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Implications of direct-product ground states in the one-dimensional
quantum XYZ and XY spin chains

Gerhard Miiller
Department of Physics, University of Rhode Island, Kingston, Rhode Island 02881

Robert E. Shrock
Institute for Theoretical Physics, State University of New York, Stony Brook, New York 11794
(Received 21 May 1985)

We state the conditions under which the general spin-s quantum XYZ ferromagnet (H_) and
antiferromagnet (H ,) with an external magnetic field along one axis, specified by the Hamiltonian
Hi=1 3 (J SISt +J,SISt 1 +J.5iSF,1)—h 3V SF exhibits a fully ordered ground state
described by a wave function which is a direct product of single-site wave functions. We present a
detailed analysis of the implications for the zero-temperature dynamical properties of this model. In
particular, we derive a rigorous relation between the three dynamic structure factors S,,(q,»),
u=x,y,z at T=0. For the special case of the s = % anisotropic XY model (J, =0), these relations

are used to determine the dynamic structure factors Sy.(q,w) and S,,(q,0) at T =0 and
h-=(JJ;)'”? in terms of the known dynamic structure factor S, (g,®).

I. INTRODUCTION

Quantum spin chains with short-range interactions be-
long to the category of strongly fluctuating statistical sys-
tems at all temperatures. Thermal fluctuations prevent
the existence of spontaneous magnetic long-range order
(LRO) at any T >0. At T'=0, in general, quantum fluc-
tuations still cause a considerable reduction of the LRO,
indeed, sometimes a complete removal of it. The presence
of strong zero-point fluctuations is commonly used as an
argument for explaining the fact that the standard spin-
wave-type approximation techniques routinely employed
in the analysis of the collective excitations of magnetic in-
sulators in two and three spatial dimensions (2D and 3D)
frequently fail to reproduce the known properties of 1D
quantum spin models amenable to rigorous analysis. Of
considerable interest in this context are the results of a re-
cent work.! in which it was found that there exist special
circumstances where a spontaneously ordered ground state
of the 1D spin-s XYZ antiferromagnet with no residual
correlated quantum fluctuations can be stabilized by an
external magnetic field. In a subsequent critical analysis
of the validity of spin-wave theory for T=0 spin dynam-
ics, it was demonstrated, for the example of an exactly
solvable case, that the presence of a fully ordered ground
state is an insufficient criterion for the existence of linear
spin-wave eigenstates, except in the classical limit s — .
For s=+, the T=0 dynamic structure factors were
shown to exhibit complicated behavior incompatible with
the predictions of spin-wave theory, despite the fact that
the ground state is characterized by zero spin reduction.

In this paper we present a comprehensive study of the
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circumstances under which the general spin-s XYZ model
with an external magnetic field along one axis exhibits a
fully ordered ground state and its implications for the
T =0 dynamical properties of this model. We derive a
rigorous relation between the three dynamic structure fac-
tors S,,(q,0), p=x,y,z, at T=0, which holds only for
these special circumstances. For the s =+ anisotropic XY
model, these relations are used to determine the dynamic
structure factors Sy,(q,w) and S,,(g,w) in terms of the
known function S,(g,»). In the light of our new work,
we discuss a previous calculation by McCoy, Barouch,
and Abraham® based on the analysis of infinite Toeplitz
determinants. Finally, we use our new results to calculate
exact expressions for the T'=0 wave-number-dependent
susceptibilities of the s =+ anisotropic XY model.

II. HAMILTONIAN AND GROUND STATE

In this section we analyze the conditions under which
the ground state of the quantum 1D spin-s XYZ model in
an external field, specified by the Hamiltonian

N N
Hi==% 3 (JSFSF ) +J,SIS 1 + 1,857 ) —h S, SF
I—1 I=1

2.1

exhibits a ground state whose wave function is a direct
product of single-site states.* In (2.1) we assume that
Ju>0 for u=x,y,z and, without loss of generality,
Jy >J,. H_ then characterizes the XYZ antiferromagnet
(AFM) and H _ the XYZ ferromagnet (FM). For techni-
cal convenience, only even N and periodic boundary con-
ditions are considered.

5845 ©1985 The American Physical Society
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We search for realizations of a ground-state wave func-
tion with the following structure:

N
’G>=I§1 |01’1> ’

where
]91,l>=U1(91)|S’1>
s
= 3 |m,I)D3N6)

m=-—s§
172

[cos(8; /2)]Ft™

=3

m=—

(2s)!
(s+mMs—m)!

X [sin(8; /2)F ~™ |m,l) . (2.2)

Here U,;(0;) describes a unitary transformation represent-
ing a rotation of the spin direction at site / by an angle 6,
away from the z axis in the xz plane.’> This rotation is
generated by the (2s + 1)-dimensional irreducible represen-
tation of the group SU(2) with matrix elements D.S) as
given above The states |m,l) are the 2541 eigenfunc-
tions of S/ and S7 with eigenvalues s(s+1) and m,
respectively. '

For 0,0, such a ground state is characterized by the
presence of spontaneous LRO. The order parameter is

M=(6,,1|S;|6;,1)=[ssin(8;),0,s cos(8;)] . (2.3)

Note that there are no correlated fluctuations in this state.
Its ordering is thus as complete as it can be for quantum
spins. Obviously, we can assume that the ground state is
uniform in the FM case and has a two-sublattice structure
in the AFM case. This is incorporated in our ansatz

|

Flt=i

M=

{[J cos?( 9+)+J sin®(0%)1S7S7, 1 +J, 515744
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6f =(F1 (2.4)
for H., respectively In both cases, the state (2.2) with 6;
from (2 4) is degenerate . with a state specified by
9, —6f, obtained by rotating all spins by 180° about the
axis of the magnetic field.

Applying the unitary transformatlon U(6;) to the spin
operators Sf* defines a set of new spin operators S %
through the relation

VO£ (J,,J,,05,h)

S¥=U;'SfU, =S cos(6;)+SFsin(6;) ,
S1=u/Ispu,=st, 2.5)
S?= Ul_. Sl U[ =SI cos(91)—stin(91) .

The problem of finding special cases of the Hamiltonian
H for which the ground-state wave function | G) has the
form (2.2), is then equivalent to finding special cases of
the Hamiltonian

N
H=U"'HU, U= 8 U6y (2.6)
for which the ground-state wave function is
N
|C~?)=U“|G)=I@1]s,l), 2.7

with all spins aligned parallel to the z axis. The ground-
state energy is invariant under this transformation by vir-

tue of the relation
(G|H|G)=(G|H|G)=Eg; . (2.8)

The transformed Hamiltonian H, if expressed in terms of
the original spin operators, has the form

+[J, cos¥(6F)FJ, sinX(6%)]S7ST, lh cos(6%)S7

H(F DI, +J,) sin(8F) cos(0% )(SESF, | FSISFL 1) £(F

DAk /2) sin(6%)(SFFST, 1)) 2.9)

for the AFM (upper sign) and FM (lower sign), respectively. The condition for (2.7) to be an eigenstate of (2.9) implies

that the first two terms in H have the same coefficient, and that the last two terms cancel each other for Sf=

Jy cos*(0%)FJ, sin*(6%)=J,

s(J+J,)cos(0%)=h/2 .

Sf+1 =Ss:
(2.10a)
(2.10b)

These conditions determine the magnitude of the magnetic field 4 and the angle 6 of (2.4) entering in the wave function

(2.2) as follows:
h=hi=2s[(J,+J,)(J, £J,)]'/?,
cos(0F)=[(J, +J,) /(J, +J,)]/?,

(2.11)
(2.12)

where the subscript N denotes Néel. For these special parameter values, (2.9) becomes

i=i 2 J (SIxS]x_f_l—i—S]vS[y_,_])i(Jx—

HFD [T =T Wy 2T 2LSESE 1 FSESF 1 —s(SFEL TSP

Iy FI)SISE 1 ¥25(J, £J,)ST

(2.13)



32 IMPLICATIONS OF DIRECT-PRODUCT GROUND STATES IN . ..

and the energy of the eigenstate |G ), as obtained from
(2.8), is '

Eg=—NsXJ +J,+J,), (2.14)

_whereas the exchange constants J, J,, and J, can have
arbitrary (positive) values in the AFM case, they must
satisfy the condition J, <Jy or J, > J, in the FM case.

For the proof* that |G ) is the ground state of H or,

equivalently, that | G) is the ground state of H, it is use-
ful to express the Ham'éltonian (2.1) in terms of spin
operators § , ~S,", and~S,, which are obtained from the
operators S7, S7, and S of (2.5) by

SE=(T1YS7, SP=(F1)S}, Sf=(315%, (2.15)

-and in terms of the operators S,E, Sf’, and S,E, which are
obtained from S}, S/, and S via substitution of the angle
6; by 6;= —0; in the definition (2.5). The XYZ Hamil-
tonian (2.1) at A =h;f can then be expressed in the follow-
ing form:

S (1 4 3
Hi—Eg= 3 {57, £J)[(s—S/)Ns—S7,1)
=1

+(s—SEs—SF, )]

+ T, [s%— (SFSF4 1 +SPSTy 1 +5SE 1] -
(2.16)

For the AFM (H , ), the right-hand side of (2.15) is a sum
of positive operators for arbitrary (nonnegative) values of

J
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Jx, Jy, and J;, which proves that | G) is the ground state.
For the FM (H _), on the other hand, the argument holds
only for J, >J,. In conjunction with the condition stated
after Eq. (2.14), this proves that |G ) is the ground state
of H_ if

Je>Jy2J; >0 (for H_). (2.17)

Having established these special circumstances under
which the ground state of the XYZ Hamiltonian (2.1) is
characterized by a very simple wave function—a wave
function of maximum spin ordering—we will next address
the important question of the consequences of this simpli-
fying feature on the structure of the zero-temperature
dynamic correlation functions.

III. DYNAMIC STRUCTURE FACTORS

We consider the time-dependent two-spin correlation
functions,

(SH()STyr Y = Tr[e'Sfe ~ S}, e ~PH]/ Tr[e ~P*] ,

3.1

of a given quantum spin Hamiltonian H at temperature
T, with B=(kpT)~'. The unitary transformation (2.5),
which relates 1he XYZ Hamiltonian H, Eq. (2.1), to the
Hamiltonian H, Eq. (2.13), also provides a set of relations
between the two-spin correlation functions of the two
models:

(S["(I)SI"_*_,-)H:( §’l‘(t)§I'+r )ﬁ: H,V=X,),2Z .

Expressed in terms of the spin operators S, ST, and S7,
this becomes

(3.2)

(SFOST Y, =(SHOSE ) g cos™(0F)+(ST(1ISTL, ) g (F1)sin(6%)

+[<Sf(z>s,"+,>ﬁ+(:1)’+(s}"(t)Sf+,>ﬁ (FD'*7]sin(6%) cos(6%) ,

(S}v(t)S]v_,_,- )Hi——‘(S]v(l)S}v_*,r)ﬁi s

(3.3a)

+

(3.3b)

(SHD)SF 4 Y u, = (SF(2)SE,, >17+ cosX (%) + (S (¢)SF,., >ﬁ+( F1)sin%(0%)

—[(SHOSF ) g (FD'+(SFOST D g (F11F] sin(8%) cos(6%) .

Analogous relations hold between the dynamic struc-
ture factors

Sulg,0)= e~ [ _: dte'®(SF(1)S},, ) (3.4)

of the two Hamiltonians H and H. , respectively. For our
purposes it is useful to express S,,(q,®) in its spectral
representation. For the model described by H at T=0
and h =hy this is®

Sun(q,0)5 =27 (G | SE|AA|SY | G)
A
X 8w+Eg—E;) , (3.5)

where

(3.3¢c)

N
S#=N—l/2 2 e—‘qlslux H=X,p,Z ;
=1

(3.6)

| G) is the ground-state wave function (2.7); and the sum
in (3.5) runs over all excited states |A) of H with energy
E,. Owing to the fact that | G) describes a state with all
spins aligned in the z direction, we have

Sex(q,0) g =8),(q,0) g =751 _(q,0)z (T=0), (3.7a)
Sz(g,0)5=47"5%8(¢)8(w) (T=0), (3.70)
Suv(g,0)g =0 for pzv (T=0), (3.7¢)

where S, _(g,0) is the Fourier transform of

(St (1)Si3,) with SF=S7+iS].
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Using the unitary transformation (2.5), we can now ex-
press the dynamic structure factors S,,(q,0)y of the
XYZ model at T=0 and A =hy in terms of the function
S+ _(g,0)g. From (3.7) with (3.3) and (3.4) we obtain

Sxx(q,w)Hi = %S+_(q,a))§+ COSZ(ei)

+ 4722 sinZ(Gi)S(w)S(q +Q+), (3.82)

Sy (@,0)u, =354 _(q,0)g (3.8b)
Su(g,0)y, =5S+_(g +04,0)g, sin?(6%)
+ 4252 cosH(0%)8(w)b(g) , (3.8¢)

where Q, =7 and Q_ =0 for H., respectively. Thus,
the special structure of the ground-state wave function of
the XYZ model at h=hy has the consequence that the
three diagonal dynamic structure factors S,,(q,0)q,
u=x,y,z at T=0 are expressible in terms of a single
function, S, _(q,®) e which, in general, is nontrivial.

One category of circumstances under which the func-
tion S, _(q,w)g can be determined explicitly is the fol-
lowing. If for any given wave number g, the ferromagnet-
ic linear spin-wave excitation whose wave function is de-
fined by

lg)=S,|G) 3.9

is an exact eigenstate of H, then it is the only state which
can contribute to S, _(q,w) at T=0. If this is the case,
then the general expression (3.5) for S, _(q,); reduces

to the simple result

S +_(g,0) 5 =278[0—wsw(q)] (3.10)

where wsw(q) is the spin-wave excitation energy. The
condition for (3.9) to be an exact eigenstate of H can be
stated by the equation

[H:,S;71|G)=wsw(q)S; |G) . (3.11)
With H from (2.9), the left-hand side of (3.11) becomes
[H:,5;711G)=wsw(q)S; |G)

T3 =TI, )12
X(1xe~ 0N~/
x; (e~ 4s7S7,1G), (3.12)

where

osw(q)=2s[J, +J, cos(q)] (3.13)

is the dispersion relation predicted by linear-spin-wave
theory.

From (3.12) we thus conclude that linear spin waves are
exact eigenstates of H (i) for arbitrary g if J,=J, or (for
H _ only) J,=J, and (ii) for arbitrary Jy, J, and J, (sub-
ject to our conventions) if ¢=0 (for H_) or g=m (for
H _). The second term on the right-hand side of (3.12)
reflects the anharmonic terms which cause the dynamic
structure factor to become nontrivial in all other cases,
even though they have no effect on the ground state.
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From (3.12) with (3.13) we also conclude that in the classi-
cal limit s-— 0, these anharmonic terms are always negli-
gible for the T'=0 dynamic structure factor.

In the following, we focus on a case for which the rela-
tions (3.8) lead directly to new nontrivial exact results.
This is the s =% anisotropic XY model, specified by the
Hamiltonian (2.1) with J,=J(14vy), J,=J(1—y), and
J,=0,1i.e,

N N
HY =+J 3 {(149)S7SF +(1—p)SIST 1} —h S SF .
=1 =1

(3.14)

This model, which can be expressed as a system of nonin-
teracting fermions, has been the object of numerous stud-
ies which have yielded exact results for its thermodynamic
properties’™® and its static”!°!3 and dynamic®*14—3%
correlation functions. The structure of the Jordan-Wigner
transformation between spin operators and fermion opera-
tors implies that the correlation function {S7(z)S7,,) can
be expressed as a fermion density-density correlation func-
tion, i.e., a function involving a product of four fermion
operators.” In contrast, the functions (S7(¢)Sf,,) and
(SI(¢)St,,) are represented by infinite block Toeplitz
determinants in terms of fermion operators, i.e., quantities
involving infinite products of these operators.> The spec-
trum of the corresponding T'=0 dynamic structure fac-
tors Sy, (g,w) and S,(g,w) thus represents not just two-
fermion excitations as is the case for S,(q,®), but rather
the excitation of m-fermion states with m arbitrarily
large. It is thus understandable that whereas the evalua-
tion of (S{(¢)S7,,) is straightforward (although quite
tedious if pursued to the stage of explicit analytic expres-
sions), explicit results for (Si(¢)S7,,) and (S}(¢)S7,,)
have been rather limited. A detailed analysis of the latter
correlation functions at 7'=0 was carried out recently for
two special cases: the transverse Ising model at the criti-
cal field (y =0, h=J); and the isotropic XY model in
zero field (y=0, A =0).2"28 This study revealed, among
many other interesting features, that the dynamic struc-
ture factors Sy.(q,0) and S,,(q,w) have contributions
from excitations at arbitrarily high energies w, whereas
S.(g,w) is of compact support as a function of w and is
governed by the two-particle excitations alone.

Here we are interested in the special case of the Hamil-
tonian (3.14) with

h=hi=J(1—y»)12, (3.15)

for which we have established the relations (3.8) between
the dynamic structure factors at T'=0. These exact rela-
tions lead to the important conclusion that for 7 =hy, the
T =0 dynamic structure factors Sy (¢,0) and S,,(¢,) do
not have a more complicated structure than S,(q,w), in
sharp contrast to what was found for the cases studied
previously. We can then obtain the former two functions
from the latter one, which was recently calculated in
closed form,? via the relations (3.8):

_1=r 2y
Sxx(q,) Ty o(g+Q+,0)+ l+y175(a))8(q+Qi) R

(3.16a)



Syy(q,0)=0(q+Q+,0), (3.16b)
s,,(q,w>=T%a(q,w)+i—jr—$wza<w)a(q) , (3.16¢)

Y [47%(1 —7?) cos¥ (g /2) —(w—2J)*] /2
2(1—y) [w—2JsinX(g/2)?+J%?sin’(q/2)

o(g,0)=

X O[4J%(1—y?) cos*(q /2)—(0—2J)*], (3.16d)

for HY at h=hy and T=0. Note that all three of these
components of the dynamics structure factor are nonzero
only for (q,) in the range of the two-particle spectrum,
ie., for |®—2| > cos(q/2). Apart from the 8(w) terms,
they differ only by y-dependent factors, a property which
was previously found to hold for the frequency integrals.?

In a previous study of the correlation functions
(SF()S{",,) and (S}(¢)ST,,) based on an analysis of in-
finite Toeplitz determinants, McCoy, Barouch, and Abra-
ham’® presented a result for S,.(¢,0) and S,,(q,0) [Eqgs.
(5.10) and (5.11) of Ref. 3] originating from the two-
particle contribution and thus constituting the first term
in an expansion indexed by the contributions of m-
particle excitations with m =2,4,6,... . Since it is the
two-particle contribution, their result is kinematically re-
stricted to be nonzero over the same range as our exact
answer, but it differs from (3.16) in its functional depen-
dence on g and ®. The only way to render their result
compatible with our exact answer (3.16) is to invoke the
contributions of the higher-lying excitations with
m=4,6, . ..; however, if one tries to do this, one must ex-
plain how these additional terms can contribute only in
the (¢,w) range of the two-particle spectrum while mira-
culously cancelling to zero for all (¢,w) outside this range.
If, in particular, the terms with m >2 vanish at h=hy,
which would provide a natural explanation of why our ex-
act result is nonzero only in the range of the two-particle
excitations, then our result is clearly incompatible with
the one given in Ref. 3.

As an immediate consequence of our exact result (3.16)
for the T'=0 dynamic structure factors, we can infer new
exact results for the g-dependent susceptibilities of the 1D
s = anisotropic XY model (3.14). These susceptibilities
are defined as follows:

Xup(q)=0M,(q)/dh,(q), p,u'=x,y,z, (3.17a)

where
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M,(q)=N""'3 e~H4(s}) , (3.17b)
i
and
hy(@)=N"'3 e nf (3.170)
1

and hf* denotes an inhomogeneous magnetic field. For
given dynamic structure factors S,,(q,0), the g¢-
dependent susceptibilities are determined, as discussed,
e.g., in Refs. 29 and 30, through the relation

1 do
Xpulg) =" [ S uu(g,0) - (3.18)
Using the exact results (3.16), we thus obtain
_1=7
Xxx(q) 1_H,f(q—in) (3.19a)
Xy(q)=flg+Q4+), (3.19b)
and
. (3.190)
X2(q) 1+7’f(q) ) c
where
flg)= :
U= 10 sink(q/2)
x |1 I ,  (3.190)

" [sin2(g/2)+y cosX (g /2)]'/?

for H S_l” at T=0. These expressions thus extend the list
of exact results for T'=0 susceptibilities of the 1D s=5
anisotropic XY model which have been reported in a re-
cent comprehensive study.?*3°
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