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ERGODIC THEORY AND THE FUNCTIONAL
EQUATION (I —T)x =y

MICHAEL LIN and ROBERT SINE

The problem of solving the functional equation (I — T)x = y, for a given
linear operator T on a Banach space X and a given y € X, appears in many areas of
analysis and probability. The well-known Neumann series gives (/ — T')~! when
IT||<1. When || T||=1, the problem is first to know if ye (I—T)X, and then
to find the solution x. The solution is usually found using an iterative

procedure (see [4], [S], [6], [16]). We are interested in the convergence of
n k-1

x,=n"1 Z Z T’y to the solution x, and obtain the precise necessary and sufficient
k=1j=0
. . k=1
conditions (Corollary 3). The necessa y condition sup, Y, T’y <oo is shown to
k>1 j=0

be sufficient if 7™ (for some m > 0) is weakly compact. An example shows that
otherwise the condition need not be sufficient. The reflexive case appears in [1],
[21, 131

We then solve the problem of existence in the case of a dual operator on a.
dual space, obtaining as a corollary an application to Markov operators.

Next, we look at the same problem for Tf{(s) = f(6s), where T is induced on a.
suitable function space by a measurable map 6. A new “ergodic’ proof for 6 a.
minimal continuous map of a Hausdorff space is given.

Finally, we obtain results for positive conservative contractions (Markov
operators) on L,(S, 2, ). In that case we look also at solutions which are finite
a.e., though not necessary in L,.

For the general Banach space approach, we need the mean ergodic theorem:

n—1
_1_ Z T’

n j=0

If T"[n - 0strongly, and sup < 00, then
n

n—1 _—
{x:——l— Y, T'x converges} ={y:Ty=y}®I—T)X.

R j=o0
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154 MICHAEL LIN and ROBERT SINE

We call T mean ergodic if the above subspace is all of X. We mention the
uniform ergodic theorem [19]:

n-1
(I—T)X is closed < n~? YT k converges uniformly.
=0

In that case, I — T is invertible on (I — T)X, and —1— Z Z T’ converges
N k=1 j=0

uniformly to (I — T)~! (on (I — T)X), which is a generalization of the Neumann
series theorem.
THEOREM 1. Let T be mean ergodic. The following conditions are equivalent
for yeX:
@) yed—1)X;
n k-1
(i) x, = 1 Y 2 'y has a weakly convergent subsequence;
n k=1j=0
(iii) {x,} converges strongly (and x = limx, satisfies (I — T)x =y).
Proof. (i) = (iii). Let y = (I — T)«’. By the mean ergodic theorem, ' = x + z,
with xe(I—T)X and (I—T)z=0. Hence y=(— T)x with xe(l —T)X.

n k—1 n n
Ty Y TN — T)x =n"1 Y- TH)x =x —n"1 Y T*x.
k=1 ;=0 k=1 k=1

But - 0, since xe (I — T)X, so ||x, — x|| = 0.

n-1 i Tkx
=1

(iii) = (ii) is obvious.

(ii) = (i). Let x,, = x weakly. Then

(I — T)x = lim(I — T)xa, = lim n;! Z (I— THy =y — lim n;! Y‘ Tky.
k=1 K=t

By the mean ergodic theorem the limit satisfies

1 n k-1 ) 1 n k—1 (n+1)
= T'Ey = —
n Z go g n 2 ; 2

k=1 k=1

30 Exp, — Ex is possible only if Ey = 0. Hence (I — T)x = ).
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FUNCTIONAL EQUATION (I—Dx=y 155
REMARK. The solution x of (I — T)x = y, obtained in (iii), is always in
cdm{Ty:j > 0}.

CORCLLARY 2. Let T be power-bounded, and assume that for some m > 0, T™
is weakly compact. Let y € X. Then the condition (iv) below is equivalent to the three
conditions of Theorem 1:

k-1
2‘ T'y| < oo
j=0

Proof. (i) = (iv).

(iv) sup
k>0

y=(I—-T)x= = I — THx|| <llx[I(1 + sup||T™|)).

k=1
Y, Ty
j=0

(iv) = (i). By (iv),| — Z T’y| - 0. We restrict ourselves to clm{T”y :j >0},

j==0
on which T is now mean ergodic (in fact,T is mean ergodic on X). By (iv) and weak
k-1 |
compactness of 7™, {Z (T '"y)} is weakly sequentially compact, and so is
j=0

= L Y i T'T™y, so, by Theorem 1 (iii), z, —» z which satisfies (/—T)z=T"y.
N k=1 j=0

Nowx =z + z Iy satisfies (I — T)x = ).

ExAMPLE 1. T may be a mean ergodic contraction, but, in general, (iv) does
not imply the conditions of Theorem 1.

Let Y be a non-reflexive Banach space and T a contraction which is not mean

n—1
ergodic (e.g., Y =/, T the shift to the right). Take z € Y such that n~1 Y T’z does
=0

not converge (e, z¢ I—T)Y® {Tx =x}). Let y=(I—T)z, and X =
= cIm{T7y:j > 0}. X is an invariant subspace for T, and T on X is mean ergodic
(with no fixed points). Clearly y satisfies (iv). If there were x € X with (/ — T)x =y,

then
I—T)z—x=0, so n"1Y, Thz=n"1 Y Tz —x) +n"1 }, Tkx>z — x,
k=1 k=1

contradicting the choice of z. Hence (I — T)x = y has no solution in X.
REMARK. The previous example shows also that without ergodicity in Theo-

rem 1, (i) need not imply (ii): The {x,} is always in (I — T)Y (in fact, in X), while
the solution is in Y, and if Xn, converges weakly, the limit must be a solution.

Hence {x,} has no weakly convergent subsequence.
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156 MICHAEL LIN and ROBERT SINE

COROLLARY 3. Let T satisfy:

|
|

(b) T"jn — 0 strongly.

(a) sup < 00}
N

n—1
N-1 Z Ti’
i=0

Then the following conditions are equivalent for ve X*

() yved — T)I - T)X;
(ii) as in Theorem 1;
(i) as in Theorem 1.

Proof. Let Y = (I — T)X. On Y, Tis mean ergodic.

(i) = (iii). y=(U— T)x, with xeY.
(iii) follows from Theorem 1, applied in Y.

(i) = (i). If xp, 5 x, the computation in the proof of Theorem 1 yields

n' Y Tky S p — (I—T)x.

i
k=1

]

Henceye Y @ {Tz =z} = Z. Apply Theorem 1 to Ton Z to obtainy € (I — T)Z=
=(I—-T)Y.

COROLLARY 4. Let T be as in Corollary 2. Then the following conditions are
equivalent for ye X :

k .
(1) Y, T’y converges weakly (toxe€X, and then (I — T)x = y);
j=0
w ) [k
(2) T"y — 0, and lim inft Z
| j=0

k—co

ijx! < 0o.
i

i

Proof. (1) = (2) is easy.

ki . i k. )
Yy r yi' < M, then Z‘ T'T™y is weakly sequentially com-
=0 i=o

Q) = (1). If

,

ki w
pact. Take a subsequence of {k;} (called still {k;}) with }° T/7™y — z. Then

j=0

(I—T)z = T"y — lim T"* "'y = Tmp.

isco

m—-1
Hence x =z + ¥, T’y is in cim{T"y} with (I — T)x = y. Now also T"x -0
j=0

weakly, so (1) holds.
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FUNCTIONAL EQUATION (I—T)x=y 157

REMARK. For strong convergence in (1) we put strong convergence in (2). If

k .
we know that y € (I — T)X and T"y converges (necessarily to 0) then }} 7'y will
Jj=0

converge to x (in the same topology that 7"y — 0), assuming only mean ergodi-
city, instead of weak compactness, for T power-bounded (see also [2]). However,
(2) does not imply that y € (I — T)X (even when || T"y|| - 0): see the beginning of
Example 3.

o

k-1
ExAMPLE 2. The condition that {Z T’ y} be weakly sequentially compact,
j =0 k=1

though sufficient to imply the other conditions in Theorem 1, is not necessary.

In [17] there is an example of a real Banach space X and an isometry 7, such

1 N1
that for some vector x,€ X we have sup v pIREC 2 Tkx,>| = 0, but for
=1 k=0

n. 1 N
no subsequence n; does T ’x, converge weakly to 0. Since clearly 7\/'_ Y T*x,y|— 0,
k=1

by restricting ourselves to clm{T’x,:j > 0} we have T mean ergodic. Let

k-1
y=(I—T)x,. Then Y T’y = x, — T*x,. The choice of x, shows that 0 is in

j=o0
the weak closure of {T¥x,}. If this closure were weakly compact, some subsequence
of {T*xy} would converge weakly to zero, (since the weak topology on a weakly
compact set in a separable Banach space is metrizable [7, V.6.3]) — a contradiction.
Hence the closure is not weakly compact, and {T%x,} is not weakly sequentially
compact [7, V.6.1].

ReMARKS. 1. Examples 1 and 2 show that we cannot, in general, reverse any

of the implications {kzl T/ y} is w.s. compact = ye (I — T)X = {kzl T y}

j=0 k>1 j=0 k>1
bounded. Example 2 is new, and shows how remarks on compactness made by pre-
vious authors should be understood in relation to Theorem 1. Special examples of
the kind of Example 1, for the shift in /., appear in [10] (expressed in different
terms).

Corollary 2 improves the result of Butzer and Westphal [3] (for Cesaro ave-

rages). In that connection they too consider the linear manifold (I — T) (I — T)X.
However, Corollary 3 is new. Theorem 1 is essentially given in [4].

In many cases, we may have to identify if y* € (I—T)X* when T is a contrac-
tion on X. Here condition (iv) works, because of weak-* compactness. For comple-
teness, we repeat the first author’s proof from [17].

THEOREM 5. Let sup||T"|| < co. The following conditions are equivalent for
yre X*.
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158 MICHAEL LIN and ROBERT SINE

(i) y*e (I — T*)X*;

1k1 i

(ii) sup n Y T#/y H < 00.
k=0 | 0 i
. n k-1 .
Proof. (ii) = (i). Let xf =n"'Y}, Y, T*/y* Then {x*} is bounded, hence
K=1j=0

is relatively compact in the weak-* topology. Let x* be a weak-* closure point of
{x}}. For y€ X there is a sequence {n;} with

U — THx*, yy =<x*, (I = T)yy = lim{xy, (I — T)y) =
= Wmd(I = T*)xi, y) = lm(y* — i1 Y, T*p%, v) = (%00
k=1

Hence (I — T#)x* = y*.

As an application of Theorem 5 we have the following corollary, which, in the
measure preserving case, was proved by Browder {1, Theorem 2] by using a diffe-
rent method.

COROLLARY 6. Let (S, Z, u) be a o-finite measure space, and 8 a non-singular
measurable transformation of S. Then f€ Ly is of the form f(s) = g(s) — g(0s),

k-1
» fot " < 0o.
|j=0 |°°

with g € L, if and only if sup
k>1

Proof. On X = M(S, X, i), the space of finite signed measures absolutely
continuous with respect to u, define Tv by Tv(4) = v(§-'4). Then X* =L,
and T*f(s) = f(0s), and Theorem 5 applies.

The following result was conjectured by M. Keane and J. Aaronson
for T positive.

THEOREM 7. Let (S, X, ) be a o-finite measure space, and let T be a contrac-
tion on LL(S z, ,u) Then f€ Ly is of the form f= (I — T)g with g L, if and only
zfsup,‘ Y‘ T’f} < 0.

I;>l| j= 0 (
Proof. We identify L(S, X, u), via the Radon-Nikodym theorem, with

the space M(S, Z, p) of countably additive measures « p. Then we have
1 k—1 I
sup!' T/v| < oo, with dv = fdu.
k>11 =0 l

T** acts on Loo(S, X, p)* = ba(S, Z, u), the space of bounded finitely addi-
tive measures (= charges). By Theorem 5 (applied to v in L¥ and T*¥), there exists

neba(s, X, u) with (I — T**)y = v. Decompose [21] =1, 4+ n,, with n,
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FUNCTIONAL EQUATION (I—T)x=y 159

countably additive and 5, a pure charge (i.e., |#,] does not bound any non-negative
measure). Then

V=0 =T =n —T*n +n — T*n,.

Since T**n, = Ty, € M(S, X, u), we obtain that v, = n, — T**y, is countably ad-
ditive. Hence |[ns|l > |T**nzll = [ng — vill = lInoll 4 [Iv4l] since [[T**|| < 1, while
#, (a pure charge) and v, (a measure) are mutually singular [21]. Thus v, = 0 and

v=UI— T*n, =UI— T)y,, yielding g = fi as a required solution.

In the next proposition, Theorem 5 cannot be applied, since the space B(S, X)
of bounded measurable functions is not a dual space, in general.

PROPOSITION 8. Let (S, X) be a measurable space, and 0 a measurable trans-
formation of S into itself. Then fe B(S, X) is of the form f(s) = g(s) — g(0s), with

k-1
g€ B(S, %), if and only if sup | Y, f(6's)] < co.
k>1 j=0

Proof. For f satisfying the condition, define

g(s) = lim sup- }:, V f(@s).

n-oo n k= 11_0

Since |! — Z fot! ” — 0, we obtain

n j—o oo
g(0s) = g(s) — f(s).

REMARKS. 1. The previous proof gives also a direct proof of Corollary 6.
2. In Corollary 6, if 0 is recurrent, a function g can be obtained by setting

k
g(s) = iu% Y f(07s) (see the first and last paragraphs of the proof of Theorem 9).
20 ;o

ExAMPLE 3. There exists a compact metric space S, a uniquely ergodic con-

tinuous map ¢ such that ¢"s converges for every se S, and a function feC(S)
k—1
Y f¢’s)
i=0

with sgp < oo, such that for every ge C(S), g(s) — g(ps) # f(s).

Proof. Let T' be an operator as in Example 1, on Y. Let T = —;—(I +17).

1 . .
ThenI — T = ey (I—T"), so T'is mean ergodic too, on X, and T" converges strongly

This content downloaded from 131.128.197.91 on Tue, 27 Nov 2018 16:57:11 UTC
All use subject to https://about.jstor.org/terms



160 MICHAEL LIN and ROBERT SINE

to zero on X (|| 7" — T)|| = |2-"+*XI + T')"(I — T")|| = 0). Now T yields also
an example of (iv) #>(i). Let S be the unit ball of X* and the weak-* topology, ¢
is the restriction of T* to S and for s€ S = X*, f(s) = (s, y), where y satisfies (iv).
k-1 k-1

Y, fl¢’s) ¥ Ty
j=0 j=0

yields ¢"(s) — 0 for every s S. Hence ¢ is uniquely ergodic and the operator

Ah(s) = h(ps) is mean ergodic on C(S), since A"h — h(0) weakly](z:pointwié?:i
n k-1
If fe (I — A)C(S), we must have, by Theorem 1(iii), that g,=n"1Y} Y Af

k=1 j=0

I
Hence sup{ l < o0o. Now ||[T"x|| - 0 for every|xeX

o
| |

converges strongly. But

n k-1 . n k-1 )
&) =1y Y flols) =n"t Y Y Ky, TYs) =
k=1 j=0 k=1 j=0

n k-1 . \
= <n’1 2 Z Ty, s) ,
k=1j=0

and the right-hand side does not converge uniformly on S, by the choice of T and y.
Hence f'¢ (I — A)C(S).

THEOREM 9. Let ¢ be a continuous map of a topological Hausdorff space S into
itself, such that {¢"s :n > 0} is dense in S for every s€ S. Then fe C(S) is of the

k |
form f(s) = g(s) — g(os), withg € C(S), if and only if sup Y, fl@ls)| < co.
>0 /=0

k
Proof. We have to prove only the ““if”’ part. Defineg(s) =sup Y, f(@’s). Then
k>0 /<

k41 k

gles) = sup ];f(co’s) = sup Jgof(m) — f(9).

If g(s) = f(s), then g(ps) <0, so g*(ps) =0 =g(s) — f(s). If g(s) > f(s), then
g(ps) = g(s) — f(s) > 0,s0 in any case we have g*(ps) = g(s) — f(s).

Our purpose now is to show the continuity of g. We say that a function s has a
jump of at least 6 at s, if for every ¢ >0 and U open containing s, there are s, s” in U
with |A(s") — h(s"")| > & — e. If Jy(h) is the set of points where 4 has a jump of
least 0, then J;(h) is clearly closed. It is easy to show that Jy(ht) < Js(h).

CLam 1. o(Jy(8)) < Jy(g)-
We show that for s, € J5(g), ¢s, € J5(g+), which is enough. Let U be open

with @sye U, and let ¢ > 0. Since f is continuous, there is ¥ open with

[ f(s)— f(sp) [<—Z— for se V. Let W= ¢~YU)n V. It contains s,, so there are s,
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FUNCTIONAL EQUATION (I—T)x=y 161

s in Wwith | g(s") — g(s") | > 5—%. But ¢s’ and ¢s” are in U, and using

8*(¢s) = g(s) — f(s) we obtain
1&*(ps') — g*(os") | = | 8(s") — &(s") — [f(s) = f(s")]|> 6 — —;- -2 -3« =d—e¢.

CLAIM 2. Jy(g) = 9.

By Claim 1 J; is closed invariant for ¢. If J; # O, there is s,€J; and
{@"s} = J;, 50 J, = S. By definition, g is lower semicontinuous, i.c., {g > a} is
open for every a. Let ay = inf{g(s) : s€ S}, 0 < p < 4. If J; = S, then every open
set # @ contains two points ', s with |g(s") — g(s”")| > B. Now {g > a,} is
open and non-empty (or g = o, and J, = ). Hence there are points s’, s'' €
€ {g > a,}. Hence {g > a, + B} is not empty. Similarly {g > a, + nf} # @ for
every n, contradicting the boundedness of g.

We have Js(g) = O for every 6 > 0, hence g is continuous. Now g(¢s) <
< gt (os) = g(s) — f(s), so that h(s) = g(s) — g(@s) —f(s) = 0 is continuous
non-negative. But

x v
Y A(@'s) = g(s) — g(o*+%s) — Y, f9s),
j=0

j=0

(o]
so that h(¢’s) < oo for every s € S. But our condition on ¢ implies that ¢"s
j=0

enters every non-empty open set infinitely many times. If {h > i} is entered
n

infinitely many times, Y h(¢’s) = oo, a contradiction. Hence {h > J—} =0
j=0 n
and & =0, so that f(s) = g(s) — g(s).

COROLLARY 10. Let ¢ be as in the previous theorem and fe C(S). If
k
Zf (¢750)

sup
k> 0 j=0

# 00, then there is a g € C(S) with f(s) = g(s) — g(¢s).

k s
Y. f(9’s0)

Proof. We prove sup
k>0 0

Y f(0's)
j=o0

< 00. Let sy€ S satisfy sup
k>0

Jj=
< 2a. Now

n
=a < oco. Then, for every m and n, we have |V f(¢'s,)
j=m
n
{se S:sup Y, flels) | < a} is closed, ¢-invariant, and non-empty. Hence it is
n,m j=m
all of S.

11-1105
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162 MICHAEL LIN and ROBERT SINE

REMARKS. 1. Theorem 9 for the compact case appears in Gottschalk and Hed-
lund [15, 14.11] with a different proof. Browder [1] generalized their approach in
order to obtain it in the general case treated here. The problem is treated (in
disguise) also by Furstenberg [10, p. 162].

2. A result of Gottschalk [14] shows that if S is locally compact and ¢ is mi-

nimal, then in fact S must be compact.
3. Corollary 10 for the compact case, with a proof which generalizes that of

[15], appears in Furstenberg, Keynes and Shapiro [13, Lemma 2.2], and in Shapiro

20, Theorem 2.3].
4. Our proof is more direct, since it is based on the fact that if f(s) = g(s) —

— g(¢@s), with inf{g(s) : s€ S} = 0, then the minimality of ¢ implies that

k
max Y, fl¢’s) = max [g(s) — g(¢**'s)] = g(s) — min g(p**s)

O0<k<n j =g Ockgn Ogk&n
must converge everywhere to g. If S is compact the convergence is uniform, by

Dini’s theorem.
Claim 1 in our proof of continuity in Theorem 9 is a simplification of a method

used by Furstenberg [11] for a different functional equation (which he attributes to
Kakutani in [12]). Claim 2 avoids Baire’s theorem (used in [11]), and allows general

spaces.
The analogue of the previous corollary for non-singular transformations is
easier:
THEOREM 11. Let (S, X, n) be a o-finite measure space, and 0 a non-singular
transformation of S, which is conservative and ergodic (i.e., 0(4) = A implies p(A) =0

if(efs)% < oo} > 0,
j=o

then there is a g€ Ls with f(s). = g(s) — g(0s) a.e. (hence f€ Lo).
k-1
Proof. Let gi(s) = Y, f(6s). We show sup| gi(s) | finite a.e. .
j=0 k>1

Let A= {s:sup|gs)| < oo}. Then g(0s) = ges1(s) —f(s) shows that
K

or f(S\NA) =0). If f is a.e. finite and satisfies {s : sup
k>0

Os e A for s € A, and u(4) > 0 implies u(S \A4)=0. Hence for a.e. s, g(s) is bound-
ed, yieldin gk—1g,(s) — 0 a.e. . Now let g(s) = lim sup L Y, &(s). Then

n—-co n k=1

: 1 n . 12
g(0s) = lim sup —- '}’ g,(0s) = lim sup - Y grral(s) — f(s) =
n—->oo k=1

n—-oQ n k=1

= g(s) — f(s) + }.iﬂo [ gn+1(5) — 8()]/n = g(s) — f(s)-
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We have to show now that g is bounded. We have g(s) — g(O"s) =
Zf(()’s), hence suplg(B"s) | < o0 ae.

Let Ay = {s:sup| g(0%s) | <N}. Then S = | J Ay (mod p), and p(Ay) >0
k>0 N=1
for some N. But 6(4y) = Ay, hence S = Ay (mod p), and |g(s)| < Nae..

REMARKS. 1. The previous theorem may fail for a general conservative and

ergodic Markov operator on L. Let u(S) = 1, and define Tf = S fdu,forfeL,.

| k-1
IffeLlwitthdu=0, then ‘ Yy T"f} = | f|. But we may take f¢ Lo.
j=0 |

2. If 0 is only conservative (i.e., 0-1(4) > A = 0-1(4) = A), the theorem
may fail. (Examples are easy to construct.)

For the general set-up of Theorem 1, if (I — T)x; =y, then T(x; — x,) =
=X;—X,, 50 uniqueness of solutions in the Banach space depends on the fixed points
of T. We now look at a Markov operator on L, , and study the finite solutions (not
necessarily integrable) in a special case (see [8] for the extension of T).

DEFINITION. A positive contraction of L,(S, Z, u) is called conservative if for

e}
u>0ae., uck,, we have ¥, TVu(s) = oo ac. .
j=0
THEOREM 12. Let T be a conservative positive contraction on Ly(S, X, 1), and
let fe L. Let g, and g, be a.e. finite (measurable) functions satisfying (I—T)g; = f.
If

(») 1ian'g"'=o ae. for some 0 <uel,,
j=0
then

T(g, — g)* = (8. — g0)*, and - 0.

n—1
nty, T'f
j=0 1

Proof. Let g =g, —g,. Then Tg =g, hence Tlg| > |g|, and Tg* >g*.
(Since g need not be integrable, we cannot conclude equality immediately.)

Then Tg* =g* + h, with 0 <h <ooae.. (By assumption, T"|g| < oo
a.e. for every n.) Hence also Tg- =g~ + h.

Without loss of generality, we may and do assume pu(S) = 1.

Y T‘g++2T’h——2T‘g = ZT’h+g+—T"

i=0
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We take the v € L, with u > 0 a.e., for which (*) holds. Then

n—1
g+ + 2 T’h n,+
ni=0 = ’?"g -0 ae..
Y, T'u Y Tiu
i=0 i=0

Let 2, = {4€X :T*1, = 1, a.e.}. By the Chacon-Ornstein theorem (see [8])

n

ZT‘U

lim _i=0 _E@|Z) a
e & E(u| Z))
T'u 1

e, forvel,,

and therefore also for any finite v > 0. We conclude that E@r|Z) =0, soh=0
Eul|Z)
a.e., since & > 0. Hence Tg* = g=.
Now (I — T)g, = f implies, using (%), that
Y IY
— Tn1 .
0= tim £ T8 i = _ EUIZ)

n-oco “ lel n- oo < Tiu E(g]Z,) '

Hence E(f| Z;) = 0. Since all T*-invariant functions in the conservative
case are X,-measurable, f is orthogonal to all T*—invarianp functions, hence is in

n—1
(I—T)L,. Thus |[n~* ¥, T'f| - 0.
. =0

j

COROLLARY 13. Let T be as above. Let f€ L, satisfy

n—1 .
n-1 XO T'f
j=
8, 20, g, >0 satisfy (I —T)g; =f, then T(g — g)* = (g1 — &)*.

Proof. We show that () is satisfied for g;:

~0. If
1

n-1
rf
noTe B %)

nil Tiu nzl Ty % Eu|Z)
j=0 j—o

(Since E(f|ZX;) must be zero.)
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REMARKS. 1. Condition (*) in Theorem 12 is a necessary and sufficient con-
dition for obtaining T'|g| = |g| from Tg = g, for T conservative. If T'|g| = |g|, then
the proof of Corollary 13 shows that () holds. The following example shows that

Tg = g does not imply T|g| = |g|. Define T on /y(Z) by (Tu); = -—;— M-y + Uigq)-

Then g; = i defines an invariant function, but T|g| # |g|, since (T|g|)y = 1.
2. In Corollary 13 we have looked at the uniqueness of positive solutions g

to (I — T)g = f, when fe(I — T)L,. Fong and Sucheston [9, Theorem 2.4] proved
that (in the conservative case) positive integrable solutions exist for a dense subset

of I—T)L,.
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