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On the Generation of Roll Vortices due to the Inflection Point
Instability of the Hurricane Boundary Layer Flow

KUN GAO AND ISAAC GINIS

Graduate School of Oceanography, University of Rhode Island, Narragansett, Rhode Island

(Manuscript received 13 November 2013, in final form 30 May 2014)

ABSTRACT

Horizontal roll vortices, or rolls, are frequently observed in the hurricane boundary layer (HBL). Previous

studies suggest that these rolls can be generated by the inflection point instability of the HBL flow. In this

study we investigate the formation of rolls due to this mechanism in the axisymmetric HBL using a numerical

approach that explicitly resolves rolls. The effects of mean HBL wind and stratification distributions on rolls

are evaluated.We identify two important factors of themeanHBLwind that affect the characteristics of rolls.

The dynamical HBL height affects the wavelength of rolls, and the magnitude of the mean wind shear affects

the growth rate of rolls. As a result, under neutrally stratified HBL, the wavelength of rolls increases with the

radius (out of the radius of maximum wind), while the growth rate of rolls decreases. The stratification also

plays an important role in the generation of rolls. The stable stratification suppresses the growth of rolls

because of the negative work done by the buoyancy force. Nonuniform stratification with a mixed layer has

less suppressing effect on rolls. Rolls can trigger internal waves in the stably stratified layer, which have both

vertically propagating and decaying properties. We derive analytical solutions for the internal waves, which

relate the properties of the internal waves to the boundary layer rolls. We find the properties of the internal

waves are affected by the mixed-layer height.

1. Introduction

Recent observations suggest that horizontal roll vorti-

ces, or rolls, frequently occur in the hurricane boundary

layer (HBL). Most of these observations were obtained

by Doppler radar from landfalling hurricanes (Wurman

and Winslow 1998; Morrison et al. 2005; Lorsolo et al.

2008; Ellis and Businger 2010). In the radar observations,

rolls are detected because they induce organized pertur-

bations in the wind field. The wavelength of rolls esti-

mated from the radar observations is highly variable,

ranging from a few hundred meters to a few kilometers.

For example, Lorsolo et al. (2008) observed rolls in

Hurricanes Isabel (2003) and Frances (2004) with wave-

lengths ranging from 200 to 650m. Morrison et al. (2005)

found the majority of rolls during the landfalls of four

hurricanes had wavelength in the range 1–2km. Synthetic

aperture radar observations identified rolls with wave-

lengths of 3–6km (Katsaros et al. 2000). Zhang et al.

(2008) provided the first in situ measurement of the roll-

induced vertical fluxes in the HBL and showed that the

rolls enhanced the total turbulent momentum and mois-

ture fluxes in the HBL. However, the mixing effects of

rolls are not represented in current hurricane models,

which may limit their forecast accuracy. To represent the

roll-induced vertical momentum and energy transports in

hurricane numerical models, we must better understand

their formation mechanism.

The formation mechanism and characteristics of rolls

in the HBL were studied based on theoretical and nu-

merical approaches. Foster (2005) applied linear and

nonlinear analyses to theHBLmomentum equations and

argued that rolls are expected to be a common feature in

the HBL. He demonstrated that the inflection points in

the basic-state wind profiles cause the instability and lead

to the generation of rolls. Suchmechanism is analogous to

the classical Ekman boundary layer instability (Faller

1965; Lilly 1966; Brown 1970, 1972). Since this type of

instability is related to the inflection point in the bound-

ary layer wind profile, it is commonly referred to as the
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inflection point instability. Wavelengths of the rolls esti-

mated by Foster (2005) were similar to those observed by

Morrison et al. (2005). Nolan (2005) used both a non-

linear axisymmetric model and a linear instability anal-

ysis approach to investigate the instability in theHBL.He

also found that inflection points in the HBL wind profiles

are responsible for the formation of rolls, which have

wavelengths of 3–5km. Zhu (2008) used the Large-Eddy

Simulation version of the Weather Research and Fore-

casting model (WRF LES) nested within the WRF me-

soscale model to simulate large eddies in a landfalling

hurricane. He found roll-like perturbations existed in a

statically stable boundary layer environment, suggesting

these features were generated by the inflection point in-

stability rather than the thermal instability. Nakanishi

andNiino (2012) conducted anLES study at two different

locations in the idealized HBL. By applying the EOF

analysis to the model results, they identified rolls gener-

ated by the inflection point instability with spatial scales

similar to those found by Foster (2005).

These previous studies investigated the rolls in neutral

or near-neutral stratification (Foster 2005; Nolan 2005) or

the rolls at specific locations within the HBL (Zhu 2008;

Nakanishi and Niino 2012), but they did not systemati-

cally examine the conditions favorable for the formation

of rolls by the inflection point instability and the impacts

of the mean wind and stratification on the characteris-

tics of rolls. In this study, we aim to gain a more com-

prehensive understanding of the formation of rolls under

various HBL conditions and identify the important

mean-flow factors affecting the characteristics of rolls.

Specifically, this study addresses the following questions:

What factors affect the spatial and temporal character-

istics of the rolls generated by the inflection point in-

stability?What are the spatial variations of the rolls in the

HBL? What are the effects of stratification on the rolls?

To answer these questions, we use a numerical approach

that explicitly resolves the rolls in the HBL. We examine

the formation and characteristics of rolls under various

ambient environments by a set of idealized numerical

experiments.

2. Method

a. Modeling approach

We assume that rolls can be separated from the large-

scaleHBL flow because of their small spatial scale. Based

on this assumption, we decompose the HBL flow vari-

ables into the mean and perturbations, as a5 a1 a0,
where a can represent the velocity vector, potential tem-

perature, etc. Similar flow decomposition approach was

applied by Ginis et al. (2004) and Foster (2005) for

studying boundary layer eddies or rolls under hurricane

condition. In this study, the mean component repre-

sents the large-scale HBL flow, which consists of the

primary cyclonic circulation and the secondary circu-

lation induced by surface friction; the perturbations

represent the rolls, which are the small-scale features

generated by the inflection point instability of the mean

HBL flow.

For simplicity, the mean HBL flow is assumed axi-

symmetric and therefore can be described in a cylindri-

cal coordinate system (r, l, z). Observations suggest

that rolls have quasi-two-dimensional structures and they

are elongated approximately in the mean wind direction.

We use a local Cartesian coordinate system (x, y, z) for

the rolls at large radius in the hurricane (radius larger

than the radius of the maximum wind). The system

(x, y, z) is set up in such a way that the y axis is parallel to

the direction in which the rolls are aligned. We will refer

to the y axis (x axis) as the along-roll axis (cross-roll axis).

The along-roll variations of the perturbations are assumed

negligible; that is, ›a0/›y5 0, where a0 represents the

variables associated with roll motions. This assumption

allows for reducing the three-dimensional equations for

the rolls into two-dimensional equations written in an x–z

plane. To distinguish the velocity components projected

onto the two different coordinate systems, we use up-

percase letters (U, V, W) to represent the wind compo-

nents in the cylindrical coordinate system and lowercase

letters (u, y, w) to represent the wind components in the

local Cartesian coordinate system. If the angle between

the along-roll direction y and the azimuthal direction l is

defined as « (Fig. 1), the wind components in the two

coordinate systems can be transformed as follows:

FIG. 1. Diagram illustrating the cylindrical coordinate system

(r, l, z) for the mean flow and local Cartesian coordinate system

(x, y, z) for rolls at radius r5R (z axis is not shown). Parameter « is

the angle between the along-roll direction y and the azimuthal

direction l. Positive «means the along-roll direction is to the left of

the azimuthal direction.
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The complete sets of equations for the mean flow and

rolls are presented in the appendix. For the purpose of

this study, the governing equations for the mean flow

and rolls are further simplified.We consider the evolution

of the rolls to take place in two phases: the linear phase

and the nonlinear phase. During the linear phase, rolls are

formed by the instability of the mean flow and have the

following characteristics: 1) roll velocities grow expo-

nentially with time, but remain at least one order smaller

than the mean winds, and thus the nonlinear terms in

their governing equations are negligible; and 2) the av-

eraged fluxes induced by rolls are too weak to cause any

significant modifications to the mean flow, and therefore

we can assume themean flow remains unchanged during

the linear phase. The evolution of rolls enters the non-

linear phase after roll velocities reach sufficiently large

magnitude (comparable to the mean winds), during

which the nonlinear effects and the roll-induced fluxes

are important. In this paper, we focus on the generation

and initial evolution of rolls and therefore only consider

the linear phase. Thus some terms in the governing

equations of the mean flow and rolls can be neglected, as

discussed below.

b. The basic-state HBL flow

The basic-state HBL flow is used as the background

environment for the formation of rolls. The basic-state

HBL wind profiles are obtained by resolving the steady-

state mean wind equations, neglecting time dependency

and roll-induced forcing terms in (A4)–(A6). While the

basic-state potential temperature profiles are prescribed

analytically. We assume that the basic-state HBL wind

and potential temperature profiles remain unchanged

over time during the linear phase of rolls.

The governing equations for the basic-state HBL

winds are

U
›U

›r
1W

›U

›z
2

V
2

r
2 fV52

1

r0

›P

›r
1Km

›2U

›z2
, (1)

U
›V

›r
1W

›V

›z
1

UV

r
1 fU5Km

›2V

›z2
, and (2)

›U

›r
1
U

r
1

›W

›z
5 0, (3)

where U, V, and W are the mean wind components in

the radial, azimuthal, and vertical directions, re-

spectively, and Km is the mean turbulent viscosity.

The hurricane is assumed to be on the f plane centered

at 208N. At the upper boundary (z5H, where H is the

vertical extent of the atmospheric layer that we con-

sider), we assume the wind is under gradient wind bal-

ance; that is, V5Vg andU5 0, where Vg is the gradient

wind, satisfying

V2
g

r
2 f Vg52

1

r0

›P

›r
. (4)

We use the Holland (1980) parametric model to specify

the radial distribution of Vg at the upper boundary and

assume the pressure gradient force does not vary verti-

cally in the shallow atmosphere layer that we consider.

The radial Vg profile that we use has a maximum wind

speed of 39m s21, a radius of maximum wind (RMW) of

40 km, and a parameter B of 1.3 (parameter B controls

how rapidly Vg decreases with radius). This profile

represents a generic hurricane and has been used in

other HBL studies (Kepert 2001, 2012; Kepert and

Wang 2001, hereafter KW01; Foster 2005, 2009).

The distribution of Vg inside of the RMW is modified

following the formulation used by KW01. Figure 2

shows the radial distribution of Vg and the inertial sta-

bility parameter for the storm that we consider in this

study. The inertial stability parameter is given by

I5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
( f 1 2Vg/r)( f 1Vg/r1 ›Vg/›r)

q
(Kepert 2001). The

vertical distribution of the velocity and turbulent vis-

cosity near the lower boundary (from the surface to the

lowest model level) is determined using the Monin–

Obukhov similarity theory as described in Ginis et al.

(2004). The only difference fromGinis et al. (2004) is that

we calculate the roughness length using the formulation

proposed by Moon et al. (2007). This formulation limits

the drag coefficient below 0.003 at highwind speed, which

is within the error bars estimated by Powell et al. (2003)

FIG. 2. Gradient wind (solid line) and inertial stability parameter

(dashed line) as functions of radius (normalized by the radius of

maximum wind).
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based on in situ observations and consistent with the re-

sults from the laboratory experiments conducted by

Donelan et al. (2004).

One critical parameter that affects the basic-state

HBL wind distribution is Km. We calculate Km using a

first-order scheme as recommended by Zhang and

Drennan (2012) and Kepert (2012). In this scheme,

called the Louis scheme following Kepert (2012), Km is

parameterized in the form

Km 5 l2Sf (Ri), (5)

where l is the mixing length, S is the magnitude of the

vertical wind shear, and Ri is the gradient Richardson

number. We apply the neutral version of the Louis

scheme; that is, f (Ri)5 1. The mixing length has the

form suggested by Blackadar (1962), written as

1

l
5

1

kz
1

1

l‘
, (6)

where k is the von Kármán constant (k5 0:4) and l‘ is

asymptotic mixing length.

The model described above is called the basic-state

HBL model. Figure 3 shows an example of the basic-

state HBL wind solution with the choice of l‘5 80m.

The overall structure of the boundary layer is consistent

with observations (Zhang et al. 2011) and similar to the

simulation in Kepert (2012) using the same l‘ [see Fig. 3

in Kepert (2012)]. Representative wind profiles at se-

lected locations, 1RMW(r5 40km), 2RMW(r5 80 km),

and 3RMW (r 5 120 km), are shown in Fig. 4. Both the

radial and azimuthal wind profiles have inflection points

(only the inflection points in the radial wind profiles are

marked in Fig. 4). The vertical wind shear reaches ex-

treme value at the inflection point. Compared with the

inflection point in the azimuthal wind profile, the in-

flection point in the radial wind profile has considerably

larger wind shear.

c. Equations for rolls in the linear phase

The nonlinear terms in the roll equations are negli-

gible during the linear phase of rolls. Sensitivity exper-

iments suggest that the Coriolis and curvature terms in

the roll equations do not affect the solutions in any

significant way and thus can also be neglected, which is

consistent with Foster (2005). By neglecting these terms,

we decouple the along-roll velocity component y0 from
the cross-roll motions u0 and w0. This effectively filters

out the parallel instability, which is another type of dy-

namical instability that can operate in Ekman-like

boundary layer flow (Lilly 1966). Given these consider-

ations, the equations governing the linear-phase rolls are

›h0

›t
52u

›h0

›x
1

›c0

›x

›2u

›z2
1

g

u0

›u0

›x
1Km=

2h0 , (7)

›y0

›t
52u

›y0

›x
2

›c0

›x

›y

›z
1Km=

2y0 , (8)

›u0

›t
52u

›u0

›x
2

›c0

›x

›u

›z
1Kh=

2u0, and (9)

h0 5=2c0 , (10)

where =2 5 ›2/›x2 1 ›2›z2. Variables with the prime

are associated with roll motions: c0 is the stream-

function (cross-roll velocity u0 52›c0/›z, vertical

velocity w0 5 ›c0/›x), h0 is the along-roll vorticity

(h0 5 ›w0/›x2 ›u0/›z), y0 is the along-roll velocity, and u0

is the potential temperature perturbations. Variables

with the overbar are associated with the mean flow: u

and y are the mean winds in the cross-roll and along-roll

directions respectively, u is the mean potential temper-

ature, and Km and Kh are the mean turbulent viscosity

and diffusivity, respectively. The above set of equations

FIG. 3. Height–radius distribution of the basic-state hurricane

boundary layer variables with l‘ 5 80m. Black contours are mul-

tiples of (a) 22, (b) 10, (c) 0.05, and (d) 20m2 s21.
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describes the evolution of rolls during the linear phase at

a specific location in the HBL. The mean-flow parame-

ters (u, y, u, Km, and Kh) are given by the basic-state

HBL flow. For simplicity, we assume Kh is equal to Km.

Periodic conditions are applied at the lateral bound-

aries. At the upper and lower boundaries, we set h0 5
u0 5w0 5 0 (h0 5w0 5 0 implies ›u0/›z5 0) and ›y0/›z5 0.

We also tested the no-slip conditions (u0 5 y0 5 0) and

found that away from the lower and upper boundaries

the structure of rolls is not affected. An infinitesimal

perturbation in the vorticity field is turned on as the

initial condition for the perturbations. The model de-

scribed above is referred to as the Single-Grid Roll-

Resolving Model (SRM). It resolves rolls based on the

mean-flow profiles at a single grid of the basic-stateHBL

model.

d. Experimental design

Three groups of experiments are designed to in-

vestigate the impacts of the basic-state wind and strati-

fication on the formation and characteristics of rolls. In

the numerical experiments presented below, the SRM is

embedded at every grid point of the basic-state HBL

model from 1RMW to 3RMW. The horizontal and ver-

tical resolutions and the domain sizes for bothmodels are

listed in Table 1. The calculations in each experiment are

done in two steps. During the first step, the basic-state

HBL model resolves (1)–(3) to derive the basic-state

wind distribution. During the second step, the SRM

resolves (7)–(10) based on the basic-state wind profiles

and the prescribed potential temperature profiles. Both

theoretical analysis (Foster 2005) and three-dimensional

LES study (Nakanishi and Niino 2012) suggested that

the angle between the along-roll axis and the azimuthal

wind is relatively small. Therefore, for simplicity we

assume that «5 0—that is, the along-roll (cross roll) axis

is in the local azimuthal (radial) wind direction (u5U

and y5V)—in all groups of experiments.

Group N is designed to investigate the effect of basic-

state HBL winds. In this group of experiments, we ne-

glect the effect of stratification on the rolls by assuming

neutral stratification (i.e., ›u/›z5 0 in the entire atmo-

sphere layer that we consider). Similar to the modeling

results of Kepert (2012), our basic-state HBL model

simulations indicate that an increase of l‘ results in an

increase of the boundary layer height and a decrease of

the wind shear. Therefore, we use different values of l‘
(listed in Table 2) to vary the distribution of basic-state

HBL winds in group N.

FIG. 4. Vertical profiles of (a) radial wind and (b) azimuthal wind at 1RMW, 2RMW, and 3RMW in the hurricane

boundary layer with l‘ 5 80m. The inflection points with the largest radial wind shear are indicated by the black

triangles in (a).

TABLE 1. Numerical parameters for the basic-state HBL model

and the SRM.

Basic-state HBL model SRM

Vertical extent 3.008 km 3.008 km

Horizontal extent 1000 km 16.384 km

Vertical resolution 32m 32m

Horizontal resolution 10 km 32m
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Groups S and M are designed to investigate the effect

of stratification on roll formation and characteristics. The

basic-state HBL winds used in groups S and M are as in

experiment N3 (l‘5 40m) in group N, but the potential

temperature profiles are varied. GPS dropsondes mea-

surements collected in hurricanes (Zhang et al. 2011)

suggest that the potential temperature profiles in the

HBL usually contain a stably stratified layer (du/dz. 0),

a relatively well-mixed layer (du/dz; 0), and a near-

surface unstably stratified (du/dz, 0) layer (Fig. 5). In

groups S andM, two different types of idealized potential

temperature profiles are used to investigate the effects of

stratification. Since we are only concerned with the in-

flection point instability, we do not consider the unstably

stratified layer in the potential temperature profiles to

exclude the convective instability. Group S is aimed to

investigate the effect of stable stratification. Potential

temperature profiles with constant lapse rate (›u/›z) are

used in group S, and the lapse rate is varied (Table 3).

There is no mixed layer in the potential temperature

profiles used in group S. The same potential temperature

profile is applied at all the locations from 1RMW to

3RMW. Group M focuses on the effect of the mixed

layer. In contrast to group S, we use potential tempera-

ture profile that contains a well-mixed layer (›u/›z5 0)

and a stably stratified layer above in groupM, as shown in

Fig. 6. The lapse rate in the stably stratified layer is fixed

at 5Kkm21 and the mixed-layer height zi is varied from

approximately 200 to 600m (Table 4). The value of the

lapse rate and the range of the mixed-layer heights that

we use in group M are consistent with those observed in

hurricane conditions (Fig. 5).

3. Effect of mean wind on rolls

a. Basic structure of rolls

Rolls are formed in all experiments of group N owing

to the inflection point instability. They have similar

structures, but their wavelengths and growth rates vary

with the changes of the mean wind profiles. The typical

structure of rolls is shown in Fig. 7. Since rolls in the

linear phase grow exponentially with time, the variables

shown in Fig. 7 are normalized to remove the time-

dependent part. The length scale d that we use to non-

dimensionalize the horizontal and vertical axes is the

dynamical HBL height scale suggested by Kepert

(2001). It is defined as d5
ffiffiffiffiffiffiffiffiffiffi
2K/I

p
, where I is defined

above and K is the turbulent viscosity. Here we use the

maximum value in the Km profile to calculate d. The

rolls shown in Fig. 7 have similar structure to those de-

rived by Foster (2005). One noticeable feature is the

tilted streamlines near the surface (z/d, 3). The tilted

streamlines create asymmetry in the distribution of w0u0

(the product of vertical velocity and cross-roll velocity;

Fig. 7d): w0u0 is mostly negative near the surface. While

at upper levels (z/d. 3), the streamlines and w0u0 are
more vertically symmetric.

TABLE 2. Values of asymptotic mixing length used in group N.

Group N is designed to investigate the effect of basic-state HBL

wind distribution on rolls. Neutral stratification is applied in group

N and distribution of the basic-state HBL winds is varied by

changing l‘.

Experiment name l‘ (m)

N1 10

N2 20

N3 40

N4 60

N5 80

FIG. 5. Vertical profiles of (a) potential temperature and (b) lapse rate in the hurricane boundary layer from

a composite dataset based onGPS dropsondesmeasurements (Zhang et al. 2011). The approximate locations of these

profiles are indicated (RMW 5 40 km).
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Next, we consider the kinetic energy budget for rolls

to help us better understand the role of wind shear and

stratification in the roll formation. Here we define the

kinetic energy of rolls as e0 5 0:5(u02 1w02); y0 is ex-

cluded from the energy budget consideration because it

has no influence on the cross-roll overturning circulation

(u0, w0). The equation for e0 is derived from (7)–(10) and

can be written as

d

dt

ð
e0 dz5

ð 
2w0u0

›u

›z
1

g

u0
w0u0 2Kmh

02
!
dz , (11)

where e0 is the cross-roll-averaged kinetic energy andÐ
dz denotes the vertical integration over the atmospheric

layer that we consider. The three terms on the right-hand

side represent the shear production, buoyancy work, and

the kinetic energy dissipation, respectively. In neutral

stratification, the only energy source for the rolls is the

shear production. Figure 8 shows the vertical distribu-

tion of the shear production for the rolls in Fig. 7. Such

distribution is representative for all rolls in groupN. The

mean wind shear (›u/›z) reaches the maximum value at

the inflection point. Correspondingly, the averaged cross-

roll momentum flux (w0u0) also reaches maximum value

at the height of the inflection point. The tilted near-

surface streamlines make the averaged momentum flux

negative (opposite to the sign of the mean wind shear)

and thus make the shear production term positive.

Therefore, we can conclude that the near-surface tilted

streamlines are necessary for rolls to extract the kinetic

energy from the mean wind.

b. Factors affecting growth rate and wavelength
of rolls

We next explore the characteristics of rolls, specifi-

cally their wavelength and growth rate, and identify

mean wind factors that affect these characteristics. The

SRM solutions indicate roll variables are in the form of

normal mode. For example, the vertical velocity can

be written as w0 5 ŵ(z) expi(kx2vt), where k is the

horizontal wavenumber, ŵ(z) and v are complex,

v5vr 1 ivi, vr is the angular frequency, and vi is the

growth rate.We derive the wavelength of rolls (2p/k) by

applying Fourier analysis on the horizontal distribution

of w0. The wavelength corresponding to the peak spec-

tral density is considered as the wavelength of rolls. In

the linear phase, the wavelength of rolls is vertically

coherent and does not vary with time. The growth rate is

TABLE 3. Values of lapse rate used in group S. Group S is used to

investigate the effect of stable stratification on rolls. The basic-state

HBL winds used in group S are as in experiment N3 (l‘ 5 40m) in

group N. Uniform stratification is applied in group S and the lapse

rate of the potential temperature profiles is varied. There is no

mixed layer in the potential temperature profiles used in this group

of experiments. The same potential temperature profile is applied

at all locations in each experiment.

Experiment name ›u/›z (Kkm21)

S1 1

S2 2

S3 3

S4 4

S5 5

FIG. 6. Idealized potential temperature profile used in group M.

The profile consists of two layers: the mixed layer and the stably

stratified layer. The potential temperature is vertically uniform in

the mixed layer and increases linearly with height in the stably

stratified layer. The height of the mixed layer is indicated by the

dotted line.

TABLE 4. Values of mixed-layer height used in group M. Group

M is used to investigate the effect of the mixed layer on rolls. The

basic-state HBL winds used in group M are as in experiment N3

(l‘ 5 40m) in group N. In contrast to group S, nonuniform strati-

fication containing a mixed layer (›u/›z5 0) and a stably stratified

layer (›u/›z 5 5Kkm21) is used in group M. The same potential

temperature profile is applied at all locations in each experiment.

Experiment name zi (m)

M1 192

M2 288

M3 384

M4 480

M5 576
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estimated from the time series of the domain-averaged

kinetic energy, using vi 5 0:5d log(he0i)/dt, where he0i is
kinetic energy averaged over the entire SRM domain.

Figure 9 shows the wavelength of rolls and d from all

experiments in group N. The wavelength of rolls in-

creases with radius, which is consistent with the

theoretical study of Foster (2005). The increase of roll

wavelength is associated with the increase of d (Fig. 9b).

The ratios of the roll wavelength to d in all experiments

are in the range of 15–20. According to our basic-state

HBL wind simulations, larger d means that the shear

layer (the layer in which the wind shear ›u/›z is relatively

large) is higher. Since the rolls gain the kinetic energy

within the shear layer, the basic-state wind profiles with

larger d favor rolls with larger vertical and horizontal

extents. This explains why the wavelength of rolls be-

comes larger with increasing radius.

Figure 10 shows the growth rate of rolls and the bulk

wind shear from all experiments in group N. The bulk

wind shear represents the magnitude of mean wind shear

and is defined as umax/d, where umax is the maximum

cross-roll mean wind. The growth rate of rolls decreases

with radius (Fig. 10a) and it is closely related to the bulk

shear (Fig. 10b). This is because the mean wind shear is

the only energy source for the rolls in the neutrally

stratifiedHBL.Because of the decrease of the radial wind

speed and the increase of the boundary layer height, the

magnitude of the wind shear decreases with radius. As

a result, the growth rate of rolls decreases with radius.

4. Effects of stratification on rolls

a. Effect of the stable stratification

The growth rates of rolls in the group S experiments are

shown in Fig. 11a. The major effect caused by the stable

stratification is the reduction the growth rate of rolls. At

a given location, the growth rate decreases with in-

creasing lapse rate. When the stratification is sufficiently

strong, the growth rate can be reduced to zero, which

means the inflection point instability is completely sup-

pressed.Wefind that the classicRi criterion1 (Miles 1961)

can be used to determine whether the inflection point

instability can operate under stable stratification. Ri is

defined as Ri5N2/(›u/›z)2, where N2 5 (g/u0)(›u/›z).

SinceN2 is a constant in group S, Ri reaches minimum at

the inflection point where the wind shear reaches maxi-

mum. The minimum Ri at each location is plotted in

Fig. 11b. As seen in Fig. 11, rolls can only be generated

when minimum Ri is less than 0.25, while rolls cannot be

generated when the minimum Ri is greater than 0.25.

FIG. 7. Typical structure of rolls under neutral stratification. The

colored backgrounds represent fields for (a) u0, (b) w0, (c) y0, and
(d) w0u0. The three velocity components are nondimensionalized

by the maximum value ofw0;w0u0 is nondimensionalized by its own

maximum value. The x and z axes are nondimensionalized by d.

Contours are streamlines: solid (dashed) contours represent

clockwise (counterclockwise) circulations. The rolls shown are at

RMW in experiment N3 in group N with d 5 200m.

1 The Richardson number criterion states that for a stratified

shear flow, the necessary (but not sufficient) condition for the flow

to be unstable is that the minimum Ri is less than 0.25, and the

sufficient (but not necessary) condition for the flow to become

stable is that the minimum Ri is greater than 0.25.
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The effect of stable stratification can be explained by

the buoyancy work in the kinetic energy budget equation

[see (11)]. The correlation betweenw0 and u0 determines

the sign of the buoyancy work. Typical distributions of

u0, as well as the product of w0 and u0 (w0u0) are shown in

Fig. 12. In the lower part of rolls w0 and u0 are negatively
correlated, which indicates that the rolls tend to move

heavier air parcels upward and lighter air parcels

downward. As a result, the buoyancy work term in (11)

is negative, causing the reduction of the growth rate.

Typical vertical distributions of the buoyancy work and

the shear production in group S are shown in Fig. 13. As

the ambient lapse rate increases, the ratio of buoyancy

work to shear production also increases (not shown).

This means stronger stratification results in stronger

negative buoyancywork, and thus explainswhy the growth

rate of rolls decreases with increasing stratification. When

the strength of stable stratification reaches a critical value

(indicated by the critical Ri, 0.25), rolls cannot be gen-

erated (i.e., the inflection point instability is completely

suppressed).

b. Effect of the mixed layer

Figure 14a shows the growth rate of rolls in group M.

Overall, the mixed layer relaxes the suppressing effect

of stratification on the inflection point instability. In the

presence of a mixed layer, rolls can be formed at the

locations where the inflection point instability is com-

pletely suppressed without the mixed layer (e.g., ex-

periment S5 in group S). The roll growth rate increases

with increasing zi, suggesting the buoyancy work weakens

as zi increases. When the mixed layer is sufficiently high

(e.g., experiments M5), the growth rate of rolls is almost

the same as in the experiment when stratification is not

considered (experiment N3 in group N).

The typical structure of rolls in the group M experi-

ments is shown in Fig. 15. The near-surface part of the

rolls appears to be similar to those in groups N (Fig. 7)

FIG. 8. Typical distributions of (a) ›u/›z, (b)w0u0, and (c)2(w0u0)(›u/›z) for rolls at RMW in

experiment N3, as shown in Fig. 6. The averaged cross-roll momentum flux and shear pro-

duction shown are normalized by their maximum values. The vertical axis is non-

dimensionalized by d (d 5 200m). The height of the inflection point is indicated by the black

triangle in (a).

FIG. 9. (a) Wavelength of rolls and (b) d as functions of radius in

group N.
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and S (Fig. 12). However, one noticeable change ap-

pears in the upper part where the roll streamlines become

inclined from the vertical axis (z/d. 5). Such inclined

streamlines suggest the generation of vertically propa-

gating internalwaves. These internal waves are generated

because the rolls keep perturbing the stably stratified

layer while they propagate horizontally and grow in time.

The internal waves have the same horizontal wave-

number k, angular frequencyvr, and growth ratevi as the

rolls. As shown in Fig. 15, the rolls and internal waves are

phase locked and coupled together. In the following, we

use an analytical model to explore the linkage between

the rolls and internal waves and the effect of the mixed-

layer height on the internal wave properties.

We consider a region (z. z1) where the mean wind is

weak (u; 0) and N2 is constant. This region will be re-

ferred to as region <. The mean wind shear and Km are

negligible in region <. Below region <, the mean wind

shear is relatively stronger and rolls are generated owing to

the inflection point instability. In region <, we can neglect

terms in (7)–(10) related to u andKm. Such approximation

allows us to derive an analytical solution for internal waves

in region <. Let us consider the internal wave solution in

the form of normal mode. For example, the steam function

is written as c0 5 ĉ(z) expi(kx2vt), where v5vr 1 ivi;

k, vr, and vi of the internal waves in region < are deter-

mined by the rolls generated below region <. By sub-

stituting the normal-mode solutions into (7)–(10), we can

derive the equation for ĉ(z) in region <,
d2ĉ

dz2
1m2ĉ5 0, (12)

in which

m25
N2

c2
2 k2 , (13)

FIG. 10. (a) Growth rate of rolls and (b) the bulk shear as func-

tions of radius in group N.
FIG. 11. (a) Growth rate of rolls and (b) theminimumRichardson

number as functions of radius in group S. Growth rate of rolls in

experiment N3 (dashed–dotted line) is also shown in (a). The critical

Richardson number (0.25) is indicated by the dashed line in (b).

FIG. 12. Typical structure of rolls in group S. The colored back-

grounds represent fields for (a) u0 and (b) w0u0. These variables are

normalized by their maximum values. The x and z axes are non-

dimensionalized by d. Contours are streamlines: solid (dashed) con-

tours represent clockwise (counterclockwise) circulations. The rolls

shown are at RMW (d 5 200m) in experiment S3 with lapse rate of

3Kkm21.
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where c5v/k. Equation (12) has a solution in the form

of ĉ5c0 exp(imz), where c0 is an arbitrary constant.

Since c has both the real and imaginary parts, m is

a complex number (i.e., m5mr 1 imi). If N
2 5 0 (e.g.,

group N), then according to (13), mr 5 0 and mi 5 jkj,
and therefore ĉ5 exp(2jkjz), which means ĉ(z) decays

exponentially with height. But if N2 6¼ 0 (e.g., groups

M and S),m has both nonzero real and imaginary parts,

suggesting the internal waves have both vertically

propagating and vertically decaying properties.

To characterize the properties of internal waves, we

introduce two nondimensional parameters: G5m/k and

D5 jmr/mij. These nondimensonal parameters were

first introduced by Sutherland et al. (1994). The real part

of G (i.e., mr/k), measures the inclination angle a of the

internal wave phase lines from the vertical direction,

where a is given by a5 arctan(Gr). Parameter D is the

ratio of the vertical e-folding length to the vertical

wavelength. Following Sutherland et al. (1994), D is

referred to as the penetration ratio. Larger D suggests

that the internal waves have less vertically decaying

property and more vertically propagating property. For

example, if mi is zero and D is infinitely large, the in-

ternal waves propagate vertically without any decay.

After introducing G, (13) becomes

G25
N2

v2
2 1. (14)

Taking square root of (14), we get

G65 6

2
664

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
1 1C2

2

q
2

vuut

1 isgn(C2)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2C11

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
1 1C2

2

q
2

vuut
3
775, (15)

where C1 5 N2(v2
r 2 v2

i ) /(v
2
r 1 v2

i )
2 2 1, C2 5

22N2vrvi/(v
2
r 1v2

i )
2, and sgn is the sign function. Also,

vr and vi are both positive, and therefore sgn(C2)521.

We only allow vertically bounded solutions (i.e.,mi . 0).

FIG. 13. Vertical distributions of buoyancy work (solid lines) and

shear production (dashed lines) in experiments S1, S3, and S5 at

RMW. The values shown are nondimensional. Each pair of shear

production and buoyancy work profiles is nondimensionalized by

dividing the maximum value of the shear production. The vertical

axis is nondimensionalized by d (d 5 200m).

FIG. 14. Growth rate of rolls as function of radius in groupM. For

comparison, growth rates of rolls in experiments S5 (dashed line)

and N3 (dashed–dotted line) are also shown.

FIG. 15. Typical structure of rolls in group M. The colored

background represents u0 normalized by its maximum value. The

x and z axes are nondimensionalized by d. Contours are stream-

lines: solid (dashed) contours represent clockwise (counterclock-

wise) circulations. The rolls shown are at RMW (d 5 200m) in

experiment M5 with zi 5 576m. The angle between the red dashed

line and the vertical axis is a calculated based on (16).
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This requires Gi , 0 because the horizontal wavenumber

is always negative (rolls always propagate in the negative

x direction). So we only keep G1 in (15). Thus we have

Gr 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C11

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
1 1C2

2

q
2

vuut
, (16)

Gi 52

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2C11

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
1 1C2

2

q
2

vuut
, and (17)

D5
Gr

Gi

5
C11

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
1 1C2

2

q
C2

. (18)

The solutions (16) and (18) allow to determine a and D

of the internal waves generated by rolls with known vr

and vi. To validate the analytical solutions, we compare

the inclination angles estimated based on (16) with the

inclination angles of the upper-level structures derived

by the SRM in group M. The roll growth rate is calcu-

lated using the method described in section 3b. The roll

angular frequency is derived fromFourier analysis of the

time series of w0 at a fixed point within the mixed layer.

The angular frequency corresponding to the peak of the

spectrum is considered to be the angular frequency of

the rolls. As seen in Fig. 15, the inclination angles in the

analytical and numerical solutions match very well.

Figure 16 shows a and D, derived based on (16) and

(18), as functions of the mixed-layer height at RMW. As

themixed-layer height increases, the inclination angle of

the internal wave phase lines also increases. This implies

that the phase lines of internal waves are more inclined

from the vertical direction when the mixed layer gets

higher. The penetration ratio also increases with the in-

creasing mixed-layer height, suggesting that the internal

waves generated by the rolls have less vertically decaying

property and more vertically propagating property under

nonuniform stratification with a higher mixed layer.

5. Discussion

In the three groups of experiments described above,

we assume that the angle between the along-roll axis and

the azimuthal direction « is zero. To explore the effect of

this assumption on the roll characteristics, we performed

an additional group of experiments to test how sensitive

the rolls are to the choice of «. In these experiments, we

used the basic-stateHBLwind distribution in experiment

N3 (l‘ 5 40m) and assumed that the stratification is

neutral. We varied « from2108 to 158with an interval of

58 (positive «means the along-roll axis is to the left of the

azimuthal direction). Figure 17 shows the growth rates

of rolls as functions of « at different locations. The results

suggest the angle at which rolls reach the largest growth

rate is within 108 (slightly to the left of the local azimuthal

wind direction), which is consistent with Foster (2005).

The assumption «5 0 underestimates the roll growth rate

by a small factor (10% at most). The roll wavelengths

change insignificantly from 08 to 108 (not shown).
In group N, we vary the basic-state HBL wind distri-

bution by changing l‘. An alternative way to vary the

basic-state HBL wind distribution is to change the Vg

distribution at the upper boundary of the basic-state

HBL model. Following KW01, in addition to the storm

used in group N (i.e., storm I in KW01), we considered

another two storms: a less initially stable storm (storm II

in KW01) and a more intense storm (storm III in KW01).

Similar to the effect of l‘ in group N, the radial distri-

bution of Vg affected the dynamical boundary layer

height and the wind shear and, thus, affected the wave-

length and growth rate of rolls. We found the overall

radial tendencies of the wavelength and growth rate of

rolls under storms II and III were qualitatively similar to

those under storm I.

According to our analysis, the spatial scale of rolls is

proportional to d, which depends on I and Km. The rolls

obtained in group N have generally larger wavelengths

than those in Foster (2005), primarily because we ap-

plied a larger turbulent viscosity to set up the basic-state

HBL winds. In fact, by reducing l‘ in group N (e.g., l‘ 5
5m), we can derive rolls with the wavelength similar to

those in Foster (2005). The dependency of rolls on the

HBL height may explain the difference between the

rolls derived by Nolan (2005) and Foster (2005). Rolls

derived by Nolan (2005) have wavelengths in the range

of 3–5 km, much larger than the rolls derived by Foster

(2005). However, this does not necessarily mean the roll

formationmechanisms are different in these two studies.

The difference in thewavelengths betweenNolan (2005)

and Foster (2005) likely originates from the different

choices of the gradient wind distribution and the tur-

bulent viscosity, both affecting the dynamicalHBLheight

and ultimately the wavelength of rolls. The dependency

of roll wavelength on the dynamicalHBLheightmay also

give some explanation to the variability of the roll

wavelength in the observations. The variability of ob-

served roll wavelength could result from the variability

of dynamical height associated with themeanHBLwind

distribution.

Previous theoretical studies (Foster 2005; Nolan 2005)

primarily focused on the effect of the mean HBL wind

structure on the rolls, but the effect of stratification has

not been fully investigated. Nolan (2005) used neutral

stratification throughout the atmospheric layer that he

considered. Foster (2005) included the near-surface
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unstably stratified layer but he did not consider the

stably stratified layer above the mixed layer. The un-

stably stratified layer Foster (2005) considered did not

appear to affect roll characteristics significantly. This

study emphasizes the effects of stratification on rolls.We

find that the stable stratification in the HBL may sup-

press the inflection point instability under some condi-

tions. This may explain why rolls do not always exist in

the HBL observations (e.g., Morrison et al. 2005) even

though the inflection point in the radial wind profile is

always present. Moreover, we find the stably stratified

layer provides the environment for rolls to couple with

internal waves. The characteristics of rolls and internal

waves are affected by the mixed-layer height, suggesting

the mixed-layer height is a critical length scale.

Spatial resolutions of the majority of current hurri-

canemodels are too coarse to resolve rolls and therefore

their effects are not explicitly included. To properly

parameterize the effects of rolls, process-oriented stud-

ies need to be conducted to study their dynamics, such as

their formation and nonlinear evolution. One possible

limitation of our numerical approach is the assumption

of two-dimensional structure of rolls. Although this as-

sumption can be justified because rolls tend to be elon-

gated along the mean wind direction within the HBL, a

high-resolution three-dimensional LES model would be

the best tool for studying rolls in hurricanes. However, it

is not practical at present because of computer limitations.

Utilization of the SRM imbedded into a HBL model al-

lows us to simplify the problem and dramatically decrease

the amount of computation. This numerical approach can

serve as a useful tool to study both the thermal and in-

flection point instabilities in the HBL and the effects of

the environmental factors such as the mean wind and

stratification. Because the equations describing the HBL

FIG. 16. (a) Inclination angle and (b) the penetration ratio of the internal waves as functions themixed-layer height

at RMW calculated based on (16) and (18), respectively. The roll growth rates and angular frequencies from ex-

periments S5 and M1–M5 are used.

FIG. 17. Growth rates of rolls as functions of « at different lo-

cations. In these experiments, the basic-state HBL wind distribu-

tion is as in experiment N3 (l‘ 5 40m) and no stratification is

considered. We define « as the angle between the along-roll di-

rection and the azimuthal direction, as shown in Fig. 1.
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mean flow and the SRM are coupled, this approach can be

further extended to study the nonlinear phase of rolls, their

interactions with the internal waves, as well as their in-

teractions with the mean HBL flow.

6. Conclusions

We have investigated the role of the mean wind

(large-scale wind) and the stratification on the inflection

point instability in the hurricane boundary layer (HBL).

The study was performed using a two-dimensional Sin-

gle-Grid Roll-Resolving Model (SRM) to resolve linear-

phase rolls under various HBL conditions. The key find-

ings in this study are summarized as follows. Rolls gener-

ated by the inflection point instability are characterized by

tilted streamlines in the vicinity of the inflection point of

the radial wind profile. Kinetic energy budget consider-

ation reveals that the tilted streamlines are critical for the

rolls to extract kinetic energy from the mean wind. We

have identified two important factors of the mean HBL

winds that affect the characteristics of rolls: the dynamical

HBL height affects the wavelength of rolls, and the mag-

nitude of the mean wind shear affects the growth rate of

rolls. Therefore, under neutrally stratified HBL, the

wavelength of rolls increases with the distance from the

storm center (outside of the RMW), while their growth

rate decreases. The stable stratification in the HBL can

suppress the growth of rolls, and rolls can be generated

only if the minimum gradient Richardson number is less

than 0.25. The nonuniform stratification with a mixed

layer has less suppressing effect on rolls. If the mixed

layer is sufficiently high, the stably stratified layer above

has minor effect on the growth of rolls.

Rolls generated by the inflection point instability can

trigger internal waves in the stably stratified layer, which

have the same horizontal wavelength, growth rate, and

angular frequency as rolls. These internal waves have

both vertically propagating and decaying properties.We

derived analytical solutions for internal waves, which

relate the properties of the internal waves to the prop-

erties of boundary layer rolls.We find as themixed-layer

height increases, the phase lines of the internal waves

are more inclined from the vertical direction, and the

internal waves have less vertically decaying property

and more vertically propagating property.

Since there is a growing interest in parameterizing

the roll-induced mixing effect in hurricane models, we

think it is necessary to outline the important environ-

mental factors affecting the formation of rolls and

their characteristics. We believe that this work im-

proves the current understanding on rolls in the HBL

and provides important guidelines for the parameter-

ization of rolls.
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APPENDIX

Equations for theMean Flow andRoll Vortices in the
Hurricane Boundary Layer

The governing equations for the dry atmosphere

in the hurricane boundary layer under Boussinesq

assumption are

›v

›t
1 v � $v1 fk3 v52

1

r0
$p1

u0

u0
g1Km=

2v , (A1)

$ � v5 0, and (A2)

›u

›t
1 v � $u5Kh=

2u , (A3)

where v is the velocity vector and u is the potential

temperature; Km=
2v and Kh=

2u represent mixing effect

of small-scale turbulences in the boundary layer, where

Km and Kh are turbulent viscosity and diffusivity, re-

spectively, and need to be parameterized. Based on

the flow-separation assumption described in section 2, the

governing equations for the mean flow (denoted by the

overbar) and rolls (denotes by the prime) can be derived

from (A1)–(A3). These equations are presented below.

a. Equations for the mean flow

We assume the large-scale hurricane flow is stationary

and axisymmetric. The governing equations for the

mean flow in the cylindrical coordinates (r, l, z) are

›U

›t
1U

›U

›r
1W

›U

›z
2

V2

r
2 fV

52
1
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, (A4)
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1U
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›V

›z
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r
1 fU

52
›W 0V0
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r
1
›W

›z
5 0, and (A6)
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›u
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1U

›u
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1W

›u

›z
52

›W0u0

›z
1Kh

›2u

›z2
, (A7)

where U, V, and W are the mean wind components in

the radial, azimuthal, and vertical directions, respectively.

Terms like W 0U 0 are the horizontally averaged fluxes

induced by rolls.

b. Equations for rolls

The perturbation equations in the cylindrical

coordinates are
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where =2
r 5 ›2/›r2 1 (1/r)(›/›r)1 (1/r2)(›2/›l2)1 ›2/›z2

and U 0, V 0, and W 0 are the wind perturbations in the

radial, azimuthal, and vertical directions, respectively.

Similar to Foster (2005), we use a local Cartesian co-

ordinate system (x, y, z) instead of the cylindrical co-

ordinates at large radius (e.g., radius larger than the radius

of maximumwind).We assume rolls are aligned along the

y axis and the along-roll variations are negligible. The

governing equations for rolls in the local Cartesian co-

ordinates at radius r 5 R are

›u0

›t
1 u0

›u0

›x
1w0›u0

›z
52u

›u0

›x
2w0›u

›z
2

1

r0

›p0

›x

1
1

R
[(y sin«)u01 (2y cos«

1 u sin«)y0]1 f y01Km=
2u0 ,

(A8)

›y0

›t
1 u0

›y0

›x
1w0›y0

›z
52u

›y0

›x
2w0›y

›z

2
1

R
[(2u sin«1 y cos«)u0

1 (u cos«)y0]2 fu0 1Km=
2y0 ,

(A9)

›w0

›t
1 u0

›w0

›x
1w0›w0

›z
52u

›w0

›x
2

1

r0

›p0

›z
1 g

u0

u0
1Km=

2w0 ,

(A10)

›u0

›x
1

›w0

›z
5 0, and (A11)

›u0

›t
1 u0

›u0

›x
1w0›u0

›z
52u

›u0

›x
2w0›u

›z
1Kh=

2u0 , (A12)

where =2 5 ›2/›x2 1 ›2/›z2, (u0, y0, w0) are the roll ve-

locities in the local Cartesian coordinates and u and y are

the mean winds in the x and y directions, respectively.

Next we introduce the along-roll vorticity h0 and the

streamfunction c0 to simplify the roll equations. The along-

roll vorticity (h0 5 ›w0/›x2 ›u0/›z) is related to c0 (u0 5
2›c0/›z and w0 5 ›c0/›x) by the Poisson’s equation:

h0 5
›2c0

›x2
1

›c0

›z2
. (A13)

The equation for h0 can be derived from (A13) and

(A15), which is

›h0

›t
1u0

›h0

›x
1w0›h0

›z
52u

›h0

›x
1w0›2u

›z2
1

g

u0

›u0

›x

2
1

R

›[(y sin«)u01(2y cos«1u sin«)y0]
›z

2 f
›y0

›z
1Km=

2h0 . (A14)

The new set of equations for rolls is given by (A9) and

(A12)–(A14).

The numerical methods applied for solving the mean-

flow and roll equations are described in Ginis et al. (2004).
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