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ABSTRACT

Several conjectures concerning planar graph colorings are still unsolved to this
day. One of the more famous ones is Steinberg’s Conjecture (first stated in 1976),
which we work towards in this dissertation. Steinberg’s Conjecture states that all
planar graphs without cycles of length 4 or 5 are 3-colorable, that is, we can color
the vertices of such a graph using three colors in a way that leaves no adjacent
vertices colored the same.

We use defective colorings to move closer to the affirmation or nullification
of this conjecture. A defective coloring is any non-proper coloring, that is, some
adjacent vertices may end up colored the same color. We use (dy, da, d3)-colorings,
which are 3-colorings where the maximum degree of the i’ color class is at most
d;, for 1 = 1,2,3. In this study, we prove that all planar graphs without cycles of
length 4 or 5 are (3,0, 0)-colorable.

We define a cycle having two triangular chords as 2-chorded and a face of size
k as a k-face. Let a bg-face be an 8-face incident to a vertex of degree three, which
is itself also incident to faces of size 3 and 6. Let G be the set of all planar graph
without Cy’s, C5’s, 2-chorded Cy’s, or 2-chorded Cy’s. In this paper, we prove that
all graphs in G with at most eleven bg-faces is (1,0, 0)-colorable.

We end this dissertation by examining a paper claiming to prove that all planar
graphs without 5- and 8-cycles and without adjacent triangles are 3-colorable. We

show some counterexamples to a claim given in the paper.
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CHAPTER 1

Introduction and Background

1.1 Introduction

Combinatorics, especially graph theory, is an ever-increasing field of research.
New methods of approaching different types of problems are developed quite often
in graph theory, leading to answers of long ago proposed questions as well as
theorizing new conjectures.

Graph theory in general has many applications for various fields of study,
most notably are computer science and computer engineering. Graphs are used
for scheduling and networking problems as well as other areas. Since many real-life
situations involve discrete objects, graph theory lends itself very well to these types
of problems. Any type of map or network (say of pipes, people, or circuits) can be
modeled using a graph.

In this paper, we deal exclusively with simple graphs. A simple graph G =
(V,E) is a graph which consists of vertices v € V and edges {u,v} € E, which
are pairs of vertices, in which the edge set contains no duplicate pairs and no edge
consists of only one vertex (ie, no edge has the form {v,v} for v € V). Graphs
can contain paths and cycles. A path is an ordered set of vertices {vy, vg, ..., v, }
such that there exists an edge between each consecutive pair of vertices. A cycle
is a path such that there exists an edge between v; and v,. The set {b,c,e,d} is a
cycle in Figure 1.1. A chord is an edge connecting two nonconsecutive vertices in
a cycle.

Several types of graphs are very useful in graph theory and are therefore given
their own names. We mention just a few here. A complete graph, denoted K,,, is a
graph on n vertices such that every two vertices are connected. A bipartite graph is

a graph whose vertex set can be divided into two mutually disjoint sets of vertices.
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Figure 1.1. A graph G (which is planar)

That is, there exist no edges between any two vertices in the same set. A complete
bipartite graph, denoted K, ,,, is a bipartite graph with vertex sets A and B, where
|A] = n and |B| = m, that contains every edge of the form {v,,v,} where v, € A
and v, € B. See Figures 1.2 and 1.3 for examples of a complete graph and a

complete bipartite graph.

Figure 1.2. The complete graph Kj

Figure 1.3. The complete bipartite graph K33, which is non-planar

In this work, we deal primarily with planar graphs. A planar graph is a graph



that can be drawn in the Fuclidean plane in such a way that edges meet only at
their endpoints. A plane graph (or a plane drawing of a planar graph) is a planar
graph that is drawn with no edges crossing each other, except at their endpoints. It
is known that a graph is planar if and only if it contains no K or K3 3 subdivisions.
See Figure 1.1 for an example of a planar graph and Figure 1.3 for an example of
a non-planar graph.

Besides vertices and edges, a planar graph also contains faces. A face is a
region of the graph bounded by edges such that no edge goes through it. In Figure
1.1, the region bounded by the cycle { b,c,e,d } is a face. The set of all faces
of a graph is denoted by F'. The unbounded or outer face of a graph is the face
outside of the graph. In Figure 1.1, the region outside the cycle {b, ¢, e, d} is the
unbounded face. One type of planar graph is called an outerplanar graph. Euler
gave a formula that shows the relationship between the faces, vertices, and edges
of planar graphs. He proved that |V|+ |F| — |E| = 2 for any plane drawing of a
planar graph.

Now we turn our attention to what mathematicians do with graphs. Graphs
are very helpful when it comes to modeling many discrete things in every day life.
Whenever one has a collection of discrete objects that interact in a certain way, or
have certain shared characteristics, one can model it by a graph. For example, let
the vertices be people in a town, and let the edges be pairs of people that know
each other. This is a basic example of a social network graph. These types of
graphs are currently being studied a lot, especially with ties to social media and
the internet.

Graph theorists over the years have studied several aspects of graphs. Some
look at how we can use graphs to model real life situations. Some try to find

certain subgraphs in large graphs using computer aided software. Others work on



characterizing graphs with a certain attribute. For example, what types of graphs
have a Hamiltonian cycle? (A Hamiltonian cycle is a cycle that uses all the vertices

of the graph.)

1.2 Graph Colorings

One of the characteristics we are concerned with is graph colorings. A proper
coloring of a graph G = (V, E) is a mapping ¢ : V' — S where S is some set, called
the color set, such that if {u,v} € E, then ¢(u) # ¢(v). Generally, we take S to be
a set of colors or numbers. A graph is said to be k-colorable if it can be properly
colored using k colors. See Figure 1.4 for a 2-colorable graph. If £ is the smallest

such number, we say the graph has chromatic number equal to k.

1

2

Figure 1.4. A 2-coloring of G, with color set {1,2}

Work has been done on graph colorings for well over a century. Some mathe-
maticians are concerned with only coloring planar graphs. However, there is a very
famous graph coloring problem that deals with a non-planar graph. The Hadwiger-
Nelson problem was proposed in 1950 by E. Nelson. Let G be the infinite graph
whose vertex set is the set of all points in the Cartesian plane, and let two vertices
be adjacent if and only if they are one unit distance apart. It has been shown that
at least four colors are needed to properly color GG, and that it can be colored using

only seven. The Hadwiger-Nelson problem is to find the exact chromatic number



of this graph. In over sixty years of study, it is still open.

The most famous coloring problem dealing with planar graphs is the Four
Color Theorem, which was first postulated by Francis Guthrie in 1852 [1]. He
proposed that one could color the countries in a map using only four colors such
that no countries sharing a border were colored the same. If each country is
represented by a vertex, and two vertices are connected by an edge if and only
if the two countries share a border, then we can translate the map into a planar

graph. The Four Color Theorem then says

Four Color Theorem. Every planar graph can be properly colored with at most

four colors.

This is the best possible in the sense that the planar graph K, cannot be
colored with less than four colors.
While trying to prove the Four Color Theorem, Heawood [2] proved a relax-

ation of it in 1890. He proved the Five Color Theorem:

Five Color Theorem. Fvery planar graph can be properly colored with at most

five colors.

Despite constant study and analysis by a multitude of mathematicians, the
Four Color Theorem remained unsolved for over a century. In 1976, Appel and
Haken [3, 4] finally gave a very lengthy, computer aided proof of the theorem. To
this day, mathematicians are still trying to find an elegant, non-computer generated
proof.

Graph theorists also ask themselves when a graph can be properly colored
with fewer than four colors. A graph is 1-colorable if and only if there are no edges
in the graph. Determining when a graph is two-colorable is also quite easy. A
graph is 2-colorable if and only if it is bipartite [5]. A graph is bipartite if and

only if it contains no odd cycles.



Deciding when a graph is 3-colorable, however, takes much more work. We
know that all outerplanar graphs are 3-colorable [6], where an outerplanar graph
is a planar graph which has a plane drawing such that every vertex is on the
unbounded face. Grotzsch [7] proved the following interesting result about planar

graphs in 1959.
Grotzsch’s Theorem. Fvery triangle-free planar graph is 3-colorable.
In 1963, Griinbaum [8] extended this and proved the following.

Grinbaum’s Theorem. Fvery planar graph with not more than three triangles

18 3-colorable.

We now come to a very famous conjecture, proposed by R. Steinberg in 1976

[9]-

Steinberg’s Conjecture. Fvery planar graph without cycles of length 4 or 5 is

3-colorable.

A lot of work has been done towards this conjecture, but the conjecture itself
remains unsolved. Erdds stated a relaxation of Steinberg’s Conjecture in 1991.
He proposed determining the smallest integer & (if it exists) such that all planar
graphs without cycles of length 4 through £ are 3-colorable. Much progress was
made using this relaxation. In 1991, Abbott and Zhou [10] proved k& < 11. In
1995, Sanders and Zhao [11], and independently Borodin [12], improved this result
to k < 9. Then in 2002, Salavatipour [13] went further and showed k < 8. Lastly,
Borodin, Glebov, Raspaud, and Salavatipour [14] showed k£ < 7 in 2005.

It was at this stage that people began looking at Steinberg’s Conjecture from
a new direction. A new type of coloring, a non-proper coloring, was introduced.

Defective colorings (also called improper colorings or near colorings) are graph



colorings where, in certain circumstances, adjacent vertices may be colored the
same.

One type of defective coloring is a (k,d) coloring. A graph is said to be
(k,d)-colorable if it can be colored with & colors in such a way that the maximum
degree of the subgraph induced by each color class is at most d. The degree of
a vertex is the number of vertices adjacent to it. By the subgraph induced by
a color class, we mean the induced subgraph whose vertices are all the vertices
colored by the same color. Many mathematicians found interesting results using
this new coloring. Cowen, Cowen, and Woodall [15] proved that all planar graphs
are (3,2)-colorable. In 2008, Xu [16] showed that all planar graphs without cycles
of length five or adjacent triangles are (3, 1)-colorable. See Figure 1.5 for a graph

that is (2, 1)-colorable.

a ® )

Figure 1.5. A (2,1)-coloring of G, with color set {a,b}

Graph theorists then combined defective colorings with list colorings of graphs.
An L-list coloring of a graph G is a coloring of the vertices of G such that each
color comes from a prescribed list of colors L(v) for each vertex. G is k-choosable
or k-list colorable if G can be properly colored using colors from any list coloring
L(v) with size k for each vertex. A graph G is then (k, d)-choosable if the vertices
of G can be colored with colors from any list L(v) of size k for each vertex such that
the degree of each induced color class is at most d. In 1999, Eaton and Hull [17],

and independently Skrekovski [18], proved every planar graph is (3,2)-choosable,



Eaton and Hull also proved every outerplanar graph is in fact (2,2)-choosable. In
2001, Lih, Song, Wang, and Zhang [19] proved that every planar graph without
cycles of length 4 or 5 are (3, 1)-choosable.

Chang, Havet, Montassier, and Raspaud [20] looked at another variation of
defective colorings in 2012. They decided to look at colorings where the maximum
degree of the color class depended on the color. A graph is said to be (s, s2, S3)-
colorable if there exists a coloring of the graph with three colors (1,2, 3) such that
the induced subgraph on the i color class has degree at most s; for i = 1,2, 3.
Ultimately, the goal is to show that all planar graphs without cycles of length 4 or
5 are (0,0, 0)-colorable, thus proving Steinberg’s Conjecture. We focus on making
each s; as small as possible, for ¢ = 1,2,3. Chang, et al. showed that all planar
graphs without cycles of length 4 or 5 are (4,0,0)- and (2, 1, 0)-colorable.

Depending on the application, either coloring of a graph could be useful.
Having two perfect colors and one color that is defective is pretty nice if the
second two colors are more important to the application. A color class of degree
four can get ugly fast. For example, a (4,0,0)-coloring of a planar graph could
leave a K74 monochromatic. The (2,1, 0)-coloring is better in that the degrees
are smaller (you may only have a monochromatic path or cycle in the first color
or a monochromatic matching in the second), but now two colors are defective.
Defective colorings are a give and take, we might be able to decrease the overall
defective degree, but then the number of defective colors can increases as a result.
As an example of a defective coloring, we can think of scheduling final exams. The
vertices are the courses and they are connected by an edge if the final exam occurs
at the same time. We use the colors to represent which classroom we will use for
each final. Suppose one of the classrooms is very large and has enough room for

two final exams to occur at once. This means we could color two adjacent vertices



by the color corresponding to this room (but not, say, a triangle). This would give
us a (1,0, 0)-coloring, if we only had three rooms available.

Hill and Yu [21], and independently Xu, Miao, and Wang [22], improved
Chang, et al.’s second result, proving that every planar graph without cycles of
length 4 or 5 is actually (1,1, 0)-colorable. Hill and Yu, Xu and Wang, and this
author also independently improved upon Chang, et al.’s first result, showing that
all such planar graphs are (3,0, 0)-colorable. The three sets of papers were com-
bined into one submission [23]. The version written by this author is shown in
Chapter 2.

Much more work has been done using this idea of defective colorings in the
past few years. Wang, Jin, and Kang [24] showed that all planar graphs without
cycles of length 4 through 6 are (1,0,0)-colorable. Wang and Xu [25] proved
all planar graphs without cycles of length 4 or 6 are (2,0, 0)-colorable, and they
also showed in another paper that all planar graphs without 4- or 6-cycles, and all
planar graphs without 4- or 7-cycles, are (1, 1, 0)-colorable [26]. Bu and Fu [27] also
showed that all planar graphs without cycles of length 4 or 6 are (1, 1, 0)-colorable.
Wang and Yang [28] proved all planar graphs without cycles of length 4, 5, or 9
are (1,0,0)-colorable. Chapter 3 proves that all planar graphs without cycles of

length 4 or 5 and without a few types of cycles of length 8 are (1,0, 0)-colorable.
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CHAPTER 2
(3,0,0)-Colorability
2.1 Introduction
In this study, we deal only with finite, simple graphs. We consider F, the
family of planar graphs without 4- and 5-cycles. Chang et al. [1] proved that every
graph in F is (2, 1,0)-colorable and (4,0, 0)-colorable. Using similar techniques,

we improve on their second result:
Theorem 1. Fvery graph in F is (3,0,0)-colorable.

We begin with some definitions and placing charges on the faces and vertices
of a minimal counterexample. Then we introduce some lemmas dealing with neces-
sary configurations as well as forbidden subgraphs in this counterexample. Lastly,
we redistribute the charges and reach a contradiction, proving this counterexample

cannot exist, which in turn proves Theorem 1.

2.2 Definitions and Charges

For a general (s1, s9, s3)-coloring of a graph, we say a vertex is nicely colored
(by 1) if it, and at most max{0,s; — 1} of its neighbors, are colored by i. We say
a vertex is properly colored if it is colored by a color not used on its neighbors.

We denote a vertex of degree k as a k-vertex, a vertex of degree less than or
equal to k as a k™ -verter, and a vertex of degree greater than or equal to k as a
k*-vertex. Similarly, a k-face is a face with k edges.

If v is a vertex on a face, f, we say that f is an incident face of v. If v is not
incident to f, but is adjacent to a 3-vertex u which is incident to f, then f is a

pendent face of v, and v is the outer neighbor of u. See Figure 2.1 for an example.

12



Figure 2.1. f, a pendent face of v (which is an outer neighbor of w)

A (dy,dy, d3)-face is a 3-face with vertices vy, vy, v3 having degrees dy, ds, ds,

+

)

respectively. Similarly, d; can be replaced with d;", meaning d(v;) > d; or d;,
meaning d(v;) < d;, where d(v;) is the degree of v;.

Let G € F be a minimal graph (on number of vertices) such that G is not
(3,0,0)-colorable. That is, G is a planar graph without cycles of length 4 or 5 and
is not (3,0, 0)-colorable, but G — v for any v € V(G) is (3,0, 0)-colorable. Notice
that GG is connected. We will assign each face and vertex of G' a charge, denoted
by ch(x). Let F denote the set of faces in G.

We start with ch(v) = 2d(v) —6 for allv € V = V(G) and ch(f) = d(f)—6 for

all f € F, where d(f) is the number of vertices incident to f, counting multiplicity.

We have

S ch()+ Y eh(f) = S (2d(w) —6) + S (d(F) — 6)

veV fer vev fer
= 4E(G)| - 6|V(G)| +2|E(G)| - 6|F|
= —6(|F| + |V(Q)| - |E(G)])
— —6(2)
= 12

(2.1)

by Euler’s Formula.

After establishing some properties of GG, we will redistribute the charges to the
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faces and vertices, while neither creating nor destroying any charges. Afterwards,
we will show that the new charge of each face and vertex is nonnegative, reaching
a contradiction to the fact that they sum to —12. Therefore, this graph GG cannot

exist, thus proving all graphs without cycles of length 4 or 5 are (3,0, 0)-colorable.

2.3 Lemmas
First, we note that d(v) > 3 for all v € V and no two 3-faces may share an
edge. The following two lemmas come directly from Chang et al. [1]. We include

the proofs for completeness. Some results based on these lemmas are then given.

Lemma 1. (Chang, Havet, Montassier, Raspaud). If a k-vertex is incident to «

3-faces and has B pendent 3-faces, then 2a+ 3 < k.

Proof. Assume 2a+ 8 > k for some k-vertex v. Let x1, z9, ..., T2, be the neighbors
of v on the a 3-faces. Let yi,y2,...,ys be the neighbors of v incident to the
3-faces. Since 2a+ 8 > k, at least one y; must be an x; for some ¢ and j. We then
have d(y;) > 4, since the two 3-faces cannot share an edge. This contradicts the

definition of a pendent 3-face. Hence, we must have 2a + 5 < k. O

Lemma 2. (Chang, Havet, Montassier, Raspaud). The three neighbors xi, xs, x3
of a 3-vertez v of G use different colors in a (s1, S2, S3)-coloring of G—v. Moreover,
assume x; is colored by i, we have d(x;) > s; + 3 for 1 < i < 3. Furthermore, if

s; > 0 and x; is adjacent to x;, then either d(x;) > s; + 3 or d(x;) > s; + 3.

Proof. 1f x1, x9, x3 do not use three distinct colors, then we can properly color v, a
contradiction. Hence, without loss of generality, we can assume that x; is colored
by ¢ for 1 <i < 3.

Suppose for a contradiction that some d(z;) < s;+2. Then s; > 1 asd(x;) > 3.
If z; is nicely colored by ¢, then we color v by 4, and this extends the coloring to G,

a contradiction. Hence, z; has s; neighbors colored by i. Since x; has an uncolored
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neighbor v, there is at least one color different from 7 not used by x;’s neighbors.
We then color v by ¢ and recolor z; by the unused color. This extends the coloring
to GG, a contradiction.

Suppose for another contradiction that z; is adjacent to x;, but d(x;) = s; +3
and d(z;) = s; + 3 where s; > 1. Let k be the color distinct from ¢ and j. Since G
has no 4-cycle, zy, is not adjacent to x; or ;. As above, x; (resp. z;) has s; (resp.
sj) neighbors colored by i (resp. j) and another colored neighbor x; (resp. )
other than z; (resp. z;). If 2 is colored by j, then we may color v by i and recolor
x; by k to get a (s, sg, $3)-coloring of G, a contradiction. Hence, x is colored by
k. Similarly, :E; is also colored by k. Then we may color v by i, recolor x; by 7,
and recolor x; by i to get a (s1, 52, s3)-coloring of GG, again a contradiction. Hence,

d(z;) > s; + 3 or d(z;) > s; + 3. O

Lemma 3. The outer neighbor of every 3-vertex incident to a (3,3,67)-face has

degree at least siz.

Proof. Assume uvw is the (3, 3,67 )-face, that is d(u) = 3, d(v) = 3, and d(w) < 6.
Let v’s outer neighbor be called x. By Lemma 2, we have the degrees of the
neighbors of v are at least 3,3, and 6. So if d(w) < 5, then the degree of  must
be at least six. So assume d(w) = 6 and d(z) < 5. Let ¢ be a (3,0, 0)-coloring of
G —v. By Lemma 2, we have ¢(w) = 1, since it is the only neighbor of v with
degree at least s; +3 = 6. But since vw € E(G), we need d(w) > 6 or d(u) > 3, a
contradiction. So we must have d(z) > 6. The same is true for the outer neighbor

of u and w if d(w) = 3. O

These first few lemmas dealt with configurations that must be in G. The next

two lemmas look at some forbidden subgraphs of G.

Lemma 4. Suppose a k-vertex v (k = 7,8) is incident to (k —5) (3,3, k)-faces.

Then, if k = 7, v cannot also be incident to a (3,7,7)-face with j € {3,4} and
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have its seventh neighbor be a 3-vertex, and if k = 8, v cannot also be incident to

a (3, 7,8)-face with j € {3,4}.

Proof. Assume for a contradiction that v is a such a k-vertex. Let N'(v) denote
the neighbors of v which have degree equal to 3.

Let ¢ be a (3,0,0)-coloring of G \ {v, N'(v)}. Extend this coloring to all
u € N'(v) such that each u is properly colored. This is possible as each u € N'(v)
has at most two neighbors already colored.

At most four of the neighbors of v are colored 1 (one in each 3-face if &k = 8
and one in each 3-face plus the vertex not incident to one of the 3-faces if £k = 7).
If there are three or less neighbors colored 1, we can color v by 1 (since each vertex
colored 1 has at most two other neighbors colored 1), and thus extend the coloring
to a (3,0,0)-coloring of G, a contradiction.

Therefore, we must have exactly four neighbors colored 1. There are (k — 4)
other neighbors not colored 1. If they are all colored the same color, then we can
color v the third color, and we reach a contradiction.

Hence, these other neighbors must use both colors 2 and 3. We break this
into two cases:

Case 1: Each vertex colored 2 is incident to one of the (3, 3, k)-faces incident to v.

Let one such vertex be x. Label the neighbor of z incident to the same 3-face
as u (note that ¢(u) = 1), and label the outer neighbor of x by w. If ¢(w) =1, we
recolor x by 3. If ¢(w) = 3, we recolor x by 1. Since the degree of u is 3, we still
have a (3,0, 0)-coloring of G —v. We can do the same to the other vertices colored
2, if they exist. Now all the neighbors of v use only two colors (1 and 3), so we
can color v by 2, a contradiction.

Case 2: A vertex colored 2 is incident to the (3, j, k)-face with j = 4.

We re-color the vertices colored 3 in the same way as above, leaving all the
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neighbors of v colored either 1 or 2. We can then color v by 3, a contradiction.

Thus, none of these configurations can exist in G. [

We introduce a specific kind of face and pair of adjacent vertices next, which
we use in the following lemma. For j, k > 3, let f be a (3,7, k)-face where the
degree of the outer neighbor of each incident 3-vertex is less than six. Then f is
called a (3, j, k)-star-face. See Figure 2.2. Let v be a k-vertex (7 < k < 8) that
is incident to (k — 5) (3,3, k)-star-faces and one (3, j, k)-star-face with 7 > 7. In
addition, let v have a pendent 3-face if £ = 7. We call such a vertex a full vertex.
We call the unique neighbor of a full vertex with degree at least 7 a special vertex.

Refer to Figure 2.3 for an example.

Figure 2.2. A (3,3, 7)-star-face, f

Lemma 5. Let v be a k-vertex with 7 < k < 8. The vertex v cannot be both a

special vertex and a full vertex.

Proof. Suppose, for a contradiction, that v is both a special and a full vertex.
Since v is full, it must be adjacent to a special vertex, call it u. Since v is special,
it must be adjacent to a full vertex of degree either 7 or 8, and by uniqueness, this
vertex must also be u. So v and u are both special and full. See Figure 2.4 for an

example with v being a 7-vertex and u being an 8-vertex.
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Figure 2.3. A full vertex v with special vertex u

Let ¢ be a (3,0, 0)-coloring of G\{v, u, N'(v), N'(u)} where N'(v) (respectively,
N'(u)) denotes the set of neighbors of v (resp u) having degree three. Let the
vertex incident to both v and v be called w and let its outer neighbor be called
z. We extend this (3,0, 0)-coloring to {N'(v), N'(u)} \ {w, v, w} in such a way as
to properly color these vertices. This is possible as every vertex being properly

colored has at most two neighbors previously colored.

\ uw

Figure 2.4. Full and special vertices v and u

Note that v and u each have at most three neighbors colored 1. Denote the
set of neighbors of v colored 1 by M and the set of neighbors of u colored 1 by N.

We break this into three cases.

18



Case 1: |[M| <2 and |N| < 2.

We can color both v and u by 1, and then properly color w, thus extending
the coloring to a (3,0, 0)-coloring of GG, a contradiction.

Case 2: The size of one of these sets is 3, and the other is at most 2.

Without loss of generality, we will assume |N| = 3 and |M| < 2. If the colored
neighbors of u that are not colored 1 use the same color, then we can color u by
the third color and color v by 1. If ¢(z) = 1, we can properly color w. If ¢(z) # 1,
we can color w by 1 (which is still legal, as v previously had at most two neighbors
colored by 1), thus giving us a (3,0, 0)-coloring of G.

Hence, the colored neighbors of u must use all three colors. There is a color
used exactly once on the neighbors of u, say 2. Let that vertex be called y, and let
its outer neighbor be denoted by s. We can recolor y by {1,3}\ {c(s)}, color u by
2, v by 1, and color w as above, either 1 or 3. We now have a legal (3,0, 0)-coloring
of GG, a contradiction.

Case 3: |[M| = |N| = 3.

Let r be a neighbor of u colored by 2, if any exist. If r’s outer neighbor is
colored by 3, we may recolor r by 1 (this is legal since the third neighbor of r,
other than its outer neighbor and u, has degree 3). If its outer neighbor is colored
by 1, we may recolor r» by 3. We can now color u by 2.

We can recolor any neighbor of v colored by 3 in this same manner, so that it
is now colored by either 1 or 2. Color v by 3. All that is left to color is w.

If ¢(z) # 1, we can color w by 1, thus extending the coloring to a (3,0,0)-
coloring of G. Hence, we must have ¢(z) = 1. If z is nicely colored, we can still
color w by 1 and have a (3,0,0)-coloring of GG, so z must have three neighbors
colored 1. If we could recolor z to either 2 or 3, then we could properly color w by

1 and have a legal coloring. Thus, z must have a neighbor colored 2 and a neighbor
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colored 3, but then d(z) > 6, a contradiction to the fact that w is in a star-face.

Hence, none of these configurations can exist in G. [

2.4 Discharging Procedures
We redistribute the charges in the following manner:
Al: A 4-vertex gives one to every incident 3-face.
A2: A 5-vertex gives two to every incident 3-face.
A3: A 6-vertex gives two to every incident 3-face.
A4: An 11*"-vertex gives three to every incident 3-face.
Ab5: A 67-vertex gives one to every pendent 3-face.
Let v be a k-vertex with 7 < k < 10.
B1: v gives three to every incident (3, 3, k)-star-face.
B2: v gives two to every incident (3,4, k)-face and (3, 3, k)-non-star-face.
Let 7 < j < 10.
C1: If v is a special vertex, then it gives two to its incident (3, j, k)-star-face
incident to the full vertex.
C2: If v is a full vertex, then v gives one to its incident (3, j, k)-star-face.
C3: If v is neither a special vertex nor a full vertex, then it gives % to every
incident (3, j, k)-star-face.

D1: v gives one to every remaining incident 3-face.

2.5 The New Charges

Let ch*(z) denote the new charge of the face or vertex. We show each face and
vertex of G now has a nonnegative charge. Recall that originally, ch(v) = 2d(v) —6
and ch(f) =d(f) — 6.

First we consider f, a 3-face in G.

If f=(3,3,3): Each 3-vertex has an outer neighbor with degree at least 6 by
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Lemma 3. So by A5, we have ch*(f) =ch(f)+1+1+1=4d(f)—6+3=0.

If f=(33k) with4 <k < 6: Each 3-vertex has an outer neighbor with
degree at least 6 by Lemma 3, and thus gives one to f by A5. The k-vertex gives
at least one to f by either A1, A2, or A3, depending on the value of k. We have
ch*(f)>ch(f)+1+1+1=d(f)—6+3=0.

If f=(3,3,k) with 7 < k < 10: We break this into two cases.

Case 1: fis a (3,3, k)-star-face.

By B1, the k-vertex gives three to f, and we have ch*(f) = ch(f) + 3 =
d(f)—6+3=0.

Case 2: f is a (3, 3, k)-non-star-face.

At least one of the 3-vertices has an outer neighbor of degree at least six, and
therefore gives one to f by A5. By B2, the k-vertex gives two to f and we have
ch*(f)>ch(f)+2+1=d(f)—6+3=0.

If f=(3,3,k) with £ > 11: By A4, the k-vertex gives three to f and we have
ch*(f) > ch(f)+3=4d(f)—6+3=0.

If f=1(3,4,4): By Lemma 2, we know the degrees of the neighbors of a 3-
vertex must be at least 3, 3, 6, so the outer neighbor of the 3-vertex in f must have
degree at least six, and thus gives one to f by A5. Each 4-vertex gives one to f
by Al, and so we have ch*(f) =ch(f)+1+1+1=d(f) —6+3=0.

If f=(3,4,5): By Lemma 2, the degree of the outer neighbor of the 3-vertex
is at least 6 and gives one to f by A5. The 4-vertex gives one to f and the 5-vertex
gives two to f, and we have ch*(f) =ch(f)+1+1+2=4d(f)—6+4=1>0.

If f=(3,4,6"): By Al, the 4-vertex gives one to f, and by either A3, A4,
or B2, the 67-vertex gives at least two to f, and we get ch*(f) > ch(f)+1+2 =
d(f)—6+3=0.

If f=(3,5,5): By Lemma 2, the degree of the outer neighbor of the 3-vertex
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is at least 6 and gives one to f by A5. Each of the 5-vertices give two to f by A2,
and so we have ch*(f) =ch(f)+1+2+2=d(f)—6+5=2>0.

If f=(3,k67) with K =5,6: By A2 or A3, the k-vertex gives two to f,
and by either A3, A4, or D1, the 6T-vertex gives at least one to f, so we have
ch*(f) >ch(f)+2+1=d(f) —6+3=0.

If f=(3,7,k) with 7 < j,k < 10: We break this into three cases.

Case 1: fis a (3, ], k)-star-face not incident to a special vertex.

By definition, f cannot be incident to a full vertex, either. So by C3, the
j-vertex and the k-vertex each give 3 to f, and we have ch*(f) = ch(f)+ 3+ 3 =
d(f)—6+3=0.

Case 2: f is a (3,7, k)-star-face incident to a special vertex.

By C1, the special vertex gives two to f, and by C2, the full vertex that v
must be incident to gives one to f, giving ch*(f) = ch(f)+2+1=4d(f)—6+3 = 0.
Case 3: f is a (3, j, k)-non-star-face.

The outer neighbor of the 3-vertex gives one to f by A5. The j-vertex and
the k-vertex each give one to f by D1, and we have ch*(f) =ch(f)+14+1+1=
d(f)—6+3=0.

If f=(3,7",11"): By A4, the 117 -vertex gives three to f, so we have ch*(f) >
ch(f)+3=4d(f)—6+3=0.

If f=(47,4%,47): Every vertex gives at least one to f by Al, A2, A3, A4,
and D1, so we have ch*(f) > ch(f)+1+1+1=d(f)—6+3=0.

No 4- or 5-faces exist in G.

If f = 6%-face: The charge does not change, and we have ch*(f) = ch(f) =
d(f)—6>0.

Hence, every face now has a nonnegative charge. Now we consider v, a k-vertex

in GG. Recall we have k > 3.
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If £ = 3: The charges of 3-vertices do not change, so ch*(v) = ch(v) =
23) —6=0.

If £ = 4: By Al, v gives one to every incident 3-face. By Lemma 1, v can only
be incident to at most two 3-faces. Hence, ch*(v) > ch(v) —2=2(4) —6 —2 = 0.

If k = 5: By A2, v gives two to every incident 3-face. By Lemma 1, v can only
be incident to at most two 3-faces. Hence, ch*(v) > ch(v)—2(2) = 2(5)—6—4 = 0.

If £ =6: By A3, v gives two to each of the « incident 3-faces, and by A5, v
gives one to each of the 8 pendent 3-faces. So we have ch*(v) = ch(v) — (2a+ ) =
2(6) —6— (2a+p) >2(6) —6 — 6 =0 by Lemma 1.

If 7 < k <10: Let ag denote the number of incident faces that v gives three
to, ap denote the number of incident faces v gives two to, aq 5 denote the number
of incident faces v gives % to, a; denote the number of incident faces v gives one
to, and 8 denote the number of pendent 3-faces of v. The new charge of v will be

negative only if we have one of the 11 cases shown in Table 2.1.

Case | k |ag | as | a15 | a1 | B
1 71210 0 013
2 7T 2 1 0 0|1
3 71210 1 01
4 71310 0 010
5 71310 0 01
6 8 1310 0 0 ]2
7 8 [ 3|1 0 010
8 8 1310 1 010
9 8 1410 0 010
10 91410 0 0|1
11 [10] 5] 0 0 010

Table 2.1. Forbidden Cases

Cases 2 and 7 were proven not to exist by Lemmas 4 and 5. If the ay face
is referring to either a (3,4, k)-star-face or a (3, 3, k)-non-star-face, then Lemma

4 tells us these cases cannot exist. The only other time a vertex of degree 7 or
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8 gives two to a face is when v is special, and the face is a (3, j, k)-star-face with
7 < 7 < 10. However, due to the fact that in Cases 2 and 7, our vertex is also
incident to (k — 5) (3,3, k)-star-faces and has a pendent 3-face if k = 7, v is a
full vertex. By Lemma 5, we cannot have a vertex that is both special and full,
meaning these cases cannot exist.

Cases 5 and 9 were proven not to exist by Lemma 4.

Cases 3 and 8 cannot exist, because the only time a 7- or 8-vertex gives % to a
face is when the face is a (3, j, k)-star-face with 7 < £ < 8 and 7 < j < 10 and the
vertex is neither special nor full, but the k-vertices in Cases 3 and 8 are incident
to (k—5) (3,3, k)-star-faces and the vertex in Case 3 has a pendent 3-face, making
them both full vertices, a contradiction.

To show the remaining cases do not exist, we will prove that at least one of
the (3, 3, k)-star-faces is in fact a (3, 3, k)-non-star-face, a contradiction.

We prove Case 4 does not exist first. Let v be the vertex in Case 4. Let ¢
be a (3,0,0)-coloring of G\ {v, N'(v)}, where N’(v) denotes the set of neighbors
of v with degree 3. If every neighbor of v has degree three, we are in Lemma 4,
and hence, this configuration cannot exist in G. Hence, assume the degree of the
vertex not incident to one of the (3, 3, 7)-star-faces has degree at least four and call
it u. We extend this (3,0, 0)-coloring to all w € N'(v) such that each w is properly
colored. This is possible since they have at most two neighbors already colored. At
most four of the neighbors of v are colored by 1. If there are exactly four neighbors
colored by 1, we have the same setup as Lemma 4 with four neighbors colored by
1 (substituting j > 4 in Case 2, which does not change the proof).

Hence, we may assume there are three or less neighbors colored by 1. If
c(u) # 1, we may color v by 1, creating a (3, 0, 0)-coloring of G, since each neighbor

of v colored by 1 is properly colored. Thus, we can assume c(u) = 1. If a vertex
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x is colored by 2 and its neighbor on the 3-face it shares with v is colored by 1,
we may recolor x either by 1 (if it’s outer neighbor is colored by 3) or by 3 (if its
outer neighbor is colored by 1). Thus, we can assume the only vertices colored by
2 are incident to a (3,3, 7)-star-face that is not incident to a vertex colored by 1.
For simplicity’s sake, we will assume we only have one of these vertices. If we have
more, we can color them in the same manner as follows. Let w be the neighbor
of v colored 2 and f be w’s incident 3-face. Label the outer neighbor of w with

respect to f by z. We are now as in Figure 2.5.

Z

Figure 2.5. A vertex v as in Case 4 of Table 2.1

If ¢(z) = 3, we may recolor w by 1 and then color v by 2, creating a (3,0, 0)-
coloring of G, a contradiction. So we must have ¢(z) = 1. If z is nicely colored,
we may recolor w by 1 and v by 2, a contradiction. Hence, z must have three
neighbors colored by 1. If we can recolor z by either 2 or 3, we can then recolor w
by 1 and v by 2, a contradiction. Hence, z must have a neighbor colored by 3 and
a neighbor other than w colored by 2, which implies d(z) > 6, contradicting the
fact that f is a (3,3, 7)-star-face. Hence, Case 4 cannot exist in G.

We show the remaining Cases (1,6, 10, 11) together. Let v be a vertex as in
Cases 1, 6, 10, or 11. Let ¢ be a (3,0, 0)-coloring of G \ {v, N(v)}. We can extend

the coloring to the neighbors of v such that each neighbor is properly colored (this
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is possible since each u € N(v) has at most two colored neighbors). Let M denote
the set of vertices u € N(v) colored by 1.

If |M| < 3, we can color v by 1, and therefore have a (3,0, 0)-coloring of G, a
contradiction.

Notice that the size of M is at most five, (at most one vertex in each (3, 3, k)-
face can be colored 1, and the remaining vertices not in a (3,3, k)-face can be
colored 1).

First, assume |M| = 5. If each vertex not in M is colored the same color, we
can color v the third color, thus extending the coloring to a (3,0, 0)-coloring of G,
a contradiction. So the remaining (k —5) neighbors of v must use two colors. Note
that these neighbors must be in the (3, 3, k)-faces. Let x be a neighbor of v colored
by 2. Label the neighbor of z in the (3,3, k)-face by y (note that ¢(y) = 1), and
label the outer neighbor of z by w. We can recolor x by {1,3} \ {(cw)}. This can
be done with any neighbor of v colored 2. So after recoloring them, the neighbors
of v are colored either 1 or 3, and we can then color v by 2, a contradiction. Hence,
| M| #5.

So we must have | M| = 4. First, assume every (3, 3, k)-star-face is incident to
a vertex colored by 1 (note that this is impossible if £ = 10). If all u € N(v) \ M
have the same color, we can color v by the third color, a contradiction. So the
remaining (k — 4) neighbors must use both colors 2 and 3. There exists a unique
vertex not in a (3,3, k)-face that is not colored 1. Without loss of generality,
assume it is colored by 3.

Let u be a vertex in a (3,3, k)-star-face colored 2. We can recolor u in the
same manner as above (when |M| = 5), so that c(u) € {1,3}, and we can do this
for all uw € N(v) with ¢(u) = 2. We can then color v by 2, extending this coloring

to a (3,0,0)-coloring of G, a contradiction.
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Thus, there exists a unique (3, 3, k)-star-face not incident to a vertex colored
by 1. Let the said face be u, w,v with ¢(u) = 2 and ¢(w) = 3. Let z be the outer
neighbor of u. We can recolor any x € N(v) \ {u} with ¢(z) = 2 as before so that
c(x) € {1, 3}, leaving us with u being the only neighbor of v colored 2.

First, assume ¢(z) # 1. We can then recolor u by 1 and color v by 2, a
contradiction. So we must have ¢(z) = 1. If z is nicely colored, we can recolor u
by 1 and color v by 2, thus extending the (3,0, 0)-coloring to G. Therefore, z must
have three neighbors colored 1. If we can recolor z by either 2 or 3, we can recolor
u by 1, and then color v by 2, a contradiction. So z must have a neighbor other
than u colored by 2 and a neighbor colored by 3. Thus, the degree of z must be
at least six, making this (3, 3, k)-star-face a (3, 3, k)-non-star-face, a contradiction.
Hence, these remaining cases cannot exist, making the charges of each k-vertex
with 7 < k < 10 nonnegative.

If £ > 11: By A4, v gives three to each of the « incident 3-faces, and by A5,
v gives one to each of the 8 pendent 3-faces.

So we have ch*(v) = ch(v) —(Ba+p) = 2k—6—a—(2a+p) > 2k—6—a—Fk =
k—6—a>k—6—|k/2] =]k/2] —6>0.

2.6 Conclusion

We have now found that the charges on all the faces and vertices in G are
nonnegative, contradicting the fact that the sum of the charges is —12. Hence, the
graph G cannot exist. Since G was a minimal counterexample, no counterexample
exists, and we have now proven Theorem 1, that all graphs in F are (3,0,0)-

colorable.
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and near colorings,” manuscript.

27



CHAPTER 3
(1,0,0)-Colorability

3.1 Introduction

We work exclusively with finite, simple, planar graphs. We will need a few
definitions before giving our main theorem. We define a cycle with two triangular
chords as 2-chorded. A k-face is a face incident to k vertices, including multiplicity
if an incident vertex is a cut-vertex, which is a vertex that if removed, makes the
graph disconnected. We consider G, the family of planar graphs with no Cj’s, no
Cy’s, no 2-chorded Cy’s, and no 2-chorded Cy’s. See Figure 3.1 for an example
of forbidden graphs. Let a by-face (k > 8) be a k-face that is incident with a
3-vertex, which is itself also incident with faces of size 3 and 6. See Figure 3.2 for

an example. We now state our main theorem.

Theorem 1. Every graph in G with at most eleven bsg-faces is (1,0,0)-colorable.

Cy Cs
Example of a Example of a
2-chorded Cy 2-chorded Cy

Figure 3.1. Forbidden graphs in G
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We begin with some definitions and placing charges on the faces and ver-
tices of a minimal counterexample, G. In Section 3.3, we introduce some lemmas
dealing with necessary configurations as well as forbidden subgraphs in this coun-
terexample. Lastly, we discharge the charges and reach a contradiction, proving

this counterexample cannot exist and thus proving Theorem 1.

Figure 3.2. A bs-face, f

3.2 Definitions and Charges

Let G be a minimal counterexample to Theorem 1 on number of vertices, that
is, G € G with at most eleven bg-faces that is not (1,0, 0)-colorable, but G — v
for any v € V(G) is (1,0,0)-colorable. Notice first that G is connected and has
minimum degree at least 3.

A k-face that is not bounded by a k-cycle is called a bad k-face. Note that
because there are no 4- or 5-cycles in G and the minimum degree is at least 3,
there are no 4- or 5-faces in GG. The only bad 6-faces in G are of the type shown
in Figure 3.3 (where the bad face is the outer face). There are no bad 7-faces in
G, and the only bad 8-faces in G are of the type shown in Figure 3.4 (also shown
as the outer face). The only bad 9-faces in G are of the types shown in Figure 3.5.
From here on, the dashed lines in figures represent the possible existence of more
edges.

A (dy,dy, d3)-face is a 3-face with vertices vy, vo,v3 such that d(v;) = d; for
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Figure 3.3. A bad 6-face

Figure 3.4. A bad 8-face

i =1,2,3, where d(v;) is the degree of v;. Similarly, d; can be replaced with d;",
meaning d(v;) > d; or d; , meaning d(v;) < d;. We call a (3, 3,3%)-face where the
outer neighbor of each 3-vertex is of degree 3 a poor-face.

Let B(k) be the set of 3-vertices that are incident to faces of size 3, 6, and
k. Observe that the two 6-faces adjacent to v € B(6) must be distinct (otherwise
there are too many edges). Vertices in these B(k) sets will become important in
the discharging procedures in Section 3.4.

A bg-face is defined to be a 6-face that is incident to at least one vertex
v € B(6)UB(9). Notice that a by-face, k > 8 is now also defined as a k-face that is
incident to at least one v € B(k). It is clear that a bg-face cannot be a bad 6-face,
as any triangle adjacent to it would create a 4-cycle. A bad 9-face of Type 1 cannot
be incident to any v € B(9), as the resultant 3-face would create a 4-cycle. A bad
9-face of Type 2 can be incident to at most two v € B(9) (otherwise, there would
be two 3-faces adjacent to the 6-cycle, creating a 2-chorded 8-cycle, or there would
exist a 4-cycle).

Let f be a (3,3,5")-face such that the outer neighbor of one of the 3-vertices
is degree 3, the outer neighbor of the other 3-vertex is at most 4, and f is adjacent

to two bg-faces and a bj-face, with j = 6 or 9 as in Figure 3.6. We call such a face
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Type 1 Type 2

Figure 3.5. Two bad 9-faces

a 3*-face. We call the face g (shown in Figure 3.6) a special bg-face. The outer
neighbors of the 3-vertices on f cannot be incident to 3-faces, as g can only be
adjacent to one 3-face, namely f. Let G(k) be the set of k-vertices, k > 3, that

have incident and pendent faces as seen in Figure 3.7 (where j = 8 or 9).

Figure 3.7. A vertex u € G(k) (j =8 or 9)

We now assign each face and vertex of G a charge, denoted by ch. Let F

denote the set of faces in G and V' denote the set of vertices in GG. We start with
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ch(z) = d(x) —4 for x € VU F, where d(z) is the number of vertices incident to

x (counting multiplicities if x is incident to a cut-vertex) for x € F. By Euler’s

Formula, Z ch(z) = —8.
zeVUF
After establishing some properties of G, we will redistribute the charges to the
faces and vertices, while never changing the total charge. Afterwards, we will show
that the new charge of each face and vertex is such that the sum cannot equal —8.

Therefore, this graph G cannot exist, thus proving Theorem 1, that all graphs in

G with at most eleven bg faces are (1,0, 0)-colorable.

3.3 Lemmas

We now give some lemmas describing necessary and forbidden configurations
in G.
Lemma 1. The outer neighbor of every 3-vertex in a (3,3,47)-face in G has degree

at least 4.

Proof. Let f = [u,v,w| be a (3,3,47)-face, that is, d(u) = d(v) = 3 and 3 <
d(w) < 4. Without loss of generality, we can assume d(w) = 4. Label the outer
neighbor of u by ' and the outer neighbor of v by v’. For a contradiction, assume
d(u') = 3. Let ¢ be a (1,0, 0)-coloring of G\ {u, v, w,u'}. Properly color v, w, and
u’. This is possible as each vertex has at most two neighbors colored when we color
it. If v, w, and v’ use only two colors, we can properly color u, a contradiction.
Hence, we can assume each of these vertices uses a different color. If ¢(v) = 1 or
c(u’) = 1, we may color u by 1, creating a (1,0, 0)-coloring of G, a contradiction.
Thus, ¢(w) = 1. Without loss of generality, assume c(u') = 2 and ¢(v) = 3. If the
remaining neighbors of w do not use the color 1, we can color u by 1. Hence, one
of the neighbors of w is colored 1. If the last neighbor of w is colored by 3, we can
recolor w by 2 and properly color v by 1. Hence, the remaining neighbor of w must

be colored by 2. We can then recolor w by 3, recolor v by {1, 2, }\{c(v’)}, and color
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u by 1. We can do the same for v if d(v') = 3, and for w if we assume d(w) = 3.
Since this contradicts the fact that G is not (1,0, 0)-colorable, this configuration
cannot exist in G, and the outer neighbors of the 3-vertices in a (3, 3,47 )-face in

G must have degree at least four. m

Lemma 2. Let v be a 5-vertex in G incident to two (3,3,5)-faces. The outer
neighbors of both of the 3-vertices on one of the (3,3,5)-faces must have degree at

least four.

Proof. For a contradiction, assume at least one 3-vertex on each (3, 3,5)-face has
an outer neighbor of degree three. Let the vertices be labeled as in Figure 3.8,

where d(z') = d(y') = 3.

Figure 3.8. Impossible configuration, as in Lemma 2

Let ¢ be a (1,0,0)-coloring of G \ {u,v,w,z,y}. Properly color u,w,x,y.
This is possible as each vertex has at most two neighbors colored when we color
it. At most three neighbors of v are colored by 1 (z and one neighbor in each
3-face). If exactly three neighbors are colored by 1, we may assume the remaining
two neighbors are colored differently, otherwise we could then properly color v.
Suppose, without loss of generality, that vertex u is colored by 2. We can recolor
u by {1,3} \ {c(v')} and then color v by 2. This is a (1,0,0)-coloring of G, a
contradiction.

We next assume two neighbors of v are colored by 1. We break this into two

cases, depending on the color of z.

33



Case 1: ¢(z) = 1.

We can assume the vertices on one of the 3-faces are colored using the colors 1 and
2, while the other face uses the colors 2 and 3. Without loss of generality, assume
the face with vertices w and y use the colors 2 and 3. If ¢(y) = 3, we recolor y by
1. The only possible problem with this would be if ¢(y’) = 1 and ¢ already has
a neighbor colored by 1. In this case, we recolor 3’ by the color not used on its
neighbors. Since d(y') = 3, we know such a color exists. If ¢(w) = 3, we recolor w
by {1, 2} \ {c(w’)}. If the color of w is now 2, we recolor y by 1. As above, the only
problem would occur if ¢(y’) = 1 and it has a neighbor other than y colored 1, in
which case we color 3’ with the color not used on its neighbors. In either situation,
we may now color v by 3, a contradiction, proving this case cannot exist.

Case 2: ¢(z) # 1.

Without loss of generality, assume ¢(z) = 2. One vertex in each incident (3, 3,5)-
face is colored by 1. Assume c¢(w) = 3. We recolor w by {1,2} \ {c(w')}. We do
the same thing to w or z if either of them are colored by 3. We can then color v
by 3, a contradiction.

Now, we may assume at most one neighbor of v is colored by 1. If ¢(z) # 1,
we may color v by 1, a contradiction. Hence, we must have ¢(z) = 1. Notice this
implies that the vertices on each 3-face are colored by 2 and 3. We again break
this into two cases.

Case 3: Two vertices in the (3,3,5)-faces with outer neighbors of degree 3 are
colored the same color.

Without loss of generality, assume c(x) = ¢(y) = 2. We recolor x and y by 1. If
c(z') = 1 and already has a neighbor colored by 1, we recolor 2’ by the color not
used on its neighbors, and we do the same for 3/ if necessary. We can then color v

by 2, a contradiction. Hence, this case cannot exist.
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Case 4: d(u') > 4, d(w') > 4, and c(u) = ¢(y).
Without loss of generality, assume c¢(u) = 3. We recolor u by {1,2}\ {c(u/)}. If u
is now colored by 2, we can recolor x by 1, recoloring z’ if needed as above. We
then recolor y by 1, again recoloring y' if needed as above. We can now color v by
3, reaching a contradiction. Hence this case cannot exist.

We have now shown that both outer neighbors on at least one of the (3,3, 5)-

faces incident to a 5-vertex must have degree at least four. O]
Lemma 3. A 6- or 7-face in G cannot be adjacent to more than one 3-face.
Proof. 1t creates either a 2-chorded Cy or a 2-chorded Cy. O
Lemma 4. No 3-faces in G may be adjacent.

Proof. 1t creates a 4-cycle. O
Lemma 5. A 6-face f in G cannot be incident to six 3-vertices.

Proof. We break this into two cases.

Case 1: f is a bad 6-face.

We know there exists a 47-vertex in f (vertex u in Figure 3.3).

Case 2: f is bounded by a 6-cycle.

For a contradiction, suppose such a 6-face f exists. Let the vertices on f be labeled
V1, Vg, ..., Vg in a counterclockwise order. Label the vertex adjacent to v; but not
on f by v, for 1 < i < 6. Choose a (1,0,0)-coloring of G \ {v1,vs,...,v6}. If
each v} is colored the same color, we may alternate the colors of each v; using
the two remaining colors. Hence, we may assume that v; and v}, use two different
colors. Color vy by the color used on v}, and then proceed to color the vertices
in a counterclockwise manner, starting with vs. There will always be at least one

unused color to choose from to color v;, 1 < i < 6. O
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3.4 Discharging
We discharge the charges in the following manner:
Charges from a vertex:
V1: A 4-vertex gives % to every incident 3-face.
V2: A b-vertex gives % to every incident 3*-face, 1 to every remaining incident
(3,3, 5)-poor-face, % to every remaining incident (3,3, 5)-non-poor-face, and % to
every other incident 3-face.
V3: A 61-vertex gives % to every incident 3*-face and 1 to every other 3-face.

V4: A 41-vertex gives  to every pendent 3-face.

W=

Charges from a face:

7

F1: A bg-face gives 3 to every incident v € B(6), & to every incident v € B(9),

1
3
to every other 3-vertex, and % to every incident 4"-vertex.

F2: A T-face gives % to every incident 3-vertex that is also incident to a 3-face and

% to every other incident vertex.

F3: A bg-face gives 3 to every incident v € B(8),

O~

to every incident v € G(k),

and % to every other incident vertex.

F4: A by-face gives 1 to every incident v € B(9),

Ol

to every incident v € G(k),
and % to every other incident vertex.

F5: A by-face, 10 < k < 11, gives 2 to every incident v € B(k) and £ to every

other incident vertex.

F6: Every remaining 6-face f gives Cg((ff)) to every incident vertex.

F7: A 3*-face gives % to the adjacent special bg-face.

If fis a bad k-face, then it is incident to some cut-vertex v, where v has
multiplicity n on f. Suppose f gives a charge equal to m to v by one of the rules
above. Then in total, v receives nm from f.

This does not come into play when f is a 3-face or when v € B(k) for any k.
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As stated before, a bad 6-face cannot be a bg-face, and any vertex v € B(k) for

k > 8 is incident to three distinct face sizes.

3.5 New Charges

Let the new charge be denoted by ch*. First, we prove the new charge on each
7~ -face is non-negative.
Let f be a 3-face. The initial charge of f is ch(f) = d(f) —4 = —1. Notice that
if f is not a 3*-face, it does not give charge to anything.
f = (3,3,47): The outer neighbor of each 3-vertex has degree at least four by
Lemma 1, so they each give f % by V4. If the third vertex is a 4-vertex, it gives %
by V1, otherwise it is a 3-vertex, and its outer neighbor gives % to f by V4. So,
ch*(f) > —1+3(1) =0.
f=1(3,3,5):
Case 1: f is a 3*-face.
The 5-vertex gives g to f by V2 and f gives % to the special bg-face by F'7, giving
ch*(f)>-1+%f—-%=0.
Case 2: f is a (3,3, 5)-poor-face that is not a 3*-face.
The 5-vertex gives 1 to f by V2, s0 ch*(f) =—-14+1=0.
Case 3: fis a (3, 3,5)-non-poor-face that is not a 3*-face.
At least one of the 3-vertices on f has an outer neighbor of degree at least four,
and so that vertex gives % to f by V4. The 5-vertex gives % to f by V2, leaving
ch*(f) > -1+4+2=0.
f=(3,3,6"):
Case 1: f is a 3*-face.
The 6T -vertex gives % to f by V3 and f gives % to the special bg-face by F'7, so
ch*(f)>-1+%f—-%=0.

Case 2: f is not a 3*-face.
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The 6*-vertex gives 1 to f by V3, so ch*(f) > -1+ 1=0.
f = (3%,47,4%): Each 4"-vertex gives at least 3 to f by V1 — V3, so ch*(f) >
-14+2(3) =0.
There are no 4- or 5-faces.
Let f be a 6-face. The initial charge of f is ch(f) =d(f) — 4 = 2.
Case 1: f is not a bg-face.
We have ch*(f) =2 —6(2) = 0 by F6.
Case 2: f is a bg-face.
We know that it can be adjacent to at most one 3-face (otherwise it creates a
2-chorded 8-cycle), so it can be incident to at most two vertices v € B(6) U B(9).
We know there exists a 47-vertex on f by Lemma 5. If f is incident to only
one v € B(6) U B(9), then f gives at most 1 to it, # to the 4T-vertex, and at most
3 to the remaining four vertices by F1, which leaves ch*(f) > 2—3—¢—4(3) = 0.
Suppose [ is incident to two v € B(9). Then f gives %% to each of them, &
to the 4T-vertex, and at most % to the remaining three vertices, leaving ch*(f) >
2-2(F)-t-2() =% >0
Next, suppose f is incident to one v € B(6) and one v € B(6) U B(9). We
know these two vertices must be incident to the same 3-face, call it g, adjacent to
f, since f can only be adjacent to one 3-face. If the third vertex on g has degree 3
or 4, then by Lemma 1, we know that the outer neighbor of each of the 3-vertices
has degree at least four, which means f gives % to the vertex v € B(6), at most
3 to the other vertex u € B(6) U B(9), § to each 4™-vertex, and at most 3 to the
remaining two vertices. This gives ch*(f) > 2 —2(3) — 2(3) — 2(5) = 0.
So we can assume the third vertex on g has degree at least five. If g is a
3*-face, g gives 3 to f by F7, and we get ch*(f) >2—-2(35) — —3(5) + 5 = 0.

Otherwise, both outer neighbors of the 3-vertices on g have degree at least four,

38



giving us ch*(f) > 2 —2(3) —2(3) — 2(3) = 0.
Let f be a 7-face. The initial charge of f is ch(f) =d(f) —4 = 3.
The face [ gives % to any incident 3-vertex that is also incident to a 3-face, of
which, f can be incident to at most two. The face also gives % to every remaining
vertex. Hence, ch*(f) >3—2(2) —5(%) =0.

We hold off on looking at faces of size 8 for now. We have a few more lemmas

before we look at 9*-faces.

Lemma 6. Let [ be a by-face, k > 8, in G. Any two consecutive vertices in B(k)

on [ must form a 3-face.

Proof. Suppose they do not. Then they must have the form of Figure 3.9.

/" N/
Figure 3.9. Impossible configuration, as in Lemma 6, where u,v € B(k)

However, this gives us a 6-face adjacent to two 3-faces, contradicting Lemma

3. O
Corollary 1. A by-face, k > 8, cannot have three consecutive vertices in B(k).

Proof. There must exist two consecutive vertices in B(k) not on the same 3-face.

]

Corollary 2. A by-face, k > 8, cannot be incident to more than L%j vertices in

B(k).
Proof. There exist three consecutive vertices in B(k). O

We now prove the charges on 9%-faces are nonnegative.
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Let f be a 9-face. The initial charge of f is ch(f) =d(f) —4 =5.

Case 1: f is not a bg-face.

We have ch*(f) =5—9(3) =0 by F6.

Case 2: f is a bg-face.

Suppose [ is incident to n vertices in B(9). By Corollary 2, we know n < 6.
Suppose n < 4:

The face f gives % to the n vertices in B(9) and at most % to the remaining

vertices by F'4, leaving ch*(f) > 5 — n(%) —(9—n)(i) =2 .

18

Figure 3.10. All possible 9-faces with five vertices in B(9) (labeled vy, vo, ..., v5)

Suppose n = 5:
Notice that f must be bounded by a 9-cycle. There are three possible con-
figurations, see Figure 3.10. In all three cases, f is incident to at least

one vertex u € G(k), since f; and fs must both be bg-faces. This gives
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ch*(f) >5—5(3)—3(3) — 4 =0by F4.

Suppose n = 6.

Again, notice that f must be bounded by a 9-cycle. There is only one possible
configuration for this, see Figure 3.11. Notice all three vertices not in B(9) must be
in G(k) for some values of k, since we must have d(f;) = d(f2) = ... = d(fs) = 6.
This gives ch*(f) =5 — 6(15) — 3(3) = 0 by F4.

Figure 3.11. A 9-face with six vertices in B(9)

Let f be a k-face with 10 < k < 11. The initial charge of f is ch(f) =
d(f)—4=k—4.

Case 1: f is not a b-face.

We have ch*(f) = ch(f) — d(f)5E = 0 by F6.
Case 2: f is a by-face.
Let f be incident to n vertices in B(k). We know by Corollary 2, n < [Z]. If

kE=10,n<6,andif k =11, n <7, giving us n < k—4 in either case. This means

Ch*(f) > k—4— n(%) o (k o n)(%) — 3k72724 > 2k+;1724 — ngQO > 0 by F5.

Let f be a 121-face.

We have ch*(f) = ch(f) — d(f)5HE = 0 by F6.

Hence, all the faces, except possibly some 8-faces, have nonnegative charge.

We now look at the charges on each vertex. Since a face gives some amount of
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charge to a vertex every time the vertex is counted on the face, we may assume
from here on that the faces incident to a vertex are distinct, that is, a k-vertex is
incident to k faces.

Let v be a 3-vertex. The initial charge of v is ch(v) = d(v) — 4 = —1.

Case 1: v € B(6).

Each incident bg-face gives v 3 by F1. This gives ch*(v) = =1+ 2(3) = 0.

Case 2: v € B(8).

The 6-face gives v % by F'1 or F6, and the bsg-face gives % by F3, which leaves
ch*(v) = =145+ 2=0.

Case 3: v € B(9).

The bg-face gives v % by F'1 and the by-face glves by F4,so ch*(v) = -1+ % +
1—8 = 0.

Case 4: v € B(k) with 10 < k < 11.

The 6-face gives % by F1 or F6, and the bi-face gives % by F'5, which leaves
ch*(v) = =143+ 2=0.

Case 5: v ¢ B(k) for any k£ < 11 but is incident to a 3-face.

Let the two remaining incident faces be labeled f; and f;. They are either of
degree 6 and 7, of degree 6 and at least 12, or both of degree at least 7. In the first
two instances, the 6-face gives v % and the other face gives v at least %, leaving
ch*(v) > —1+ % + % = 0. In the last instance, both faces give at least 1, leaving
ch*(v) > =142 (%) =0.

Case 6: v is not incident to a 3-face.

Each face incident to v is of degree at least six, which means each face gives at
least 3 by F'1— F6. We get ch*(v) > —1+3(35) = 0.

Let v be a 4-vertex. The initial charge of v is ch(v) = d(v) — 4 = 0.

Case 1: v is not incident to a 3-face.
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If v has two or less pendent 3-faces, then all the faces incident to v are 67 -faces,
which give at least § to f by F1— F6, giving us ch*(v) > —2(3) + 4(3) = 0.
If v has 3 or 4 pendent 3-faces, then v must be incident to at least two 8*-faces,

L to v, and v is incident to at most two 6- or 7-faces,

each of which gives at least 5
cach of which gives at least ¢. This gives ch*(v) > —4(3) +2(3) +2(3) = 0.
Case 2: v is incident to one 3-face.
If v has no pendent 3-face, then the remaining faces are 67-faces which give at
least ¢ to v, giving us ch*(v) > —5 +3(3) = 0.
If v has one pendent 3-face, then at least one of the faces incident to v is an
8*-face, leaving ch*(v) > —3 — + + 3 +2(g) = 0.
If v has two pendent 3-faces, then the other three faces v is incident to must
be 8*-faces, and ch*(v) > -1 —2(3) +3(3) = 5 > 0.
Case 3: v is incident to two 3-faces.
Each of the other two incident faces must be 8-faces. Thus, ch*(v) > —2(3) +
2(3) =0.
Let v be a 5-vertex. The initial charge of v is ch(v) = d(v) — 4 = 1.
Case 1: v is not incident to a 3-face.
We have at most five pendent 3-faces and five incident 6*-faces, giving us ch*(v) >
1—5(3) +5(5) = § > 0.
Case 2: v is incident to one 3-face.
The incident 3-face receives at most % from v. If v has one or less pendent 3-faces,
then the other four incident faces are 6-faces and ch*(v) > 1—I—3+4(g) = § > 0.
If v has two pendent 3-faces, then v must be incident to at least two 8*-faces,
and ch*(v) > 1—2+2(3)+2(3) =3 > 0.
If v has three pendent 3-faces, then v must be incident to four 8*-faces, giving

ch*(v) >1—7—=3(3)+4(3) =2 >0.
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Case 3: v is incident to two 3-faces.

Suppose v does not have a pendent 3-face. By Lemma 2, at most one of the
incident 3-faces may be a 3*-face. Also by Lemma 2, both 3-faces cannot be poor.
So, v gives at most % to at most one of the 3-faces, and v gives at most % to the
remaining incident 3-face. One of the remaining incident faces must be an 8*-face,
giving ch*(v) > 1 -2 -2+ 1 4+2(3) =0.

If v has a pendent 3-face, then all three of the remaining faces must be 8-
faces, and so neither of the incident 3-faces can be 3*-faces. Thus, v gives at most
1 to each face by V2, giving us ch*(v) > 1—2(1) — 3 +3(5) = § > 0.

Let v be a k-vertex with k > 6. Suppose v is incident to « 3-faces. Note that
o < |£]. The initial charge of v is ch(v) = d(v) —4 =k — 4.
Case 1: v € G(k) incident to n (bg, bs, bg) or (bg, b, bs) face combinations.

Notice that a@ < L%J, since each of the bg-faces next to the bg- or bgy-
face cannot be adjacent to any 3-faces on v (since they are already adjacent to a
pendent 3-face of v).

Each incident 3-face receives at most % from v by V'3, each pendent 3-face (of
which there are at most (k — 2a)) receives 3 from v by V4, each of the n bs- or
bo-faces of the (bg, bs, bg) or (bg, by, bg) variety give g to v by F3 or F'4, and each of
the remaining (k — o — n) faces are 6™-faces, giving at least % to v by F'1 — F6.
This gives:

() > k1= a(d) — (k= 20)(5) +n(d) + (k —a—n)(})
= 2k—2a+3Zn—4
= (16k — 120+ 5n — 72)

> (15K — 12(5=2=1) + 50 — 72)

= (9% + 23n — 66)
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> (9% + 23 —66)
= (9% —43)
> 0

Case 2: v ¢ G(k) and k = 6.
Case 2A: a = 0.
The vertex v can have at most six pendent 3-faces, and all incident faces give at

least ¢ to v by F1 — F6, leaving ch*(v) > 2 —6(35) + 6(5) =1 > 0.

G
Case 2B: a = 1.
The vertex v gives at most % to the 3-face by V3, v has at most four pendent
3-faces, and the five remaining faces each give at least % to v. Thus, ch*(v) >
214y +5(hy=1>0.
Case 2C: a = 2.
If v has no pendent 3-faces, then v is incident to four 6*-faces, giving ch*(v) >
2-2(0)+4(3)=1>0.

If v has one or two pendent 3-faces, then v must be incident to at least two
8*-faces, giving ch*(v) > 2 —2(3) — 2(3) +2(3) +2(3) = 1 > 0.
Case 2D: o = 3.
All remaining faces must be 8"-faces, and we get ch*(v) > 2 —3() + 3(3) = 0.
Case 3: v ¢ G(k) and k > 7.
Case 3A: a < | £].
Each incident 3-face receives at most % from v by V3, each pendent 3-face (of which
there are at most (k — 2a)) receive 3 from v by V4, and each of the remaining
(k — ) faces give at least § to v by F1— F6, making ch*(v) > k—4—a(g) — (k—
2a)(3) + (k

—a)(3)=32k-2a-4>3%k-2%) -4=Lk-4>0.
Case 3B: o > | £].

6

At least (3ae — k) incident faces of v must be 8*-faces. This is because every time
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four consecutive neighbors of v form two 3-faces, the face between them must be an
8*-face. The vertex v may have up to (k—2a) pendent 3-faces, and the remaining
(2k — 4a) faces are 67-faces. Thus, ch*(v) > k —4 — a(%) — (k — 20)(5) + (3o —
BYG)+(2k—4a)3)=3k+ia—-4>tk+1(E) —4=Hk-4>0.

We have now shown that the new charge on each vertex in GG is non-negative.
We look at the new charge on each 8-face next.

Let f be an 8-face. The initial charge of f is ch(f) =d(f) —4 = 4.
Case 1: f is not a bg-face.
We have ch*(f) =4 —8(3) =0 by F6.
Case 2: f is a bg-face.
Suppose f is incident to n vertices in B(8). By Corollary 2, we know n < 5.
Suppose n < 4:

The face f gives % to the n vertices in B(8) and at most % to the remaining vertices.

Thus, ch*(f) >4 — n(%) — (8 — n)(%) - _

|3

2_

wino

Suppose n = b:
There is only one possible configuration, see Figure 3.12. At least two of the

remaining incident vertices must be in G(k) for some k (w; and wy in Figure 3.12)

since d(f1) = d(f2) = d(fs) = d(fs) = 6, giving us ch*(f) > 4 — 5(%) - 2(%) - % =

13
18"

Figure 3.12. An 8-face with five vertices in B(8) (labeled vy, v, ..., v5)
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We will now show a contradiction to the fact that the sum of the charges must

equal —8. Recall that at most eleven bg faces exist in G. Then we have:

8= S et () + Y e (f) =Y e (f)

veV feF feF
= Y ' (N)+ Y ()
feF feF
d(f)#8 d(f)=8
> ) ()
fer
f is a bg-face
> 11(-5)
143
18

This is a contradiction. This completes the proof of Theorem 1.

3.6 Conclusion

While Steinberg’s Conjecture is still open, much progress has been made over
the past few years. Bu, Xu, and Wang [1] have compiled the progress on (1,0, 0)-
colorability of planar graphs without certain short cycles. There are papers that
claim for every triple (4, j, k), planar graphs without cycles of length 4, j, or k
are (1,0,0)-colorable whenever 4 < j < k < 9. Mondal [2, 3] claimed to have
proven that all planar graphs without cycles of length 4, 5, and 8 are 3-colorable
and further that all planar graphs without 5- and 8-cycles and without adjacent 3-
cycles are also 3-colorable. Chapter 4, however, will give reasons why these proofs

of Mondal’s are invalid.
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CHAPTER 4

Future Work
4.1 Planar Graphs with no 5- or 8-Cycles or Adjacent 3-Cycles

In 2012, Mondal [1] claimed to have proven that all planar graphs without
cycles of length 5 or 8 and without adjacent triangles are 3-colorable. Several
flaws exist in the proof. We have managed to correct most of them.

In the paper, he attempts to prove that any proper 3-coloring of a given certain
type of cycle of a planar graph without 5- and 8-cycles and without adjacent
triangles can be extended to the whole graph. He uses a minimality argument
similar to Chapters 2 and 3. He lets G be a minimal (on number of vertices and
edges) counterexample to his theorem.

He gives charges to the vertices and faces and then list a discharging method,
just as in Chapters 2 and 3. However, the charges he assigns to the vertices
(d(v) — 6) and the faces (2d(f) — 6 for f € F(G)\ fo and d(fo) + § where f; is
the outer face of GG) in the second paragraph of Section 3 [1] do not coincide with
the charges he actually uses (d(z) — 4 for z € V(G) U F(G) \ fo and d(fo) + 4).
In addition, when he attempted to show the new weights are nonnegative for all
xz € V(G)UF(G) and the new weight of the outer face is positive, he ignores some
of the discharging rules. Most significantly, we show here that there exist multiple
faces which, according to the discharging methods he used, have a negative final
charge.

We now give some counterexamples to his claims that each face has a nonneg-
ative final charge. The following are the discharging procedures used throughout
his paper:

RO. Each 3-face f = xyz receives % from each adjacent face.

R1. Every 3-vertex v ¢ C receives 3 from each incident face, unless v is incident
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with one 3-face, in which case v receives % from each of the two > 3-faces.
R2. Every 2-vertex receives g from the external face, and % from the other adjacent
(i.e. internal) face.
R3. The external face fj gives 1 to each incident vertex of degree at least 3.
R4. Let vy, vy, v3 be consecutive vertices of external face fy with d(vy) > 4. Then
vy gives 1 to each incident face not incident with edges v1v, and vovs. Furthermore,
if the internal face receiving 1 is a 3-face (vozy) where x and y do not belong to
fo, then it passes the 1 to the neighboring internal face.
R5. Each 9*-face f # fy gives W to fo.

By the definition given in [1], a tetrad is the configuration shown in Figure
4.1, where d(vy) = d(ve) = d(vs) = d(vs) = 3 and each of the vertices vy, vo, v3, Vg
are interior (i.e., not on the external face). In the paper, he uses the fact that a
k-face f cannot be incident with a tetrad. However, he is ignoring the cases when
a pseudo-tetrad appears, where a pseudo-tetrad is a tetrad such that any of the
vertices vy, vs, U3, v4 may be on the external face. This would increase the charge
that f gives away, making it possible that the final charge is negative. See Figure
4.2 for an example, where the dashed lines represent edges on C'.

u t
VANRAN

I V1 Vg Vs U4 113/

Figure 4.1. A tetrad

See Figures 4.3 and 4.4 for more examples of internal faces with negative final
charge that are not incident with a tetrad of any kind.

We would also like to point out that Mondal [2] has a paper claiming to prove
that all planar graphs without cycles of length 4, 5, and 8 are 3-colorable. The

proof is very similar to this one and also has several flaws in it. A major flaw is

20



Figure 4.2. An internal face incident with a pseudo-tetrad where w'(f) = —

=

Figure 4.3. An internal 9-face f with w’(f) = —¢ not incident with a tetrad

in the proof of the claim that there are no 6-faces other than possibly the external
face (like Claim 12 in [1]). He starts off by saying that if there does exist a 6-face
f, it cannot be adjacent to a triangle. The proof goes as follows:

“If f has an adjacent 3-cycle, we remove the common edge between f and the
3-cycle. The resulting graph is smaller than G, and does not have any 4-, 5- or
8-cycle. So we assume that G does not have any adjacent 3-cycle.”

He ignores the fact that he must show he can extend the coloring of G — e
to GG, which would be impossible if the two end-vertices of the edge are colored
the same. He also only states, and does not prove, that collapsing the 6-face by
identifying two certain vertices cannot make the external face bad, which is a term

he uses in both [2] and [1].
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Figure 4.4. An internal 10-face f with w'(f) = —1 not incident with a tetrad

4.2 Steinberg’s Conjecture

We would like to classify graphs which have no 4- and 5- cycles and minimum
degree 3, and therefore gain an understanding of the structure of such a graph were
there to exist a minimal counterexample to Steinberg’s Conjecture. We already
know that these graphs must be 2-connected and have minimum degree at least
three. By a discharging procedure, we proved that we can narrow down the list of
potential counterexamples by looking at the structural properties of faces of sizes
6 through 9. We know that certain kinds of cycles must exist in such a graph. In
that way, we narrow down the possibilities for minimum counter examples. For
example, we know that we cannot have an even cycle incident to all vertices of
degree three. The proof of this is the same as the proof of Lemma 5 in Chapter 3.
Of course, it is our ultimate goal to one day either prove or disprove Steinberg’s

Conjecture as a whole.
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