this work the diameter of the caustic 

has been taken as the diameter of the dark spot. 

The caustic is a mapping of points on the initial curve on the specimen. It is 

thus important to know the radius, r 0 , of the initial curve. It has been demonstrated 

here and also in [3.10] that if r 0 is not large enough in comparison to the thickness of 

the specimen, three dimensional effects in the vicinity of the crack tip can produce 

significant errors. Since r0 depends on z0 and KJ (equation 3.22) its value can be 

adjusted appropriately. 

Figure(3.8) shows the effect of the initial curve size on the stress intensity 

factor. KJ/ Kth is plotted as a function of r0 / h. It is seen that when r0 is less than 

0.4 the thickness, the stress intensity factor value calculated is influenced by the 

three dimensional effects existing close to the crack tip. Hence all the data should 

be taken from outside this region. 



The anisotropy parameter [3.7], which determines the splitting of the caustic 

into an inner and an outer one, depends on the birefringence of the material and also 

on its elastic constants. For Homalite-100 the elastic and optical constants combine 

to give a small amount of separation of the two caustics, which is largely masked by 

the blurring of the caustic boundary[3.11]. The outer caustic, where it is visible is 

not very well defined at the points of measurement. Hence, the inner caustic, with 

a relatively well defined boundary, has been used throughout this work. 

3.3 Strain Gage Analysis: 

The analysis of the strain gage data involves the evaluation of the stress in-

tensity factor from the strain profiles recorded by each gage. The experimental 

setup used for recording the strain profiles from six strain gages placed along the 

crack propagation path is shown in figure(3.9). Using the dynamic stress field rep­

resentation given by equations (3.2)-(3.4) dynamic strain field representation can 

be derived in a rotated coordinate system by using Hooke's law and appropriate 

transformation laws[3.12]. 

Two coordinate frames are introduced GxGyG and LxLyL• as shown in 

Fig(3.10). The rotated coordinate system GxGyG is fixed to the strain gage and 

orients itself wi.th it. The coordinate system LxLyL is fixed to the model and is lo­

cated right below the strain gage on the crack propagation path. In this coordinate 

frame the crack tip position x L will be given. The strain gage is considered to be 

located at an arbitrary point, G(x, y) which is coincident with the strain gage grid 

center, and rotated at an angle with respect to coordinate system, Oxy· The strain 

at point G can be determined from the complex strain transformation equation 

( ) · ( · ) 2ia fyG - fxG + t/xGyG = €.yy - €.xx + t/xy e (3.23) 

and the first strain invariant 



ExG + EyG = Ex + Ey 

Using Hooke's law along with eq.(3.23) and eq.(3.24), we get 

2ExG = ~ [(1 - v)(ay +ax) - (1 + v)(ay - ax) cos(2o:) 

+ 2(1 + v)rxy sin(2o:)] 

Substituting eq.(3.2), eq.(3.3) and eq.(3.4) into eq.(3.25) leads to 

(l+v)[(l - v) 2 2 
ExG = 0 E (l + v) · (0:1 - o:z)(ReZ1(z1) + ReY1(zi)) 

+ (1 + aI)(ReZ1(zi) + ReY1(zi)) cos(2o:) 

- 01ReZ2(z2) cos(2o:) - (1 + a~)ReY2(z2) cos(2o:) 

- (1 + a~)ReY2(z2) cos(2o:) 

+ 2a1(ImZ2(z2) - ImZ1(z1) - /mY1(z1)) sin(2o:) 

+ 02ImY2(z2) sin(2o:)] 

(3.24) 

(3.25) 

(3.26) 

Also the strain in the YG direction is obtained by replacing a by a + 90° in 

equation (3.26) 

EyG =Exe( a+ 90°) (3.27) 

Setting n = 0 and m = 0 in eq.(3.6) and eq.(3.7) and substituting them in 

eq.(3.26) yields a two parameter representation of the strain field 
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(l+v)[ [(1-v) 2 2 1 </>1 
fxG = 0 A 0 ( ) (a1 - 0:2) r.r: cos(--) 

E 1 + v v r1 2 

2 1 </>1 + (1 + o:i)- cos(-) cos(2o:) 
Fi 2 

1 </>2 
- 01- cos(-) cos(2o:) 

y'r2 2 

+ 20:1 sin(2a) (-1- sin(</>1) 
Fi 2 

- _1_ sin( </>2)) J 
y'r2 2 

[ 2 2 (1-v) ]] 
+Bo (0:1 - 0:2)( (l + v) + cos(2o:)) 

(3.28) 

Inspection of eq.(3.28) suggests that the contribution of B 0 term can be set to 

zero if[3.13] 

( 1-v) cos(2o:) = - --
1 +I/ 

(3 .29) 

For a range of values of Poisson's ratio, v, the angles, a, which remove the 

contribution of Bo term are shown in Fig(3.ll). Note for 4340 steel which has 

a Poisson's ratio v, of 0.3 the corresponding a is 118.7° and for 7075 aluminum 

having Poisson's ratio 1/3, it is 120.0°. Accordingly, the strain gages were placed at 

orientation angle, a, equal to 118. 7° and 120.0° on steel and aluminum specimens 

respectively. 

Theoretical strain at orientation, a = 118. 7° for steel, €~, and a = 120° for 

aluminum, €~, evaluated using eq.(3.28) are plotted as a function of the crack tip 

position, X£, in Fig(3.12). The plots show that the peak strain for these orientations 

for steel and aluminum occur when the crack tip is right below the strain gage, i.e., 

x L is equal to zero. Assuring, that the strain gage grid lies inside the KJ dominated 

zone, KJ can be evaluated from the peak strain recorded by a strain gage knowing 

that the crack tip is located right below the strain gage grid at that instant. A 

detailed study of the effect of strain gage grid size, orientation etc. can be found in 



referern:e[3.14]. 

Using peak strain from the dynamic strain profile leads to ( 0 = </> 1 = </>2 = 90° 

and pl = p2 = y = hg) where hg is the height of the strain gage above the crack 

propagation path. Substituting these values in eq.(3.28) and using the relation 

KJ = A0 v'21f yields peak strain, (exc)P, as a function of KJ 

p d (1 + v) 1 [(1 - v) 2 2 ( 2 )] (exc) = K10 2E ~ (l + v) (a1 - a2) + cos(2a) (1 + ai) - 01 (3.30) 

Knowing peak strain from the strain profile, ( ExG )p, the crack velocity, a, and 

measuring the gage orientation, o:, and the gage height, hg, the value of the stress 

intensity factor, KJ is evaluated. 
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CHAPTER 4 

DYNAMIC FRACTURE OF HOMALITE-100 

Dynamic fracture studies are concerned with the determination of a fracture 

criteria which would enable the prediction of the behavior of a crack in dynamic 

conditions. For dynamically moving crack under mode I small scale yielding condi­

tions a fracture criterion is postulated by equating the amplitude KJ of the crack 

tip stress field to a critical value KJc· KJc is considered to be a material prop­

erty and it is a measure of the resistance of the material to crack growth and its 

magnitude is expected to depend on crack speed. 

The fracture criterion can be expressed mathematically as 

KJ (a(t), a(t), P(t)) = KJc (a(t)) {4 .1) 

where a(t) is the crack length, a(t) is the crack tip speed and P(t) is dynamic 

generalized load. The above equation is the equation of motion for the crack tip[4.1]. 

If at any time KJ(t) < KJa, where KJa is the minimum value of KJc, then the 

crack will arrest. 

Since KJ is a stress field related term, it in principle can be calculated through 

a purely elastodynamic analysis. KJc being a material property cannot be deter­

mined by pure analysis and it must be obtained experimentally or by micromechan­

ical modelling of the fracture process[4.2]. 

In practice, for complex geometries KJ cannot be determined from. analytical 

solutions and as such its value at any time is estimated directly using experimental 

techniques. In this chapter dynamic fracture studies of Homalite-100 have been 

performed using the two optical techniques- photoelasticity and caustics. In the next 
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chapter fracture behavior of heat treated 4340 steel is studied using the techniques 

of caustics and strain gages. 

Homalite-100 is a brittle polyester material which behaves very much in a linear 

elastic manner. Its fracture behavior is typical of linear elastic brittle materials. The 

reason for using this material is the fact that it is birefringent and as such can be 

used with both- the technique of photoelasticity and the technique of caustics. 

Details of the two techniques and their analysis is given in chapter 3. The 

camera used and the experimental procedure is briefly described below. Detail 

discussion of the experimental results is given in the section that follows. 

4.1 Experimental Procedure: 

High Speed Camera: 

For dynamic applications, both techniques require a high-speed recording sys­

tem, usually a multiple spark camera. Approximately one hundred times more light 

energy is needed for photoelastic applications than for caustics work because the 

light has to pass through at least three different filters before reaching the film 

plane. On the other hand, the method of caustics requires the light to emanate 

from a point light source to ensure a clearly defined shadow spot. These conflicting 

requirements for the light source in the two methods are met by using different fiber 

optic light guides for each technique[4.3]. A specially designed fiber optic guide is 

used for recording caustics. This light guide contains a step index of refraction fiber 

200 µm in diameter with the fiber optic end adjacent to the spark positioned at the 

focal point of a micro lens . The micro lens picks up light at a diverging angle of 5 

degrees from the spark gap and concentrates it on t he end of the fibers. Such an 

arrangement provides both the desired point light source and sufficient light inten­

sity. The light guide used for photoelastic applications is 6.3mm thick bundle of 

fibers. Thus the same multiple spark camera has been used for both caustics and 

photoelasticity, by simply using the appropriate fiber optic light guide. 
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Specimen and Loading: 

Dynamic experiments were performed with the three different specimen ge­

ometries shown in figure(4.l). Identical specimens were machined from the same 

shipment of material to avoid variation in material properties. The material used 

had a thickness of half an inch. 

The loading for the single edge notch specimen was provided by pulling apart 

the two pins inserted in the two holes in the specimen. The load was recorded 

by a load cell placed inline with the loading arms[4.4] . The double cantilevered 

beam specimen and the eccentric pin loaded SEN specimens were not loaded by 

pulling the two pins but by pushing them apart by inserting a wedge in between 

them. While loading these specimens the displacement of the two pins (increase in 

the opening) was recorded. The specimens were loaded to the required load and 

the crack was initiated with the help of a solenoid operated knife. The timings 

of sparks were recorded on the oscilloscope with a high frequency response diode. 

The electronic circuitry of the camera was triggered by breaking the continuity of 

a conducting silver paint placed just below the crack. 

The stress intensity factor variation with time was obtained for each photoe-

1 astic experiment and compared with the corresponding caustics experiment. The 

fracture surfaces from each test were compared to confirm that the experiments 

had been performed under similar conditions. The elastic and optical properties of 

Homalite 100 used in the evaluation of experimental results are shown in table(4.1). 

4.2 Results Of The Experiments: 

Single Edge Notch Specimen: 

Experiments were performed under two different loading conditions for this 

geometry. In the first experiment the specimen was loaded to 4.8kN and the crack 

was initiated with a sharp knife. Typical isochromatic and caustic photographs 

obtained during the experiment are shown in figure( 4.2) and figure( 4.3) respectively. 
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For this loading two different caustics experiments were performed using different 

optical setups. In the first experiment a single lens [4.5] setup was used whereas in 

the second a mirror arrangement was used (see chapter 3 for details). The result 

for the photoelastic experiment as well as the two caustic experiments are shown 

in figure( 4.4). It is seen that substantially lower values of KJ _are obtained by the 

method of caustics. The initial values differ by about 30 - 40%. The value of 

r0 / h in both the caustic experiments were in the range of 0.4 < r0 / h < 0.65. The 

crack velocity data in all the three experiments was consistent and gave a constant 

velocity of 360m/ s. 

In the second experiment the specimens were loaded to 5.8kN before the crack 

was initiated. The stress intensity factor as a function of time results are shown 

for both the experiments in fig( 4.5). In the photoelastic experiment KJ increases 

steadily from 1.31MPa..;m, to 1.1MPa..;m, as the crack propagates through the 

model. For caustic experiment KJ starts at LOOM Pa..;m, and shows little changes 

with crack propagation till the crack comes closer to the outer boundary (a/ w = 

0.85). At this point the stress intensity factor shows a steep fall. This can be 

explained by the fact that the current caustics analysis involves the use of only 

one stress field parameter (KJ) where as close to the boundary many more (8-10) 

parameters are needed to define the stress field accurately as was found in the 

isochromatic analysis with fringe pattern replots. The shape of the caustics distorts 

and the diametral size diminishes as the crack approaches the boundary as shown in 

figure( 4.6). Shape distortions also renders crack length measurements impossible. 

In this case r0 / h was in the range of 0.6 < r0 / h < 0.85. Fracture surfaces of 

the broken specimens were examined as an additional check to make sure that the 

experimental conditions for the two methods remained the same. The fracture 

surfaces for the caustic and the photoelastic specimens are shown in figure( 4. 7). 

The roughness is seen to increase with crack length showing an increase in stress 
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intensity factor values. 

Double Cantilever Beam Specimen: 

The specimen geometry is shown in figure(4.1) . The models were loaded by 

inserting a wedge between the loading pins and thus pushing them apart. The dis­

placement between the loading pins was recorded with an eddy current transducer. 

Two sets of experiments were performed with this geometry under different loading 

conditions. The results for the first set of experiments are shown in figure( 4.8). 

Both the techniques show similar trends but the values for caustic experiment are 

again 20 - 30% lower than the photoelastic experiment. The value of r 0 / h for this 

experiment were in the range 0.65 < r 0 /h < 1.0. 

For the second set of experiments the crack was initiated at a much higher load 

to give even higher r 0 /h values (0.6 < r 0 /h < 1.3) . Again the trend of the results 

was similar to the previous set of experiments. The photoelastic values are higher 

than the values obtained by the caustic method as shown in figure(4.9). 

Eccentric Pin Loaded SEN Specimen: 

The geometry of these specimens is also shown in figure(4.1) . The specimens 

were again loaded with a wedge and the displacements of the loading pins were 

monitored with an eddy current transducer. The results for the two experiments 

are shown in figure(4.10). The photoelastic results show that t he KJ value de­

creases monotonically from l.2M Pay'r1i to about 0.5M Pay'r1i . The caustic data 

shows large fluctuations in the KJ values which vary between 0.6M Pay'r1i and 

0.2M Pay'r1i . The value of r0 / h varied between 0.65 and 0.90. 

4.3 Discussion And Conclusions: 

A comparison of the techniques of caustics and photoelasticity as applied to 

dynamic fracture has been made. The experiments show large differences in the 

results obtained from the two techniques. The caustics results are always smaller 
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than the photoelastic values by about thirty percent. Since the two techniques 

match well under static conditions[4.4] it is believed that most of the differences 

arise due to the dynamic effects. A brief discussion is presented to point out the 

possible sources of errors in both the techniques and any advantage of one technique 

over the other. 

For dynamic crack growth strain rate effects can be very high near the prop­

agating crack tip. These strain rates are expected to vary with the radial distance 

from the crack tip and with crack velocity. As a result in dynamic experiments the 

Young's modulus E, the photoelastic fringe value fa and the stress optical coeffi­

cient in caustics c, all vary with distance from the tip . Thus for Homalite 100 which 

is a viscoelastic material these properties are field quantities and should not be 

characterized by a single number. Since single numbers have been used in current 

analysis this error exists in both the techniques. 

One source for the difference in dynamic KJ values can be the different anal­

ysis procedures employed in the two techniques. In the method of caustics a one 

parameter stress field representation is used (the second term (jox does not influence 

the caustic diameter) where as in photoelasticity a multi-parameter characteriza­

tion is incorporated where the number of parameter depends on the region of data 

acquisition. This can be important as in both the techniques the data for the com­

putation of KJ is taken at least half the plate thickness away from the crack tip 

and as we move further and further away from the crack tip a single parameter 

characterization may not be sufficient. 

Both the techniques require location measurements to be made from pho­

tographs for the evaluation of KJ. In the method of photoelasticity there is some 

uncertainty in locating the exact positions of fringe order because of the finite fringe 

thickness and the restricted ability of the available films to record varying light in­

tensities. But the use of multipoint method to evaluate the stress field coefficients 
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using a numerical scheme minimizes this error in a least square sense. The method 

of caustics uses a single measurement, the diameter of the caustic , to evaluate the 

stress intensity factor. Any mistake in the measurement of this diameter would 

reflect directly in the result. It is worth noting at this point that Kj varies as a 

5/2 power of the caustic diameter and only linearly with the fringe order. There is 

currently a difference of opinion as to how the caustic diameter should be measured. 

Theoretically the caustic formulas are derived from geometrical optics which show 

that the light intensity along the caustic curve is infinite and thus the diameter 

is well defined. However, in practice the actual light intensity at the caustic is 

bounded and the diffraction effects make the measurement of diameter ambiguous. 

The detailed discussion of these effects is provided by Karnath and Kim in [4.6]. 

One school of thought [4.7,4 .8] suggests to measure the diameter as the outside 

edge of the black spot where as the other group [4.5] suggests that the center of the 

bright rim around the black spot should be considered as the correct diameter. The 

diameter measured from the center of the bright rim is on the average 5% larger 

giving 13% higher values of Kj. 

The difference in the results from the two techniques becomes even larger as the 

crack length increases (a/w > 0.8) and approaches the outer boundary. This was 

observed in all the experiments with the SEN geomet ry. It was seen that the caustic 

shape distorts and the diameter shrinks considerably as the crack approaches the 

outer boundary. This decrease in the diameter means a decrease in the Kj value. 

This is in contradiction to the pevious results which have shown that a single edge 

notch geometry is an increasing Kj geometry under dynamic crack propagation 

conditions. The photoelastic data in this region itself required more than 10 higher 

order terms in the analysis to give the stress field which matched well with t he 

experimental pattern. The photoelastic results did show an increasing trend in the 

Kj values. 
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One other factor which might influence our caustic results is the value of the 

calibration constant c. The static value of this constant was obtained by using the 

values of the direct and transverse stress optic coefficient from ref[4 .9] and using the 

values of Poisson's ratio v and elastic modulus E obtained in our laboratory. The 

constant thus obtained gave accurate results for the static experiments. This value 

of c was corrected for dynamic effects by using dynamic values of v and E and using 

the shadow optical function relation given by Kim et.al.[4.10]. The dynamic value 

of c thus obtained was 25 percent lower than the static value. It must be mentioned 

here that if the dynaimc value of c was computed using stress optic coefficients 

c 1 and c2 from reference [4.9] and dynamic values of v and E a value of c only 10 

percent lower than the static value is obtained. This will give even larger differences 

between the dynamic results from the two techniques. 

Finally it must be mentioned that in both the techniques since the data is taken 

from a region away from the crack tip, a time averaging effect of the crack tip infor­

mation occurs and the true time history of the crack tip deformation field becomes 

less precise[4.11]. A complete quantitat ive analysis of this time averaging effect has 

yet to be developed although Freund[4.12] has performed some computat ions for the 

time it takes to establish a two dimensional singular stress field in a region around 

a moving crack from which the stress intensity factor can be determined. 

It is believed that a detailed quantitative study of the possible causes for the 

differences (for example, the out of plane inertia effects and the variation of ma­

terial properties with strain rate) is needed. Both the techniques have their own 

advantages but require a better understanding to give consistent results. 
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CHAPTER 5 

EVALUATION OF Kf IN METALS 

5.1 Introduction: 

The fracture behavior of metals is very different from that of linear elastic 

brittle materials studied in the previous chapter. Because of the ductile nature of 

metals there is substantial amount of plastic deformation at the crack tip before 

and during the propagation of the crack. 

In the domain of linear elastic fracture mechanics the behavior of a crack 1s 

primarily governed by the stress intensity factor defining the stress field near the 

crack tip[5.l]. Thus it is of practical importance to be able to evaluate the values of 

stress intensity factor. Analytical solutions can only be obtained for very restricted 

number of cases and so one has to experimentally determine the st ress inensity 

factors for any engineering application involving finite geometries. 

There are many methods which can be used by an experimentalist for evalu­

ating the stress intensity factor for a dynamically moving crack. These methods 

include various optical and non-optical techniques . Review of the various techniques 

has already been presented in chapter 2. In this section the method of caustics and 

strain gages have been used to study dynamic fracture of metals . 

The method of caustics[S.2,5.3] gives the first term of the series representing 

the stress field around the crack tip which is related to the stress intensity factor. 

The great advantage of the method over other experimental techniques is that it 

provides a direct measure of the crack tip stress field and the corresponding crack 

speed without concern of the geometry of the specimen, the boundary conditions, 

or the complex stress wave pattern in the bulk of the specimen. 
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Electrical resistance strain gage technique[5.4,5.5] is one of the lesser used meth­

ods. The primary hesitation in the use of resistance strain gages for fracture studies 

was their finite size. Since the crack tip strain field has steep gradients the averag­

ing effects can be large if the strain gages are not small enough. With the use of 

extremely small strain gages of sizes less than a millimeter square, it is possible to 

accurately measure strains at any point. 

In this chapter the above mentioned techniques have been used to study dy­

namic fracture of structural metals 4340 steel and 7075-T6 aluminum. Face grooves 

are made on the aluminum specimens to guide the crack and to ensure failure in 

tension mode. Instantaneous stress intensity factor values thus obtained are com­

pared ~ith each other and with other available estimates. Results indicate that the 

two methods compare well. 

5.2 Experimental Procedure: 

Dynamic experiments have been performed using the techniques of caustics 

and strain gages . 4340 steel specimens were studied with both the techniques but 

7075-T6 aluminum tests were performed only with strain gages because it required 

face grooves to be made on either side of the specimen for proper guidance of the 

crack and hence the method of caustics could not be applied. In case of aluminum 

the strain gage results have been compared with the photoelastic results provided 

in reference[5 .6] . 

Preparation of the 4340 Steel Specimens: 

Steel specimens were machined out of hot-rolled 4340-steel sheet and were given 

the following heat-treatment: 20 min. at 1550° F , oil quenched to 150° F, air cooled 

to room temperature, and tempered at 650° F for 1 hr followed by straightening on 

a screw press and sand blasting. The hardness thus achieved was close to Rc49. 

The geometry of the SEN and the DCB specimens used is given in figures 

(5.1) and (5.2). The specimen for use with caustic technique did not have any face 
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groove. The SEN specimens were 1/4inch in thickness and the DCB specimens were 

1 /2inch. The crack is made using a vertical milling cutter. The crack is sharpened 

using fine angular files. 

For caustic application the surface had to be polished to a mirror finish. The 

surface of the heat treated specimens were ground to attain flatness. This ground 

flat surface was then polished to achieve mirror finish required for caustic experi­

ments. 

For polishing, the ground surface was abraded with 280, 400 and 600 grit 

emery papers making sure that the abrasion marks of the previous grade paper 

were completely removed before moving to a finer grade. After this, diamond paste 

was used with proper extender fluid on fine polishing cloth. 9.0µ, 3.0µ and 1.0µ 

diamond paste were used and the final finish was given using 0.05µ micro polish 

alumina. Water is not used any where in the process because the polished surface 

is very susceptible to corrosion. For cleaning and washing acetone was used. 

For strain gage applications the surface was not polished to a mirror finish. It 

was simply sanded and cleaned in the usual way required for mounting strain gages. 

Two experiments have been conducted with the SEN geometry, one of them has 

the face groove and the other does not. 

Preparation of the Aluminum Specimens: 

Aluminum specimen shown in figure(5.3) was cut out from 1/ 4inch thick 7075-

T6 aluminum sheet. The initial crack was a band saw cut with crack length to 

width ratio of 0.25. In order to control the crack path and to avoid failure in shear, 

face grooves were made on the specimens with the included angle of 45 degrees . 

Ratio of the net thickness at the groove center to the specimen thickness, hn / h, 

was kept 0. 75. The surface was cleaned and sanded to prepare it for mounting the 

strain gages. The gages were then mounted at an angle of 120° as shown in the 

specimen geometry. 



5.3 Caustics Experiments: 

Details of the experimental setup and the analysis technique are discussed 

in chapter 3. Electrically powered hydraulic pump and hydraulic cylinder were 

employed to load the model. Since focused light was being used and the optical 

path was long, slight changes in the angle of the model due to resetting of the 

model under loading could lead to deflection of the light off the camera. Therefore, 

the model was loaded in two steps, in the first step it was loaded to 60 percent of 

the expected fracture load and optical arrangement adjusted to account for any tilt 

in the model due to loading, in the second step the load was gradually increased 

until the model fractured. 

SEN steel experiment: 

The 1/4inch thick SEN specimen as shown in fig(5.1) was loaded to a load of 

l.713kN when the crack started to propagate. The specimen did not have any face 

grooves. The value of the stress intensity factor calculated from this load and the 

specimen specifications is 125.6M Pay'Tii. This value is higher than Kie because 

. the crack tip was fairly blunt. Set of four pictures of the caustics taken from the 

experiment is shown in figure(5.4). The analysis of the experiment showed that 

the crack velocity was constant at 1060m/ sec. As the crack moved through the 

specimen the value of the stress intensity factor increased from about 95M Pay'Tii 

to 135MPay'm. But when the crack came too close to t he boundary a/ w < 0.85 t he 

value of Kf suddenly dropped as had happened in the Homalite SEN experiments 

discussed in chapter 4. The r 0 value for the various pictures was in the range 

0.63 < r 0 /h < 072. The plot of stress intensity factor as a function of crack length 

to width ratio is given in fig(5.5). 

DCB steel experiment: 

The DCB specimen shown in figure(5.2) is 1/ 2inch in thickness . It was loaded 

by inserting a wedge in between the two pins placed in the holes of the speci-
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men. The analysis of the experiment showed that the crack velocity decreased from 

800m/ s to 200m/ s as the crack propagated through the specimen. As the crack 

moved through the specimen the value of the stress intensity factor decreased from 

about 86M Pay'Tii to 49M Pay'Tii. Since this is a decreasing Kf geometry the crack 

got arrested before passing through the specimen. As can be seen from the plot of 

stress intensity factor versus crack length to arrested crack length ratio (denoted 

a/l) the stress intensity factor continues to fall even after the arrest of the crack to 

low value of 30Mpay'Tii (figure 5.6). The r0 /h value in this experiment is in the 

range of 0.32 to 0.40. The value is low because the value of the stress intensity 

factor is low for this kind of specimen geometry. 

Strain Gage Experiments: 

Details of the strain gage experimental setup and analysis are discussed in chap­

ter 3. Strain gages were mounted on each model as shown in Figures(5.l-5.3). The 

orientation angle a was 118. 7° for steel specimens and 120° for the aluminum speci­

men. Strain gages were connected to dynamic amplifiers with frequency response of 

200kH z, and the output was recorded on a digital oscilloscope every 500ns. Oscil­

loscopes were set to trigger simultaneously at 50 percent of the maximum expected 

strain value and on the positive slope of the strain profile from the first strain gage 

with a pretrigger setting of lOOµsec. Gages used in this work were EA-13-031DE-

120 from Micro- Group. These strain gages have a grid size of 0.79mm x 0.8lmm. 

The averaging effect on strain of the strain gage grid is less than 0.5 percent [5.7]. 

SEN steel experiment 1: 

The specimen geometry is the same as that used for the caustic experiment 

described above. Six gages were mounted in a manner similar to what is shown 

in the figure. The recording oscilloscopes were triggered from the first strain gage 

reading. The strain profiles recorded by the six gages is shown in figure(5.7) as 

a function of time after trigger. The average velocity calculated for this constant 
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speed propagation experiment is 900m/ sec. From the strain profile the peak strain 

value of each gage was used to evaluate the stress intensity factor. These values of 

the stress intensity factor are plotted as a function of crack length to specimen width 

ratio in figure(5.5) along with the data for the caustic experiment discussed before. 

The stress intensity factor value varies between 96M Pay'Tii and 134M Pay'Tii. It is 

seen that the values are close within the experimental error band accepted for such 

work. 

DCB steel experiment: 

This experiment was conducted with six gages on the specimen. The specimen 

was gradually loaded till it broke. The load at which the corresponding caustic spec­

imen broke was slightly lower and hence the crack arrest length for this experiment 

is 122mm which is slightly larger than the arrest length for the caustic experiment 

(108mm). For comparison sake the crack length has been normalized with respect 

to the crack arrest length. The stress intensity factor calculated from the peak 

strain is plotted along with the caustic data in figure( 5.6). Only two data points 

could be obtained because the crack arrested before it could pass below the third 

gage. The two stress intensity factor values are 89.BMPay'Tii and 81.7Mpay'm. 

It is seen from the plot that the values obtained from the two techniques are very 

close and show similar trend. Another experiment conducted with this geometry 

gave results which are also shown in figure(5.6). The value of Kf is seen to vary 

between 82.5M Pay'Tii and 90.3M Pay'Tii. 

SEN steel experiment 2: 

The second steel SEN specimen had the face groove on it . This was done to 

compare the results with the results from experiments performed using photoelas­

tic coatings presented in reference[5.6]. The load at initiation was 126kN. The 

crack tip locations corresponding to the peak strains were taken to be right below 

the strain gage i.e., () = 90°[5.7]. Instantaneous stress intensity factor were calcu-
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lated from the peak strain using equation(3.30). The results obtained are shown 

in Fig(5.8) together with the results obtained from the method of photoelasticity. 

The curve shows an increasing trend as expected for from a single edge notch ge­

ometry. It can be seen that the Kf values obtained using strain gages are in good 

agreement with the values obtained from the photoelastic coatings. The average 

crack velocity observed in the experiment was 630m/ sec. Post mortem analysis of 

the model confirmed that the specimen failed in brittle fracture with the crack faces 

perpendicular to the model faces and marked with shallow ridges along the model 

width. No indication of crack front curving in the specimen thickness direction was 

found. 

SEN aluminum experiment: 

The aluminum specimen shown in fig(5.3) was loaded to 83.BkN at the time 

of crack initiation. Strain profiles obtained from the test are shown in Fig(5.9). 

Dynamic fracture toughness, Kf, obtained are plotted as a function of crack length 

to width ratio in Fig(5.10). The curve shows an increasing trend as expected for 

from a single edge notch geometry. On the same plot are also shown the results 

obtained from the method of photoelasticity. It can be seen that the Kf values 

obtained using strain gages are in good agreement with the values obtained from 

the photoelastic coatings. The crack travelled with almost constant crack velocity. 

The average crack tip velocity obtained for this experiment was 1075m/ s. 

5.5 Summary And Conclusions: 

This study illustrates the successful use of strain gages and caustics to deter­

mine dynamic stress intensity factors in 4340 steel and 7075-T6 aluminum. The 

results obtained by using the two techniques under similar conditions match well. 

Also the results match good with the ones obtained using the technique of photoe­

lastic coatings. The problem encountered with caustics was resetting of the model 

while loading which called for readjustment and checking of the optical path. In 



case of using strain gages for dynamic measurements the accurate determination of 

instantaneous crack velocity is not possible because of limited number of discrete 

data points. The interpretation of the experimental data obtained in this chapter 

in the light of K1 - a relationship is discussed in detail in the next chapter. 
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CHAPTER 6 

RELATIONSHIP BETWEEN Kj AND a 

6.1 Introduction: 

It is believed that the behavior of a running crack depends on the stress field 

surrounding it. For linear elastic brittle solids and for elastic- plast ic solids under 

small scale yielding the stress field near the crack tip can usually be described by 

a single parameter, the stress intensity factor. Thus, intuitively one can expect the 

crack velocity to depend on the stress intensity factor , i.e ., if Kj is high the stresses 

at the crack tip are high and so the crack should advance rapidly. This is only 

one of the factors which suggests the existence of a relationship between the stress 

intensity factor , Kj, and the crack tip velocity, a. In actuality, many other fac tors 

contribute to determine the dynamic behavior of the crack. Some of the factors are 

the interaction of crack tip plasticity and inertia, strain rate sensit ivity, and local 

heating at the crack tip. 

Studies of this relationship have been performed by many investigators using 

various experimental techniques on both brittle and ductile materials. A review 

of the Kj - a relationship for brittle, linear elastic polymers and met als is given 

separately in the following section. The data obtained in the dynamic Homalite-

100 and 4340 steel experiments is also presented and discussed in the light of the 

existence and uniqueness of Kj - a relationship. 

6.2 Review of Kj - a Studies for Non-metals: 

The techniques which are primarily being used for the study of dynamic frac­

ture of transparent materials include the methods of caustics and photoelasticity. 
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In recent years there has been controversy over the data obtained from the two 

techniques with regard to the dynamic stress intensity factor (Kf) versus crack 

velocity (a) relationship. 

Irwin et.al.[6.1] who used the method of photoelasticity on various types of 

Homalite 100 specimens obtained the Kf - a plot shown in Figure(6.l). It is 

observed that the Kf- a curve has three distinct regions, the stem, the slope range 

and the plateau. In the stem region, the crack velocity is independent of Kf. Small 

changes of Kf cause considerable changes in the crack velocity up to velocities of 

about 200m/ sec. The slope range is the transition region covering crack velocities 

from 200m/ sec to 381m/ sec. For higher velocities, a large increase in Kf is needed 

even for small increase in a. This is the plateau region. The highest velocity of 

crack propagation recorded in these experiments was 432m/ sec. Rossmanith and 

Irwin[6.2] suggested that the Kf- a relationship, as obtained from experiments with 

test specimens, depends in the high velocity region on the type of the test specimen 

used. Though Dally argued[6.3] that the different results are due to insufficiencies 

in the current data evaluation procedures and speculated that the Kf - a curve is 

umque. 

It is noted that the vertical stem of the Kf - a plot and arrest toughness Kfa 

are independent of the specimen geometry and loading but the horizontal plateau 

region shows dependence on specimen geometry. Irwin et al[6.1 ] concluded that Kfa 

can be treated as a material property. Though it has been shown theoretically[6.4] 

that the maximum crack velocity which can be achieved is a = Cr, the Raleigh 

wave speed. This value is not attained for most of the materials in practice because 

branching occurs at lower velocities and the energy driving the crack is divided. 

Kalthoff [6.5] used the method of caustics on Araldite B and obtained a Kf- a 
curve shown in Figure(6.2). These curves show strong dependence on specimen 

geometry. Stress intensity factor values obtained using DCB specimen are up to 20 
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percent higher than those obtained using SEN specimen. 

As opposed to Dally et.al. and Kalthoff who statically loaded the specimens 

prior to the initiation of the cracks Ravi Chander and Knauss[6.6] applied dynamic 

loading with an electromagnetic loading device. Their results which are shown 

in figure(6.3) indicate no relationship between Kj and a. Varying Kj values were 

obtained for any constant velocity. They used the method of caustics with Homalite-

100. 

Kobayashi[6. 7] also concluded that these curves are not unique. To explain the 

difference in the values for the two types of specimens Kalthoff has differentiated 

the dynamic stress intensity factor Kj (a), a pure stress field quantity and dynamic 

fracture toughness Kjc(a), a material property and contends that Kjc(a) is a 

lower bound for all the possible Kj(a) curves {from energy considerations). This 

raises a question whether Kj(a) is unique and completely describes the fracture 

phenomenon. Experiments have been performed[6.8] to show that Kj(a) has a 

tendency to be larger than Kjc (a). 

Noting the confusion which exists presently regarding the uniqueness of Kj- a 
relationship it is felt that experiments should be performed under controlled con­

ditions to avoid the scatter in the data arising because of the variation in material 

properties or because of the use of different techniques of loading or analysis. Keep­

ing this in mind experiments were conducted in an attempt to resolve the confusion. 

The results of the experiments are discussed below. 

6.3 Kj - a results for Homalite-100: 

In this work two series of dynamic experiments were performed on vanous 

specimen geometries {fig.4.1) of Homalite-100 specimens cut from the same sheet of 

material. They were taken out of the same sheet to avoid any variation in material 

properties which can occur between various castings of the material. One series of 

experiments was evaluated using the method of photoelasticity and the other by 



the method of caustics. Test results were plotted as Kj - t plots figures (4.4-4.5 & 

4.8-4.10) and the consolidated Kj- a plot as obtained from the two techniques are 

presented here. These are compared with each other and with the results obtained 

by other investigators. The details of the experiments and the results can be found 

in chapter 4. 

Photoelastic Results: 

Each photoelastic experiment was systematically analyzed using a two, three, 

four, five and six parameter stress field representation. A set of 60 data points were 

randomly selected in the region 0.3 < r / h < 1.0 where h is the thickness of the 

material. The region very close to the crack tip was avoided because of the non-

1 inear nature of the stress field as well as the variation of the optical properties in 

the highly stressed region. The same data set was used for analysis with each higher 

order model. The values of stress intensity factor obtained from such an analysis 

are plotted as a function of crack velocity in figure(6.4a-e). Finally, figure(6.4f) 

shows the best results which were decided after looking at the fringe order error 

term and the comparison of the fringe replots with the actual experimental data. 

It should be noted that the two parameter analysis shows the least scatter but 

this can be quite misleading as the values themselves are not correct as observed in 

the fringe pattern replots and the fringe order error terms. At this point it must be 

mentioned that most of the existing data in the literature[6.9,6.1] has been analyzed 

with two parameter analysis. It is pointed out that earlier statements[6.10] that the 

scatter in the data decreases as higher order models are employed is incorrect. 

Another point to be noted here is that the arrest toughness Kf a value does increase 

in going from a two parameter to any of the higher order models used. 

Figure(6.5) which shows the final Kj - a plot can be compared with the cor­

responding plot obtained by Kalthoff as shown in figure(6.2). Kalthoff concluded 

that the Kj - a plots are geometry dependent and obtained two distinct plots for 



DCB and EPL-SEN experiments respectively. His results also showed that the DCB 

section data of DCB-SEN specimen fell on the DCB curve and the SEN section data 

fell on the EPL-SEN curve. Such a trend is not observed in this work. In the plateau 

and transition region each curve is distinct and all these curves show tendency to 

merge in the stem region. This is consistent with the concept that Kia is a unique 

material property. The value of Kia as obtained from this graph is 0.61M Pa.,;rn. 

Caustics Results: 

The analysis of caustic experiment involved the determination of the diameter 

of the caustic and the location of the crack tip. The diameter value is used to 

evaluate the stress intensity factor and also to determine the crack tip location. The 

plot of stress intensity factor as a function of instantaneous crack tip velocity for 

various specimen geometries is given in figure 6.6. (details of these experiments are 

given in chapter 4). It can be noticed that the general behavior of the curve observed 

by the two techniques is the same. The value of Kia obtained is 0.31M Pavm which 

is considerably lower than the value obtained from the photoelastic data. 

Since, in the case of caustic the crack tip is not directly visible, its location 

is estimated by subtracting a fraction of the caustic diameter (0.518D) from the 

beginning of the crack to the end of the caustic. It was found that the crack length 

data thus obtained had much more scatter than the corresponding photoelastic data 

where the crack tip location is easier to determine. The scatter leads to difficulty 

in the determination of velocities. Figure 6.7a and 6.7b shows plots of crack length 

versus time for two specimen geometries, one with constant velocity (SEN) and 

one with varying velocity (DCB) for both photoelastic and caustic experiments. It 

should be noted that in dynamic experiments with finite geometries the scattered 

waves from the boundaries can drastically effect the crack behavior. As shown 

in figure 6.8 from[6.11 ] the stress intensity factor fluctuations are tremendous but 

variations in velocity are not perceptible. This is because of discrete number of data 



points that are available and because generally a 3 point or 5 point curve fitt ing 

is used to determine velocity from crack tip locations. Errors of the order of 10 

percent are generally expected in velocities. 

6.4 Review of Kj - a Studies for Metals: 

Many studies have been performed to determine the Kj- a relationship. These 

studies include both experimental and numerical methods. Following is a brief 

overview of the various relevent studies. 

Kobayashi and Dally[6.12] have used birefringent coatings to study dynamic 

fracture in 4340 steel specimens. The experiments were analyzed to obtain the 

Kj - a behavior for the material. Their results are shown in figure 6.9. It can be 

noticed that the dynamic stress intensity factor increases with velocity as was seen 

for Homalite-100 but there is no distinct stem or plateau region. The data from 

specimens 348 and 362 are in agreement and show the same trend of increasing 

KJ with the crack velocity. Apparently the heat treatment for specimen 375 was 

different which resulted in a material with a lower terminal velocity and lower KJa. 
Bilek[6.13] has performed tests on DCB specimens of 4340 steel. He has used 

both the slow wedging and rapid wedging methods for testing. His results are 

shown in figure 6.10. It is seen that KJ slightly drops as the velocity is increased 

and for velocities greater than lOOOm/ sec the variation in Kj is steep. The general 

behavior of all the Kj - a data presented here follows the same trend as observed 

by Kobayashi and Dally[6.12] and also compares well with the superimposed results 

of Hahn et al.[6.14] and Angelino[6.15]. 

Kanazawa et al. [6.16] Performed experiments using DCB and SEN steel spec­

imens. The crack tip position was recorded using gages placed 3cm apart. The 

average velocity thus obtained was used in conjunction with a dynamic finite differ­

ence code. They obtained interesting results for SEN specimens wit h temprature 

increasing along the crack length. As the crack propagated into the h igher temper-



ature region it decelerated to an arrest. The KJ - a plots for various temperatures 

shown in figure 6.11 predict such a behavior. The fracture toughness KJc(a) in­

creases with temperature, however the stress intensity factor KJ available is nearly 

constant. Hence, to satisfy the fracture criterion {4.1) the crack must slow down 

until KJc (a) = KJ[6.17]. Cumulative results for -40°C are given in figure 6.12. 

Kobayashi et al. [6.18] have also reported similar trend for 4340 steel tests . 

Rosakis[6.19] has used the method of caustics for dynamic study of fracture in 4340 

steel. The KJ - a curve obtained by him is shown in fig 6.13. 

Freund and Douglas[6.20] are the first ones to analytically and numerically 

study the effect of inertia on a dynamically propagating mode III crack in elastic 

plastic and elastic viscoplastic materials. From the observed strain distribution 

they concluded that due to material inertia the level of plastic strain is significantly 

reduced from its corresponding slow crack growth levels. Combining this conclusion 

with the requirement of a fixed level of plastic strain at a critical distance in front 

of the crack tip one expects that for crack growth to occur, KJu would increase 

with a as shown in figure 6.14. 

Lam and Freund[6.21] have analyzed the elastic-plastic, plain strain, mode I 

problem to develop a theoretical relation between KJc and a. They have related 

the stress intensity factor to the near tip crack opening displacement through a 

full field numerical solution. There results are shown in figure 6.15 which shows 

the variation of normalized stress intensity factor with normalized crack speed for 

different values of be/rm . be is the critical value of the crack opening displacement 

at a characteristic distance Tm. Here also an increase in the stress intensity factor 

is observed with crack tip velocity. 

Freund and Hutchinson[6.22] have studied high st rain rate crack growth in 

rate dependent plastic solids. For the material model used it was shown that the 

elastic strain rates dominate near the crack tip . Thus t he near crack t ip field has 



the same r- 1/ 2 singularity as an elastic material, but with a different amplitude 

factor. At higher crack tip velocities the fracture toughness increases sharply with 

the increasing crack velocities. This is similar to the case of rate independent 

materials. 

Most of the analytical work done is with the constant crack speed assumption. 

Brickstad[6.23] performed a set of experiments to investigate the effect of crack tip 

acceleration, a. Using a streaching screw on the side of the specimen away from 

the machined precrack, an initially increasing and then decreasing KJ field was 

obtained. This provided a crack growth with both acceleration and deceleration. 

The results from this study are shown in figure 6.16 where KJ and a have been 

plotted as functions of crack length, a for an experiment. It can be seen that both 

the quantities show same trend through out the crack propagation. Figure 6.17 

shows data from many specimens. It indicates dependence of KJ on a but not on 

a. 

6.5 KJ - a results for 4340 steel: 

Dynamic tests were performed on heat treated 4340 steel. The details of the 

heat treatment and the experimental conditions are discussed in chapter 5. The 

heat treatment used is the same as that by Rosakis [6.21] and hence the results 

are compared with the ones obtained by him. Four experiments were performed 

using the techniques of caustics and strain gages. The specimen geometries studied 

included the single edge notch and the double cantilevered beam. 

The single edge notch specimes were constant velocity tests . The results ob­

tained are given in figure 6.18 along with Rosakis's results. The data from these 

appear as vertical points in the high velocity region. The highest value of KJ 
recorded in these experiments was 137 M Payrn. The experiments performed with 

the DCB geometry gave decreasing velocity for the crack. It can be seen that the 
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results follow the same trend as has been predicted by many investigators. At lower 

velocities the Kj increases slowly but as the velocity increases to around 800m/ sec 

the rate of increase of the stress intensity factor increases. In brittle materials like 

Homalite 100 when the crack is moving with high velocities and the stress intensity 

factor is high the crack branching occurs. Though there has been various attempts 

to attain high dynamic stress intensity factors in metals, branching in metals has 

not yet been reported. 

6.6 Conclusions: 

The results from a series of dynamic experiments performed with four different 

geometries of Homalite 100 show that the KJ - a curve is distinct for each ge­

ometry in the plateau and the transition region indicat ing that a single parameter 

characterization of dynamic fracture in terms of KJ may not be justified in the high 

velocity region. However, these curves tend to merge in the vertical stem region 

indicating that the arrest toughness KJa is unique in brittle materials. The results 

differ from those of Kalthoff 's[6.5] who used similar specimen geometries with the 

method of caustics. Their conclusion that each geomet ry produces distinct Kj - a 

curve is not seen here. 

In case of 4340 steel it is observed that the KJ - a curve shows a behavior 

where the dynamic stress intensity factor increases with velocity. The increase in 

Kj is small for lower velocities but for velocities greater than lOOOm/ sec the rate of 

increase is very high. One major problem encountered in all dynamic experiments is 

the determination of velocity. Better methods of determining velocity are required 

to be able to assess the uniqueness of the KJ - a behavior. 
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CHAPTER 7 

J INTEGRAL EVALUATION 

IN POWER LAW HARDENING MATERIALS 

7.1 INTRODUCTION: 

The use of strain gages to measure the stress and strain field around a crack tip 

has many advantages over the commonly used optical techniques like the method of 

caustics and the method of photoelasticity. With the use of extremely small strain 

gages of sizes less than a millimeter it is possible to accurately measure strains 

at any point. In this chapter the relationship between J-integral and measurable 

strains has been derived and the details of using strain gages for direct evaluation 

of J in power law hardening materials has been discussed. 

Kawahara and Brandon[7.1] were the first to use strain gages to evaluate J 

integral. Their approach was an indirect one. It involved the measurement of 

strains at various points along a contour for the evaluation of J. Such a method is 

not feasible for practical applications. 

Rosakis and Freund[7.2] and Marchand et al[7.3] have experimentally evaluated 

the value of J using the method of caustic in the HRR singularity dominated region 

around the crack tip. The method of caustic can only be used on t ransparent or 

highly polished opaque materials and it requires an elaborate optical setup. This 

hinders the use of the technique for routine testing. 

In a recent paper Kang and Kobayashi[7.4] have used moire interferometry to 

evaluate J for aluminum specimens from the displacements in the direction normal 

to the crack. Their technique gave good results for both far field and near field 
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]-integral values. 

Another technique which has been used to study the details of HRR field is 

by Chao, Lee, Sutton and Peters[7.5]. Their technique is based on the existence 

of a relationship between fourth order contrast and plastic strain in any material. 

They use computer vision techniques to measure surface optical parameters of the 

polished surface of the specimen. 

Chiang and Hareesh[7.6] have used combined laser projected grating method 

and the inplane moire method to obtain three dimensional displacement fields. 

These are then used to evaluate the value of J-integral. 

All the existing techniques mentioned above are promising but they cannot be 

used easily outside the laboratory environment because they require precise control 

of the setup and surface conditions. Strain gages, in contrast, are not very sensitive 

to surface conditions and are much more easier to use on location. 

Before investigating the deformation field for power law hardening materials 

it is useful to note some features of linear elastic material response. When a large 

plate containing a long through crack is applied a mode-I loading, the near tip 

stress and strain fields assume a known spatial distribution the magnitude of which 

can be satisfactorily described by a single scalar parameter customarily known as 

the stress intensity factor. Hence, in the domain of plane stress analysis the near 

tip strain field is completely defined if the stress intensity factor is known and vice 

versa. Using the fact that deformation field distribution is known and only the 

magnitude is to be determined, Dally and Sanford[7. 7] have derived a relationship 

between the strain measured by a gage and the stress intensity factor. They have 

successfully used it to evaluate stress intensity factor in linear elastic materials[7.8]. 

Using the asymptotic elastic plastic analysis suggested by Hutchinson, Rice and 

Rosengren it has been shown that for near crack-tip field in power law hardening 

material there exists a scalar parameter which gives the magnitude of the stress and 
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strain fields. For plane stress analysis with small strains and proportional stress 

histories for stationary cracks, the value of Rice's J- integral has been suggested as 

the parameter describing the magnitude of the fields and thus can be treated as a 

plastic intensity factor. Rosakis, Ma and Freund[7.9] have related J to the out of 

plane deformation of the material which they evaluate using the method of caustic. 

In this work a method of evaluating J from the in-plane surface displacements as 

measured by strain gages is proposed. 

A brief description of the HRR field and the conditions under which it is valid is 

given in the following section. Using these field equations a relationship between J 

and linear strain is derived. Details of the variation of linear strain with location and 

orientation of the gage and material properties are investigated. Experiments have 

been conducted to evaluate J using the HRR field equation in the elastic-plastic 

region. 

7.2 THE HRR SINGULARITY FIELDS: 

Hutchinson[7.10,7.11] and Rice and Rosengren[7.12,7.13] have presented the 

strain hardening and non-hardening plasticity solutions which describe the behavior 

of stress and strain fields at the tip of a stationary crack under plane strain and 

plane stress conditions. The asymptotic solutions are obtained from governing 

equations which neglect the deformation-induced finite geometry changes associated 

with blunting at the crack tip. The amplitude of the singularity fields is given by 

the value of Rice's[7.14] path independent J integral. These HRR singularity fields 

and the J integral provide the theoretical basis for non linear fracture mechanics. 

In the asymptotic analysis of near crack tip field only the plastic part of the 

stress-strain relationship is important because close to the crack tip the elastic 

strains are negligible compared to the plastic strains. Hutchinson, Rice and Rosen­

gren considered a power law material where the uniaxial plastic strain is related to 

the uniaxial stress by 
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(7 .1) 

where u 0 is the yield stress, «:0 = u 0 / E, a is a material constant and n is the 

strain hardening exponent. Details of the definitions of u0 , «:0 , and n are discussed 

later in the section on experimental work. Generalization of the uniaxial stress-

strain relation (7.1) by J2 deformation plasticity to multi-axial state yields 

where, 

«=i j =~a[ Ue Jn-1 8 ij 
f o 2 Uo Uo 

2 3 
u = -s· ·s · · e 2 iJ iJ 

(7 .2) 

(7.3) 

(7.4) 

Within small strain formulation , the asymptotic stress and strain distribution 

in the crack tip region is given with reference to polar coordinates, r and fJ , by the 

following equations[7.10-7.12] 

J 1 
u · · = u [ ]n+l S· (n 0) 

iJ o CTUo «=oinr iJ ' 
(7.5) 

(7.6) 

Here the dimensionless constant In and the f) -variations of the dimensionless 

functions E ij and Si j depend on n , on the symmetry of the fields with respect to 

the crack plane and on whether plane strain and plane stress condit ions prevail at 

the vicinity of the crack tip . For plane stress case I n decreases from 5 to 2.57 for 

n varying from 1 to infinity. The values of In, E ij and S i j have been t abulated in 

[7.15,7.16] for various values of n . 



7.3 J AND THE STRAIN MEASURED BY THE GAGE: 

Structural materials containing cracks undergo substantial amount of plastic 

deformation before any crack growth takes place. In such materials when plastic 

deformation has taken place, the near tip stress field is no longer the inverse square 

root singularity type. It is no more governed by the stress intensity factor and the 

1 inear elastic fracture mechanics approach is not applicable. In the elastic-plastic 

region near the crack tip the stress and strain fields are controlled by J and hence 

there is a need to measure its value. There are some methods available to measure 

J for ductile fracture specimens but most of them are indirect and are based on the 

load and displacement data. 

Since, the HRR strain field which exists near the crack tip is controlled by the 

value of J, one can expect to evaluate its value from the strain and deformation 

measurements taken from this region. Marchand et. al. [7.3] have used the method 

of caustic on ductile steels to make measurements from this region by keeping the 

initial curve sufficiently small. In this section the HRR strain field equations are 

used to infer J values from the strain data taken from close to the crack tip where 

HRR field exists. 

Consider a large plate of uniform thickness of elast ic-plastic material that ex-

hibits power law hardening behavior. Let there be a long through-crack in it as 

shown in figure 7.1. Suppose a strain gage is placed at a location (r , 0) with an 

orientation making an angle 0 with the direction of the crack. The strain field is 

given by the equation (7 .6) which can be expanded as 

J " 
Err = 0'.€0 [ ]n+ l Err(n, 0) 

aa0 E0 lnr 
J n 

Eoo = a:Eo[ ]n+1Eoo (n ,0) 
aa0 E0 lnr 

(7.7) 

J n 

Ero = aE0 [ I ]n+1Ero(n , O) 
aaoEo nr 

Since the gage measures only linear strains, the strain Eg in t he direction of t he 
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gage can be evaluated by the following strain transformation equation 

( €rr + €()()) + ( €rr + €()()) ( 2 ) + . (2 ) €g = 2 2 cos a €re sm a (7.8) 

where a= /3 - 0. Substituting (7.7) in (7.8) yields 

€g = : Jn':+- 1 [Err+ Eee +(Err - Ethetae) cos(2a) + 2Ere sin(2o:)] (7.9) 

where, 

(7.10) 

Rearranging equation (7.9) gives the value of Jin terms of 1:9 , strain gage loca-

tion parameters (r, 0, /3) and material dependent parameters (a, n, a0 , £ 0 , In, Eij)· 

Hence we get 

2€g !!:..±! 
J = aao€olnr[ ] " 

O:€o{Err(l + cos(2o:)) + Eee(l - cos(2o:)) + 2Ere sin(2o:)} 
(7.11) 

The above relation can be used to evaluate J from the strain gage reading if 

the location and orientation are known. But from a practical point of view it is not 

possible to mount the gage anywhere. The gage has to be mounted so that maximum 

sensitivity is obtained. With this in mind it becomes necessary to investigate the 

influence of various parameters on the measurable strain value. 

Figure 7.2 shows how the strain varies as the gage is placed at a particular 

location rand 0 and rotated to obtain varying /3. The plot has been generated for r 

being 4mm and theta being 42°. The value of /3 corresponding to maximum strain 

as shown in the figure will henceforth be referred to as f3max. 

Figure 7 .3a and 7 .3b show that as the strain gage location direction is changed 

the /3max value changes. The values of /3max and the corresponding values of strain 
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shown have been plotted for a gage placed at 4mm from the crack tip and with a 

J of lOkNm. 

As the gage is moved away from the crack tip, ie, as r is increased the strain 

value drops as n/(n + 1) power as can be seen from equation(7.9) and from figure 

7.4. The sign of strain remains the same for a particular strain hardening exponent 

value but the magnitude depends strongly on it. 

7.4 EXPERIMENTS AND OBSERVATION: 

Two experiments have been conducted on 1/4" thick plate of 4340 steel with 

different heat treatments to evaluate the value of J at various locations around the 

crack tip. The specimen geometry used in the first experiment is the single edge 

notch type and its dimensions are shown in figure(7.5). The second experiment 

specimen geometry is also SEN with the specimen width of 6 inches and crack 

length to width ratio of 0.6. 

Before performing the experiment it was necessary to perform a material ten­

sion test to obtain accurate values of u0 , € 0 , a and n . Figure (7.6) shows a typical 

stress-strain curve and indicates the values of u0 , € 0 and E. Once u0 and € 0 are 

determined equation (7.1) is used to get the values of a and n which give a close 

approximation to the experimental curve. 

Figure (7. 7) shows the experimental stress-strain curve with the theoretical 

curve for the material used in the first experiment. It is noticed that no one value 

of a and n can be chosen to fit the curve in the whole strain range. Since most of 

the experimental data fell in the range less than 3000µ€ the values of n and a are 

n = 2.0 and a:= l.4. Figure (7.8) shows the experimental stress-strain curve with the 

theoretical curve for the material used in the second experiment. The values of n 

and a are n=5.69 and a:=3.0. 

The specimens have two strips of ten strain gages each mounted on it. One 

set of gages is mounted in the direction along the crack ( 0 = 0°) and the other set 
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perpendicular to it (8 = go0 ). The specimens were loaded gradually in steps and 

the strain readings from all the gages were recorded. The strain profiles recorded 

are shown in figures (7.g) and (7.10) for gages along the crack and perpendicular 

to the crack for the two experiments. 

7.5 RESULTS AND DISCUSSION: 

Experiment 1: 

The strain data observed in the previous section can be analyzed to obtain the 

values of the J integral. Figure (7.lla,b) show the J values obtained by using the 

strain values in equation (7.11) for (8 = 0°) and (0 = go0 ) directions respectively. 

The values of n and a used are n = 2.0 and a = 1.4. 

The theoretical value of J used in this case has been calculated using the 

expression taken from reference [7 .17]. 

with, 

7r'1.e F2 p2 a a P n 
Jth = 2 -E + a0"0Eoc-h1(-,n)[-P] + 1 

w w w 0 

P0 = l.0126co-0 

c = w - a 

a.e = a + </>rp 

1 n - 1 2 
Tp = - [-](K/ o-o) 

27r n + 1 

ll 1 

(7.12) 



1 
cf>= 1 + (P/P0 )2 

, 

where P is the load per unit thickness,P0 is the load per unit thickness for perfectly 

plastic case, w is the specimen width and a is the crack length. Values of hi and F 

are taken from references [7.17] and [7.18]. 

Figure (7.12) shows the normalized J value (ratio of the experimental J value 

to the theoretical J value) variation with the plastic zone size. As the load is 

increased the plastic zone size grows (rp is proportional to load2 ). It is seen that 

for very low loads the error is high but as the load increases there is a range of rp 

(2mm < rp < lOmm for (} = 0° and rp > gmm for (} = go0 ) for which all the gages 

give results within 25 percent. When the load is increased further the error in all 

the gages increases. 

Intuitively, one expects that the zone of validity of HRR field should be depen-

dent on some relationship to the plastic zone size. Keeping this in mind figures(7.13) 

were obtained. It is noticed from the plot of J / Jth against rp / rg (rg is the location 

of the gage) that when rp/rg is about o.g the values of J obtained are accurate to 10 

percent for (} = 0° direction. For (} = go0 direction the data shows the development 

of a similar trend for a higher ratio value but rp is not able to grow to that size 

before the crack becomes unstable. 

In an attempt to investigate the size of J evaluation range and its variation with 

load figure (7.14a,b) has been plotted. The figure shows the variation of J f Jth with 

the location of the gages from the crack tip for gages placed along and perpendicular 

to the crack respectively for different loads. 

From figure(7 .14a) we note that as the load is increased the accuracy with 

which the gage measures the J value changes. For instance, for lower loads the 

gages close to the crack tip give less errors but when the load increases to 58.6 kN 

the errors are high as shown in the figure . 
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Figure (7.14b) shows the same data for gages placed perpendicular to the crack. 

Here it is seen that as the load is increased the experimental values get closer and 

closer to the theoretical value for the load range considered. 

The percentage error information extracted from figure(7.14a,b) has been con­

solidated in figure (7.15a,b) where the accuracy of the J evaluation using strain 

gages is plotted with respect to load and gage location. The figure shows the re­

gions for placement of gages as the load is varied to obtain results to a desired 

accuracy. 

Experiment 2: 

The strain profiles obtained for this experiment were shown in figure (7.10). 

The strains obtained in this experiment are much higher than the ones obtained in 

the previous experiment. These strain values have been used with equation (7 .11) 

to obtain the experimental J values plotted in figure (7.16). The figure shows 

both the theoretical and the experimental values of J from the gages placed along 

and perpendicular to the crack tip. It is seen that for this material and specimen 

geometry the experimental values for gages along the crack direction are consistently 

low. For 0 = 90° direction values both lower and higher than the theoretical values 

are obtained. 

In figure (7 .17) the J / Jth values have been plotted against the plastic zone 

size. In the range studied it is seen that for 0 = 0° direction the values from the 

various gages tend to stabilize at different levels of J / Jth· For 0 = 90° direction 

the trend observed is that the values from various gages tend to converge towards 

J / Jth = 1.0 for higher rp values. Figure (7.18) is the plot of J / JTH as a function 

of rp/r9 . With the data available a clear intersection of values from various gages 

is not observed as in the first experiment. 

The variation of J / Jth as a function of gage location is given in figures(7 .19a,b) 

for four different loads. It is once again seen that the accuracy of the gages changes 
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with the applied load. The percentage error information extracted from figures such 

as (7.19) hass been used to obtain figures(7.20a,b) where the regions for various 

accuracies have been outlined. It is noticed that for this experiment much smaller 

regions are available for accurate results. 

From the above results it is evident that strain gages can be used to determine 

the value of J integral for stress field surrounding a mode I crack tip. The location 

and orientation of placing the gage are important for getting accurate results. Also, 

it is noticed that the zone in which a gage can be placed varies wit h the size of 

the plastic zone. The difference in the trend of the results of the two experiments 

indicates strong dependence on material properties and requires detailed study of 

this behavior. 

In this work studies were done only in two directions, i.e., (} = 0° and (} = 90°. 

Further studies should be conducted for other directions to obtain the complete 

shape of the J evaluation zone. Also, more work needs to be done to investigate 

the variation of the accuracy of the technique with material propert ies. 
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CLOSURE 

This dissertation presented an experimental study of the final propagation stage 

of a growing crack in polymers and metals. It also presented the development of a 

new technique to measure J integral values using strain gages in materials exhibiting 

elastic plastic behavior. 

As a part of this work facilities were developed to perform caustic experiments 

on transparent and opaque materials. Also, the technique of strain gages was used 

for the first time for dynamic fracture studies of metals. 

From the comparison of techniques work presented in chapter 4 for Homalite 

100 it is found that caustic technique gives considerably lower values of the stress 

intensity factor as compared to the values obtained using the technique of pho­

toelasticity. Further investigation into the effect of strain rate dependence of the 

material properties effecting caustics is suggested to determine the possible cause 

for the difference. 

From the work done with the technique of photoelasticity it was found that 

merely increasing the number of parameters in the stress field solution does not 

necessarily increase the accuracy of the technique. Fringe re-plots should be used 

to find the best solution from this technique. 

The newly developed technique of using strain gages to evaluate J integral 

has been studied in detail. This technique has been used to obtain an engineering 

estimate of the size of HRR singularity field. The regions around the crack tip 

which give accurate values have been outlined. 
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