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Conformal Invariance, the Central Charge, and Universal Finite-Size
Amplitudes at Criticality
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M. P. Nightingale
Department of Physics, University of Rhode Island, Kingston, Rhode Isiand 02881

(Received 21 November 1985}

%e show that for conforrnally invariant two-dimensional systems, the amplitude of the finite-size
corrections to the free energy of an infinitely long strip of width L at criticality is linearly related to
the conformal anomaly number c, for various boundary conditions. The result is confirmed by
renormalization-group arguments and numerical calculations. It is also related to the magnitude of
the Casimir effect in an interacting one-dimensional field theory, and to the low-temperature
specific heat in quantum chains.

PACS numbers: 64.60.Fr, 05.70.Jk, 68.55,—a, 75.40.—s

The principle of conformal invariance at a critical
point has been shown to be remarkably powerful,
especially in two dimensions. ' Universality classes
appear to be characterized by a single dimensionless
number c, the conformal anomaly or the value of the
central charge of the Virasoro algebra. ' lt was shown
by Friedan, Qiu, and Shenker that unitarity constrains
those values of c less than unity to be quantized. For
such theories, the critical exponents are given by the
Kac formula, 4 and the correlation functions are deter-
mined. ' For various models, c has been determined
indirectly by use of exact information on exponents
and correlation functions obtained by other means. '2'
In this Letter we give a simple means of determining c.

The free energy (measured in units of kaT) per unit
length of an infinitely long strip of width L at criticality
has the finite-size scaling form F =fL +f"+5/
L +. . . , where f is the bulk free energy per unit area,
and —,

' f" is the surface free energy, which vanishes in

the case of periodic boundary conditions. It has been
argued, from the assumption that L ' is a scaling field
which does not require the introduction of a metric
factor, 6 7 that 5 is universal. We find that

—mc/6, periodic boundary conditions, (1)
—mc/24,

free or fixed boundary conditions, (2)

~here, in the last case, the order parameter is fixed to
the same value on either side of the strip.

These results have several other interesting physical
interpretations. Since F corresponds to the ground-
state energy of a (1+1)-dimensional quantum field

theory in a finite volume, Eq. (2) also gives the mag-
nitude of the Casimir effects in such a theory. The
partition function of a classical system of finite width
with periodic boundary conditions may also be inter-
preted as the Feynman path integral for an infinitely
long quantum chain at finite temperature Tcc L '. In
that case Eq. (1) gives the leading T 0 correction to
the free energy, from which may be deduced the
specific heat C. In fact the conformal result applies
only if the two-dimensional classical system is rota-
tionally invariant at large distances. This is equivalent
to the requirement that the dispersion relation for gap-
less excitations of the quantum chain is of the form
cv —vk with v=1. The case v~1 can be accommodat-
ed by a suitable rescaling of time versus length for the
quantum chain. The result is C —hack&~T/3tu. This is
confirmed by exact results for the spin- —, XXZ chain9

(c =1) and for the anisotropic spin- —,
' XY model in a

critical transverse field'o (c = —,
' ). In three dimen-

sions, the analog of 5 is the interaction energy (in
units of kaT) per unit area of two plates immersed in

a critical system. " Universality in this case was veri-
fied by Monte Carlo techniques. ' The same constant
also plays a role in determining the thickness of gravi-
ty-thinned, critical ~etting layers. ' Two-dimensional
analogs of these systems, which would allow an experi-
mental determination of c, are conceivable.

A system at a critical point is governed by a reduced
fixed-point Hamiltonian' 8 '. Under a coarse grain-
ing in which lengths are rescaled uniformly, the form
of the Harniltonian is invariant. For short-range in-
teractions, the Hamiltonian remains at the fixed point
also under conformal transformations, which corre-
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spond to a nonuniform rescaling and rotation.
Transformations with a shear component, however,
modify the Hamiltonian. The response of 4 to such
an infinitesimal transformation of the form xl'

x&+o~ is

using (TT), =0. The connected correlation function

( TT), in the strip may be found'6 by conformal
transformation of the infinite-plane result Eq. (4) us-

ing the transformation w = u +in= (L/2n. )lnz. The
result is

(3)
27l' x„

This defines" the stress tensor T„„. In complex coor-
dinates (z, z ) the only nonzero components are
T = T(z) and T =T—(z). The conformal anomaly

number c may then be defined by'

( T (z ) T (z') ), = (c/2) (z —z') (4)

Even if T is subtracted so that ( T) = 0 in the infin-

ite plane, it is nonzero in the strip. As we now show,
its value is related to h. Consider the nonconformal
transformation u' = u ( I —X), u' = u(1+ ) ), where

A. (( 1, and (u, u) measure distances along and across
the strip, respectively. According to Eq. (3)

too r E.

5(P ) = —(Z/2m)J du J du( —T„„+T„„)

= () L/n) J ((T) + (T) )du (5)

for the translationally invariant case of periodic boun-
dary conditions. Invariance of the partition function
implies that this is compensated by a change in F,
which is —2AA/L. Hen. ce we find 5= (L /rr)(T),
since (T) = (T) by symmetry. Now the response of
(T) to 5A is

5(T(o, o))
goo L

= —(X/m)„du JI du(T(0, 0) T(u, u))„(6)

( T(0) T(w )),= (c/2) (7r/L )'[si nh(m w/L) ]

The integral is divergent as w 0, but the final result
is independent of the particular method of regulariza-
tion. The integrals over u and v in Eq. (6) are then
elementary, and one obtains 5(T) = An2c/. 3L2 Th.is
is to be compared with 5( T) = 5(7rh/L )
= —2n hp/L', and the result in Eq. (I) follows.

In the case of free or fixed boundary conditions, the
correlation function in the strip is found'6 with use of
the transformation w = (L/n )lnz from the upper half
plane. In the latter geometry, the (TT) correlation
function is as in Eq. (4), while" ( T(z&) T(z2) )
= (c/2) (z& —z&) . Ho~ever, this term does not
contribute to h. Thus the only difference between the
two cases is that L is replaced by 2L. This accounts for
the factor of 4 difference between Eqs. (1) and (2).

The results in Eqs. (1) and (2) agree with exact
results for the Gaussian model's (c = I ) and the Ising
model'9 (c= —,'). Equation (1) has also been veri-
fied20 for all the theories in the unitary classification of
Friedan, Qiu, and Shenker. In fact, it is possible to
calculate the free energy in an arbitrarily shaped paral-
lelogram with periodic boundary conditions, zo of which
the infinitely long strip is only a special case.

The result in Eq. (1) can be verified in a modified
Gaussian model with reduced Hamiltonian

m —1 m —1

~(4'kl 0'k+1, l) + (4'kl Ak I+1) j + + X (4k l 4k+1, 1)~
k=1 1=1 k= 1

(7)

where the $kl C R are located at the sites of a simple
square lattice on a cylinder, i.e., pk t=pkL+l for
k = I, . . . , m, subject to the constraints $& &

——Pt, and

, for s =2, . . . , L. The second term in Eq.
(7) represents a defect line. A duality transformation
changes E E ' in the above Hamiltonian, awhile

the last term becomes (n/E )gk = t'(pk l
—$k L ).

This term may be eliminated by a shift
kin+// Lwhich adds a constant —n (L —1)/

2EL to the free energy per unit length F. This modi-
fiesb to

(8)

The defect line is equivalent to charges + o. at k = I
and k = m, respectively. As m —~, this is equivalent
to a charge —2o. at infinity, as considered by Dotsen-
ko and Fatcev5 They found c = l —24o2, when

E = I/8m, in agreement with Eqs. (I) and (8).
From (8) we derive the value of b, for the q-state

Potts model (0» q» 4) as follows. The critical Potts
model can be represented as an F model. ' With the
usual labeling of the vertices (see Fig. 2 of Ref. 22),
the vertex weights are (cot, . . . , co6) = (1, 1, I, l,z+z,z" +z ), where q'i =2cosh8 and z=e i .
As noted in Ref. 21, cylindrical boundary conditions
lead to a scam of vertices with modified weights
&3 e ~ and ~4 = e ~. In the body-centered solid-
on-solid representation of the I' model, ' the ~eight of

28(n2 —n4)
thc modified vertices is e, where n2 and n4
are the column heights at next-nearest-neighbor sites
straddling the seam. This corresponds to o. = 2i 0 in
Eq. (7). The presence of "external" sitesz' leads to
the restriction of constant column height at k = l, m, as
introduced above. Under renormalization, this body-
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TABLE I. Numerical results for 4 as a function of the
four-spin interaction E4 of the Baxter model, obtained from
data for L =4, 6, . . . , 16. The exact result in this case is
—m/6 = —0.523 599.

—1.0
—0.8
—0.6
—0.4
—0.3
—0.2
—0.1

0.0

—0.525
—0.524
—0.524
—0.5239
—0.523 69
—0.523 608
—0.523 604
—0.523 604

0.1

0.2
0.3
0.4
0.6
0.8
1.0

—0.523 604
—0.523 604
—0.523 602
—0.523 590
—0.524
—0.525
—0.57

centered solid-on-solid model flows to the Gaussian
model with22 K=m(2 —y) where q' '=2
x cos(my/2) and 0 «y «2. Topological objects, such
as charges, remain unrenormalized. From Eq. (8) we
therefore find

+m ny
6 2(2-y) '

The q dependence of c that we then infer from Eq. (2)
agrees with that derived by Kadanoff, and quoted in
Ref. 2, and with that conjectured by Dotsenko and
Fateev. '

The same argument can be used for the O(n) model
on a hexagonal lattice introduced by Nienhuis, 2s which
can be mapped onto a six-vertex model on a Kagome
lattice, which in turn may be represented by a solid-
on-solid model. Again a defect line has to be intro-
duced to obtain the correct weights for cylindrical
boundary conditions, and the argument proceeds in

TABLE III. Numerical results for 4 as a function of n for
two special cases (L'= 0 and A = 0) of the n-component cu-
bic model (Ref. 29) extrapolated from data for
L = 2, . . . , 8, compared with exact results derived in the
text.

A(A =0) a(L'=0) Exact

the same way as above. Renormalization maps the
O(n) model onto a Gaussian model with interaction'4
K = n (2 —y), where n =2cos(ny/2), and —2«y
«0. The value of b, agrees with Eq. (I) if the n

dependence of c conjectured by Dotsenko and Fateev5
ls used.

The I' model and the critical Baxter model both re-
normalize onto a Gaussian model with no defect line,
and so we expect I= —m/6 universally for these
cases, in agreement with the idea2 that models with
continuously varying exponents have c = 1.

Finally, we present numerical results supporting the
expressions derived for b, for periodic boundary condi-
tions. The results were obtained from the free energy
per site of infinitely long strips of increasing width L,
by standard extrapolation techniques. 2s The models in
the universality class of the O(n) model that we stud-
ied are the continuous n-component cubic model de-

fined by Blote and Nightingale, 2 in the two cases con-
sidered there: L'=0 and A =0 (e L =coshK),
where L' and K are the coefficients of the quadratic
and quartic terms in the Hamiltonian.

For the Baxter model in the Ising spin representa-
tion3o we varied the four-spin and the two equal next-
nearest-neighbor interactions K4 and K2, along the
critical line. As shown in Tables I-III, the results
agree very well with the theory in all cases, particularly
for those values of the parameters where also in previ-

Exact

1

74
1
16

T
0.95
1.05
2
3

0.869 148

0.708 251

0.233 420
0.0184268

—0.017 6778
—0.261 796
—0.418 92
—0.525 30

0.869 154

0.708 256

0.233 438
0.018 4267

—0.017 779
—0.261 799
—0.418 88
—0.523 599

TABLE II. Numerical results for 5 for the q-state Potts
model compared with exact results derived in the text; free-
energy data of Blote and Nightingale (Ref. 28) for
L=2, . . . , 11.

—1
1

1

1

T
1

16
1

M2
1

Y4
1

Y4
1

32
1

16
1

T
1

1

2

1

2

0.312
0.146

0.0711
0.0352

0.0175
0.0087

0.0044
—0.0043
—0.0087
—0.0173
—0.0344
—0.0682
—0.1343
—0.262
—0.523

—0.004 34
—0.008 67
—0.001 73
—0.0344
—0.0682
—0.134
—0.262
—0.525

0.3142
0.1461

0.0711
0.0351
0.017 46

0.008 70

0.004 35
—0.004 33
—0.008 66
—0.001 727
—0.0344
—0.0681
-0.1340
—0.2618
-0.5236
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ous calculations6'9 " the asymptotic behavior was ob-
served to set in for those system sizes considered here.
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Nore added. —After this paper was submitted for
publication, we learned that Affleck32 has also ob-
tained the result in Eq. (I).
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