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ABSTRACT This paper deals with the problem of leaderless consensus control for a class of non-
introspective linear multi-agent systems (MASs) subject to input saturation and external disturbances. A
novel dynamic relative output-feedback saturated consensus control protocol is proposed, which utilizes
not only relative system outputs but also relative controller states from neighboring agents for distributed
feedback control. With this new controller structure, the associated control synthesis conditions that
guarantee optimal disturbance attenuation performance are fully characterized as linear matrix inequalities
(LMIs) using a complete form of Lyapunov function matrix, which can be solved efficiently via convex
optimization. The proposed approach unifies the designs for both continuous-time and discrete-time MASs.
Two application examples are used to demonstrate effectiveness and usefulness of the proposed results.

INDEX TERMS Multi-agent systems, consensus control, actuator saturation, dynamic relative output

feedback, linear matrix inequality.

I. INTRODUCTION

Multi-agent system (MAS), as a typical class of large-scale
interconnected systems, has been one of the most thriv-
ing research topics in the controls community. It arises
in many practical engineering applications, such as swarm
robots coordination [1], multiple aircrafts formation flight
[2], autonomous vehicles platooning [3], and cooperative reg-
ulation of smart power grids [4], etc. Due to its theoretical and
practical importance, numerous mathematical frameworks
and tools for modeling and control design of MAS have been
emerging rapidly over the past two decades (see [5]-[9] and
the references cited therein). Among many others, consensus
control is the most fundamental framework, which specifies
an interesting objective of driving the states/outputs of all
agents in the group to reach a common agreement through
certain inter-agent coordination strategies [5]. Early studies
of consensus control of MASs were focused on relatively
simple system settings with single/double integrator agent
dynamics (see, e.g., [10], [11]), which have been gradually
extended to general higher-order linear/nonlinear MASs (e.g.,
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[12], [13]). Aiming to bridge the gap between theoretical
development of MAS control algorithms and their realistic
engineering applications, recent research interests have been
steering to consideration of various physical constraints, such
as uncertain agent dynamics [14], [40], network-induced
communication delays [13], switching topologies [15], and
actuator saturations [16], [41], etc.

In particular, saturation is a widely encountered and
most dangerous nonlinearity in any realistic control
systems [42]-[44]. Knowing that ignoring the effects of input
saturations in control system designs could lead to perfor-
mance degradation or even instability of the system, consid-
erable research efforts have been devoted to the associated
problem of saturated MAS consensus control. For example,
[17] proposed a new type of ‘“bang-bang” control protocol
for a class of MASs to achieve finite-time consensus in
the presence of saturation constraints; [18] addressed the
input saturated consensus control problem by introducing
a new class of coordinated saturation functions; and [19]
dealt with the saturation issue in MAS control designs by
leveraging the low-gain control method from classical sat-
urated control theory. These earlier results, however, only
apply to MASs with special agent dynamics of single/double
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integrators. Such a limitation was nicely bypassed in sub-
sequent research by utilizing various novel methodologies.
Particularly, [20] managed to further extend the low-gain con-
trol method to general linear MASs, and robust semi-global
consensus control performance was achieved therein. These
results were later on improved by [21] using an adaptive
periodic event-triggered control strategy, and by [22] with
a fully-distributed event-triggered control strategy. Beyond
state consensus, the output consensus control problem was
addressed in [12] with guaranteed semi-global stabilization
performance in the presence of input saturation and external
disturbances. Further progress has been made in [23] and [16]
to enable global consensus performance for continuous-time
and discrete-time MASs, respectively. Many other important
works along this research direction consider mixed effects
of saturation and other physical constraints. Representative
works include [24] considering saturated consensus control
subject to stochastic disturbances; [25] considering input
saturation mixed with switching communication topologies
and time delays; and [26] studying the effects of both sat-
uration and energy-bounded disturbance on estimation of
the domain of consensus attraction. Although tremendous
progress has been made, all the above-mentioned results
commonly suffer from one critical drawback, that is, they
were all developed based on (relative) state feedback, which
might not be applicable in many practical situations when
only partial states or measurement outputs are available.
The most straightforward idea to overcome the above
drawback is to construct an observer for each agent to
online estimate their full state information, which has
been well realized by many researchers in the field
(e.g., [18], [27]-[30], [45]). However, the state-observer-
based method has its inherent limitations in saturated MAS
consensus control designs. First, it may yield conservative
designs as the associated Lyapunov function used in both
system analysis and control synthesis typically needs to be
constructed in a special block-diagonal form (see, e.g., [28],
[29]). Second, it requires each individual agent to have direct
access to their own system’s measurement outputs for state
estimation, which could be problematic under the MAS dis-
tributed context. This is because many MASs are by nature
non-introspective [31], meaning that each individual agent
in the group is not able to measure the absolute state/output
information of its own but only able to sense relative infor-
mation from its neighbors, possibly due to limited localiza-
tion/sensing capabilities. One important motivation example
of considering non-introspective MASs is that: two vehicles
in close proximity may be able to measure their relative
distance without either of them having knowledge of their
absolute position [31]. As an alternative of observer-based
methods, dynamic relative output-feedback methods can be
used to surmount the above limitations, as suggested by [32].
Nevertheless, one important and challenging issue yet to be
addressed along this research line is how to formulate the
associated relative output-feedback saturated consensus con-
trol synthesis problem in terms of computationally-tractable
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conditions. Specifically, existing dynamic relative output-
feedback consensus control approaches normally lead to non-
convex control synthesis conditions that are often formulated
as bilinear matrix inequalities (BMIs), even when ignoring
the saturation constraint [33]. This owes to the system-level
complexity induced by networked interconnected structures.
Solving such resulting non-convex BMIs is NP-hard and
needs to resort to global optimization techniques that could
be rather computationally expensive.

In this paper, we aim to overcome all the above deficiencies
suffered by current state-of-the-art consensus control tech-
niques for saturated MASs. To this end, we propose to
develop new saturated consensus controller structures under
the dynamic relative output-feedback framework. Specifi-
cally, the MAS under consideration has general linear dynam-
ics subject to input saturations and energy-bounded external
disturbances, and is assumed to be non-introspective and
leaderless. The main contributions of this paper can be sum-
marized as follows:

« A novel dynamic relative output-feedback saturated con-
sensus control protocol is proposed, which consists of
a linear relative information feedback control loop and
a nonlinear deadzone feedback control loop. This new
controller structure is compelling in the sense that it
not only utilizes the relative measurement outputs from
neighboring agent plants, but also shares relative con-
troller state information for distributed feedback control.

« The associated relative output-feedback saturated con-
sensus control synthesis conditions can be fully char-
acterized as computationally-tractable linear matrix
inequalities (LMIs) with a complete form of Lyapunov
function. As a result, an optimal consensus control
solution that guarantees optimal disturbance attenuation
performance can be synthesized efficiently via convex
LMI-based optimization.

o The proposed approach unifies the designs for both
continuous-time and discrete-time MASs.

The rest of the paper is organized as follows. Section
IT will first present some preliminary results on graph the-
ory and regional analysis for single saturated linear sys-
tems. The problem statement will be specified in Section III,
followed by the main results including the new dynamic rela-
tive output-feedback saturated consensus controller structure
and derivation of the associated convex synthesis condi-
tions. Section IV utilizes two application examples to illus-
trate the design procedure and demonstrate effectiveness of
the proposed approaches. Finally, conclusions are drawn in
Section V.

Il. PRELIMINARIES

A. NOTATION AND GRAPH THEORY

Throughout the paper, R is used to represent the set of real
numbers. R stands for the set of positive real numbers. R”*"
is the set of real m x n matrices, and R” represents the set of
real nx 1 vectors. I, and 1, denote the n xn identity matrix and
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an n-dimensional column vector with all elements being 1,
respectively. §" and S’} are used to denote the sets of real sym-
metric n X n matrices and positive definite matrices, respec-
tively. A block diagonal matrix with matrices X1, X2, - -+ , Xp,
on its main diagonal is denoted by diag{Xi, Xo,---, Xp}.
The notation A ® B represents the Kronecker product of
matrices A and B. For a series of column vectors xi, - - - , X,
col{xy, --- , x,} stands for a column vector by stacking them
together. The symbol * in LMIs is used to denote entries that
follow from symmetry. For two integers k; < k>, we denote
Ilk1, k2] = {ki, ki +1,---, ky}. For a matrix M € R"™*",
M7 denotes its transpose. The hermitian operator He{-} is
defined as He{M} = M + M for real matrices. For x € R”,
its norm is defined as ||x|| := (x”x)!/2. The space of square
integrable (summable) functions is denoted by £, (£7), that
is, forany u € L5 (or £2), ullz := (J5° u? (u(t)dr)'"* < oo
(or flulla == (X220 u? (1)) < 00). Co{S} denotes the
convex hull of a set . For P € S'*", we define an ellipsoid
EP,s) ={xeR" xTpx < s2}.

In this paper, we consider MASs whose interconnection
structures are described by an undirected graph. Specifically,
a graph is defined as G = (V, &, A), where the elements
of V = {1,2,---,N,} are called vertices, the elements of
&y are pairs (i,j) with i,j € V,i # j, called edges, and the
matrix A is called the adjacency matrix. If (i, j) € &y, it means
that agent i can receive information from agent j where these
two agents are called adjacent. The adjacency matrix is thus
defined as A = [a;j]n,xn,, With a; = 1 if and only if (i, j) €
&4, and a;; = 0 otherwise. The graph G is called undirected if
for every (i, j) € & also (j, i) € &;. For a given vertex, say i,
its neighboring set NV; is defined by V; := {j € V| (i, )) € &4}.
For a given graph, the Laplacian matrix of the graph is defined
as L = [/;j], where [;; = Zj;éi aj, lj = —ay,i # j. If
the graph is undirected, then £ is a positive semi-definite
matrix, so all eigenvalues of £ are non-negative real. Zero
is always an eigenvalue of the Laplacian £, so it has rank
at most N, — 1. Furthermore, an undirected graph is called
connected if for every pair of distinct vertices i and j there
exists a path from i to j, i.e., a finite set of edges (i, ix+1)
withk = 1,2,--- ,r — 1 such that iy = i and i, = j. An
undirected graph is connected if and only if its Laplacian has
rank N, — 1. In that case the zero eigenvalue has multiplicity
one, and all other eigenvalues are positive real. The remaining
N, — 1 eigenvalues are ordered in an increasing order as
O<t =A< < AN,—1-

B. REGIONAL ANALYSIS FOR SINGLE SATURATED LINEAR
SYSTEMS

For a single/solo linear system subject to symmetric sat-
uration nonlinearity, the associated symmetric saturation
function is defined as sat(u;) = sgn(u;) min{y;, |u;|}, where
[u1 upy - - unu]T represents the control input vec-
tor, and u; denotes the saturation level of sar(u;) (Vi €
I[1, n,]). Note that for symmetric saturations, the absolute
values of the negative and positive saturation levels are

u =
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identical. Here, we have slightly abused the notation by
using sat(-) to denote both the scalar-valued and vector-
valued saturation functions. Therefore sar(-) : R™ — R™
is a vector-valued standard saturation function, i.e., sat(u) =
[sat(uy) sat(up) - - - sat(unu)]T. The deadzone nonlinear-
ity is closely related to the saturation function by
dz(u) = u — sat(u). Using deadzone functions, a linear sys-
tem subject to actuator saturation can be represented in the
following general form [34]

Dx A By B X
u|=1C Do Do|]|q],
z Ci Dip Dnf|w
q = dz(u), (D

where x € R” is the system state, g, u € R represent some
system’s internal signals, w € R denotes some exogenous
signals (e.g., disturbance), and z € R™ represents the sys-
tem’s controlled output for quantifying some performance,
such as the £,(£;) disturbance attenuation performance. The
symbol D denotes a differentiator for continuous-time sys-
tems and a difference operator for discrete-time systems.

To facilitate regional analysis and saturation control
design, we will introduce a linear subset as

R(H)={x e R": |Hx|oc =W}, @)

where H € R"*" and W = [&,, - ,Enu]T. Then, for the
system (1), if x € R(H), the deadzone function can be written
in the following form according to [35]:

dz(u) = ©(u — Hx) =: Op,

for some ® = diag{ie 1,202, . e.n,} satisfying 0 <
rei < 1,VieI[l,n,]. Applying this relation to the original
system (1), we obtain

Dx A By B X
p|=|Co—H Do Do||q]|,
z C Dy Dy | |w
q = O 3)

Observe that the resulting system (3) is essentially a lin-
ear parameter-varying (LPV) system with a linear fractional
transformation (LFT) dependency on ® [36].

For disturbance attenuation problem, we are mainly con-
cerned with a class of energy-bounded disturbances in con-
tinuous time

Ws = {W . RJ’_ — R”W,/
=0

o
wl (Ow(t)dr < s>, w e Ez} ,

or in discrete time

o0

W, = {w Ry — R™, ZWT([)W(I) <% we 62} ,
=0

in which s is a positive scalar whose value is given. The level

of disturbance attenuation will be measured by the following

regional £, (€2) gain performance index

llzll2
Y= sup . 4)
x(0)=0,w0,weW, IWl2
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Based on the above results, the following two lemmas
provide the regional stability and £, (£5) gain analysis con-
ditions for system (1) in continuous time and discrete time,
respectively, by slightly modifying the well-known Scaled
Bounded Real Lemma [37].

Lemma 1 (Continuous-Time Case): Consider the contin-
uous-time system (1) subject to actuator saturation and
energy-bounded disturbance w € W;. If there exist a positive
definite matrix P € S", a diagonal positive definite matrix
I'e Srj‘, and a positive scalar y € Ry such that

He{PA} * * *
Co—H+TBYP He{—T + DooI'} * *
T T
BIP DI, -yl
L Ci Do’ Dy -yl
< 0, (5
-2
S2 2 07 Vk € 1[11 nu] (6)
| HT8, P

where the notation 8 is used to denote the kth column vector
of the identity matrix. Then, the system (1) has its trajectories
contained within E(P, s) and achieves a regional L, gain less
than y, i.e., |zl < v |wll2, when x(0) = 0.

Proof: First of all, condition (6) ensures that E(P, s) C
R(H) and hence the system description (3) is valid within
E(P, s). Then, based on the Scaled Bounded Real Lemma
[37], to prove the conclusions, it suffices to have the Lya-
punov function V(x) = x” Px satisfying the following con-
dition for system (3) by noticing that 0 < Ag; < 1,Vi €
I[1,n,], and matrices ® and I'"! are commutable, i.e.,
r-'e=er-,

. 1
Vix)+ 2qT1"71(ﬁ —q)+ ﬁsz —wlw < 0.

Consequently, by using Schur complement, the above condi-
tion can be converted to the matrix inequality

He{PA} *
I~(Co—H)+BYP  He{—I'"! + T'"!Dyg}
T T r—1
BTP DiT
Cy Do
* *
* *
IR 0. (7
Dy -yl

Then, performing a congruence transformation on (7) with
diag{l, T', I, I}, it verifies condition (5). O
Similarly, the £;-gain analysis conditions for saturated
discrete-time systems are stated in the following lemma.
Lemma 2 (Discrete-Time Case): Consider the discrete-
time system (1) subject to actuator saturation and energy-
bounded disturbance w € W. If there exist a positive definite
matrix P € S, a diagonal positive definite matrix T' € S,
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and a positive scalar y € R such that

—P * * * *
Co— H He{—T' — DgoI'} * *
0 Dgl —yl  x * <0,
PA PByI PBi —P x
| G Do’ Dy 0 —ylI
(®)
_ ﬁ )
52 >0, Vkelll, n,l. )
| HT8, P

Then, the system (1) has its trajectories contained within
E(P, s) and achieves a regional £ gain less than y, i.e.,
lzll2 < ylwll2, when x(0) = 0.

Proof: The proof follows similar ideas of the proof of
Lemma 1. First, condition (9) implies £(P, s) € R(H), and
hence the system description (3) is valid within £(P, s). Then,
based on the discrete-time Scaled Bounded Real Lemma [37],
to prove the conclusions of the Lemma, it suffices to have the
Lyapunov function V(x) = x! Px satisfying the following
condition for the discrete-time system (3) by noticing that
0 < Ap,; < 1,Vi € I[1,n,], and matrices ® and -1 are
commutable, i.e., T71© = @1,

Vx(t + 1) = V@) + 24" (07 @) — (1)

+ %ZT(I)Z(D —wl(Hw() < 0.

Consequently, by using Schur complement, the above condi-
tion can be converted to the matrix inequality

—P * *
I'-1(Co—H) He{—-T'"! —T "Dy} *
0 D! —yI
PA PBy PBj
Ci Dyg Dy,
* *
* *
* * < 0. (10)
—P *
0 —yl
Then, performing a congruence transformation on (10) with
diag{l, T, 1,1, I}, it verifies condition (8). O

Ill. MAIN RESULTS

A. PROBLEM STATEMENT

In this paper, we consider a MAS consisting of N, dynamical
agents subject to actuator saturations and unknown external
disturbances, whose dynamics can be described by

; Xp.i
P [Dx{’"} = [/él’ %1 Bgz} wi |, (D
i P P sat(u;)

forall i € I[1, N,], where x,,; € R™ is the state, u; € R™ is
the control input, w; € R™ is energy-bounded disturbance,
yi € R™ is the measurement output. sat(u;) denotes the satu-
ration function with the saturation level of %, (k € I[1, n,]).
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The subscript i denotes the index of the ith agent. All the
system matrices Ap, Bp1, B2, C, and D), are known constant
matrices with appropriate dimensions. We have the following
assumptions regarding the agent dynamics and associated
communication network graph G of the MAS (11).

Assumption 1: (Ap, Bp2) and (Ap, Cp) are stabilizable and
detectable, respectively.

Assumption 2: G is undirected and connected.

Given the above system setup, our objective in this paper
is to design an output-feedback control protocol for the MAS
(11) using relative output information, such that (i) the states
of the MAS (11) reach consensus, i.e., lim;_, o (xp i(2) —
Xpj(t)) = 0 when w; = 0, Vi, j € I[1, Ny]; and (ii) the over-
all closed-loop MAS achieves optimal regional £5(£2)-gain
disturbance attenuation performance in the sense of (4). To
more specifically quantify the second objective of distur-
bance attenuation performance, we define the state error
of the ith agent relative to the average state of all agents
as

N,
1 )
Zi=Xpi— E;xp,j, Vi€ I[1, Ng]. (12)
Jj=
Letz:=col{z1,z2, -+ ,2n,} € RNamx then it is clear that 7 =

0 indicates xp ; = x, j for all i, j € I[1, N,], i.e., consensus of
the MAS (11). Therefore, z(¢) can be used as the controlled
(performance) output of the overall MAS to quantify the state
disagreement among all agents. Consequently, the considered
regional £5(¢2)-gain disturbance attenuation performance
can be characterized as the £, (£2) norm between the energy-
bounded disturbance w = col{wi, wa, - -, wpn,} € RNamtw
and the controlled output z, i.e., ||zl < y|wll2, Yw € Wi.
Since smaller y > 0 indicates better disturbance attenuation
performance, the optimal consensus control design problem
seeks to synthesize such an optimal control protocol that
would render a minimal £; (¢>) gain y for the overall closed-
loop MAS.

B. DYNAMIC RELATIVE OUTPUT-FEEDBACK CONTROLLER
STRUCTURE AND SYSTEM TRANSFORMATIONS
To fulfill the above objectives, we propose to construct a

dynamic relative output-feedback control protocol for the
MAS (11) in the form of

Dxei = Ac1xe,i +Acx j-v:"l ajj(Xe,i — Xc,j)
+ B4 jvz”l aij(yi — yj) + Beadz(u;)
uj = Cerxe,i + Ce2 Z]N:ﬁ ajj(Xe,i — Xc.j)

+ D¢ Zji“l a;j(yi — ¥j) + Deadz(u;)
for all i € I[1,N,], where x.; € R’ is the controller
state with its order n. to be determined, a;; are the adja-
cency elements associated with G. A.1, A, Bc1, B2 and
Ce1, Ce2, Dc1, Deo are controller gain matrices to be synthe-
sized. For facilitate subsequent development, we introduce

two matrices He € R™*™ and Hp € R™*"¢ and define
an auxiliary set

R ([He

Ci: 13)

HD]) = {(xp,ivxc,i) e R™ x R .

VOLUME 8, 2020

SZ(HCxp,i + HDxc,i)
kelll,n,], Vielll,N,}.

Szkv

To understand the structure of this new dynamic relative
output-feedback protocol, it is seen that each agent will need
to use their respective local information including the con-
troller state x.; and the control input u; through a dead-
zone loop for feedback control. In addition, each agent will
also need to collect relative information from their neigh-
bors, including relative plant outputs y; — y; and relative
controller states x.; — xc ;. Note that no absolute measure-
ment output information is needed, which is favorable under
the distributed control context, especially when the MAS is
non-introspective [31]. The interconnection of the open-loop
MAS (11) and the saturated control protocol (13) is depicted
in Fig. 1 for illustration.

By substituting sat(u;) = u; — dz(u;) for all i € I[1, N,],
the original agent plant dynamics (11) can be rewritten in the
following form:

Dxp,i = Apxp,i - Bp26]i + Bplwi + szui,
Vi = CpXpi +DpWiv (14)
qi = dz(u;).

Combining the MAS plant (14) and the saturated control

protocol (13), one can derive the closed-loop MAS dynamics.
Specifically, define the following aggregated vectors

Xp = col{xp 1, Xp2, -+, XpN,}
Xe = col{xe 1, Xe2, -+ XeN, )
q = col{qi, q2, - . qn,},
u=col{ur,u, - ,un,},
we have
Dxp
Dx.
u
Z
In, ®Ap + L ® B,2D.1C,
_ L ®Bc1Cp
L ®DC1Cp
EC ®Inx

INu ® Bp2Ccl +L® BpZCcZ INa ® (Bp2D02 - Bp2)

INa ® Acl +L ®Ac2 INa ® BcZ
In,®Co1 + LR Ce2 Iy, ® D>
0 0
Iy, ® Bpi + L Q BypDe 1Dy | X,
L ® Bchp Xe
L ® Dchp q ’
0 w
q = dz(u), (15)

where L is the Laplacian of the graph G, and the controlled
output equation of z is deduced from (12) with matrix £,
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?l, Vi

T u; Yi from
i Xo; neighbors
dz(w;)

FIGURE 1. Closed-loop structure of the ith agent.

defined as
N, — 1 1 1 T
N, N, N,
1 N, —1 1
Lc — Na Na Naa
1 1 N, —1
— Na Na Na = NgxNg4
1 T
=1y, — ]valNalNa.

For analysis purpose, we wish to simplify the above closed-
loop system formulation through some coordinate transfor-
mations. To this end, choose an orthogonal N, x N, matrix
with the form of

VN
? ?
U = Ve (16)
VN
2 ... 9
L VN,

where “?” denotes elements that we do not care about. It
gives Ul 1y, = [0, -+, 0, v/N,I”, and the following results
can be immediately verified:

[ L On,—1] 5
ul'cu, = =7,
! KU

1
ulc.uy =ulu, - ﬁUlTlNal}\}aUl
a

~[Ing~1 On,—1]
- _0]7\}61—1 0 | ) (17)

where the submatrix £ is positive definite. Based on
this, we perform the following orthogonal transformation to
system (15):

;Cp = (Ui ®Inx)xps

é = (Ul ®Inu)q9
2 == (Ul ®Inx)za

=U® Inc)-xCa
w=(U® InW)W,
l} = (Ul ®Inu)u7
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which yields the following transformed model:
Dxp
Dx,

I LIRS

INa ® Ap~+ Z ® Bp2DC] Cp
4 ® Bclcp
= L® Dclcp

In—1  On,—1
[OAT/al 0 ]®I"X

In, ® BppCe1 + /; ®BnCeo  In, ® (Bp2De2 — By2)

INa ® Acl + 4 ®Ac2 IN,L Q Bc2
INa ® Ccl +L® CCZ INa ® Dc2
0 0
Iy, ® Byi + L ® BpoDeiDy | [
{: ® Bchp ;Cc
L ® D¢1Dy q |’
0 w
g = dzii). (18)

In light of the block-diagonal structure of the above system
matrices, regarding the L£»(¢7)-gain performance from the
disturbance w to the controlled output Z, it is equivalent to
consider the following reduced-order system (19) by defining
X, = col {fc;, Sc[%} with fcg being the last n, elements of X,
likewise defining %!, ', &', w!, and Z'.

Dx) Iy, ® Ap + L1 ® BaD1Cp
'chcl . L1 ®BCp

il a L1 ® DCIC])

21 INa—l & Inx

INa®Bp2CCl +£1®Bp2cc2 INH®(Bp2D62 _BpZ)

Iy, ®Act + L1 ® A Iy, ® Bea
In,®Ce1 + L1 ® C2 In, ® Deo
0 0
Iy, ® Bp1 + L1 ® By2Dc1 Dy N,%
L1 ® Bc1Dp x!
L1 ® DD, E[l ’
0 wl
3" = da(ii). (19)

Remark 1: Through the above system transformations, we
have the following observations:
o First, according to the definition of L(£3)-gain perfor-
mance from disturbance w to controlled output 7 for
system (15), it can be easily verified that

Izl <yliwlla & 12l <y Il < 12 2 <y W' 2.
(20)

o Second, from (18), z = 0 is equivalent to fc; = 0. Since
z = 0 implies that the overall MAS achieves consensus,
asymptotic stability of system (19) thus ensures asymp-

totic consensus of system (15).
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In summary, the consensus performance of the closed-loop
system (15) is achieved with Ly ({2) disturbance attenuation
level y if the system (19) is asymptotically stable and satisfies
the Lo(€2)-gain performance with |2\ || < y W' |. There-
fore, the original Ly () consensus control problem boils
down to Ly (£3) stabilization of the transformed system (19).

C. CONVEX SYNTHESIS OF DYNAMIC RELATIVE
OUTPUT-FEEDBACK SATURATED CONSENSUS CONTROL
The following lemma is needed to derive the convex synthesis
conditions for the proposed dynamic relative output-feedback
saturated consensus control protocol.

Lemma 3: Consider the input-saturated MAS (15) with
the network graph G. Under Assumptions 1-2, the system
achieves the consensus performance with a regional L (£)
gain less than y for any disturbance w; € Wy (Vi € I[1, Ng)),
if and only if the following N, — 1 subsystems

DX,y i Aci Beo Beni || Xeli
uj | =|Ceo0i Decioo  Deioti qi |,
Zi Cent 0 0 w;
Gi = dz(ity), ielll,Ng—1] Q1)

are simultaneously asymptotically stable and achieve the
same regional Ly (£2) gain less than y, where Xq; €
R+ g e R, w; e R,z € R™, and

Agi = Ap + )\iBIJZDchp BpZCcl + )\in2cc2
. LiBc1Cp Act + AiAe2 ’
ByD:o — By B,1 + AiB,yD.1D
— | Pr2te P _|Pp ibp2De1p
B = |: B.y } s Bepri = [ %iBe1D, :| ,
Ce0,i = [*iDe1Cp  Ce1 + AiCe2].  Can = [I, 0],
Dcioo = D¢z, Deior,i = AiDe1Dp, (22)

Ai(foralli € I[1, N,—1]) are the N, — 1 positive eigenvalues
of the Laplacian matrix L.

Proof: With Assumption 2, matrix £ of (17) is positive
definite. Then there exist an orthogonal matrix U, € RNa—1
such that

Ul 21Uy = diag{ny, 2o, -+, An,—1) i= A,

where 0 < A; < A2 < --- < Ay,—1 are positive eigenvalues
of £. Based on the observations in Remark 1, proving the £,
(€2) consensus performance of system (15) is equivalent to
proving Ly (£) stability of system (19). As such, we perform
the following orthogonal transformation to system (19): )"c; =
(U2 ® L)%y = col{Xp1, %2, XpN,—1}, WithX,; €
R™,Yi e I[I,N, — 1], ¥} = (U ® L)X =
col{xc1,Xc2, -+ XeN,—1}, withx.; € R VieI[1,N, —
11, ¢' = (V2 ®1,)§" = coliq1. @2+ . qn,~1}, With
gi € Rw Vi ¢ I[1,N, — 1], w' = (U2 ® I, W' :=

col{wi,wy, - - ,v_vNa_l}, withw; € R™ Vi € I[1,N; —
11, 2 = (U ® [,)Z! := col{z1. 22, -+ . ZN,—1), WithZi €
R™,Vi e I[I,N, — 1], &' = (U ® L)' =

colliiy, iy, -+ iy, 1}, with ii; € R™ Vi € I[1,N, — 1].

VOLUME 8, 2020

Then, we obtain

Dx;
Dx!
ﬁl
Zl
INa ® Ap +AQ® Bp2Dc1 Cp
_ A ®BCp
o A ®DCp
In—1® 1,

IN, ® BppCe1 + A BpCea I, ® (BpoDeo — Bp2)

In, ®Al + A® A In, ® B>
In,@Ce1 + AQ® C2 In, ® D>
0 0
Iy, ® Byi + A ® BpDaiD, | [}
A ® B¢1D, i
A ® D¢1D), '’
0 w!
g' = dz(i).

It is clearly seen that since A is diagonal, the above trans-
formed system manages to decouple the system dynamics
(19) into N, — 1 independent subsystems as indicated by (21)
withx; := col{xp ;, Xc,;}, Vi € I[1, N,—1]. This implies the
equivalency between asymptotic stability of system (19) and
simultaneously asymptotic stability of all N, — 1 subsystems
in (21). Moreover, by the definition of £,(£;)-gain perfor-
mance, together with the orthogonal transformation property
and the relation of (20), we have

. ~ =1 ~ |
Izll2 < ylwllza < lzll2 < ylIwl2 < 127112 < ylIIw' |2
_1 _1 - -
<z 2 < ylw llz & lzill2 < ylwill2

for alli € I[1, N, — 1]. In summary, system (15) achieves
the consensus performance with an £ (£3) gain less than y
if and only if the N, — 1 subsystems (21) all achieve £ (£2)
stability with an £, (¢2) gain less than y. This completes the
proof. ]

Based on Lemma 3, the following two theorems provide
the main results for the saturated consensus control synthesis
in continuous time and discrete time, respectively.

Theorem 1 (Continuous-Time Case): Consider the conti-
nuous-time input-saturated MAS (11). Under Assumptions
1-2, if there exist positive definite matrices R,S € S'J':,
rectangular matrices AclaAcQ € RWxXnx f?c] e RMxXny,
Bcz € RM&XMu écl, écz € RMwxnx f)d € RMwuxny bcz €
R [I:IC I:ID] e R™w*2% q diagonal positive definite
matrix I' € S’j_“, and a positive scalar y € Ry such that
the following conditions hold for all i € I[1, N, — 1].

He {A,,R +BpCor + )»,szé‘cz}
A + A +A; + )Li(/}TDCTlBZz
601 — I:ID + )u,‘écz + Dzngz — FBZ;Z
Dy DI, BY, + BT,

R
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* * * *
He {SA,, + 1B cp] . . N
2DaCy — He + BT, He{-T + Do} » *
nDpBL +BIS nDIDT —yl  *
1 0 0 —yl
< 0,
(23)
% * *
ﬁf‘§6k R .| =0 Ykellln) (24)
_I:Ig(sk I S
1; ;} > 0. (25)

Then the dynamic relative output-feedback saturated control
protocol (13) renders the MAS (11) consensus with a regional
L> gain less than y for any disturbance w; € W (Vi €
11, N,1). Moreover, the controller (13) is of order n. = ny,
and its coefficient matrices can be reconstructed by:

He = He,
Acl Ac2 B B
Ca Co2  De D
Hp 0 0 0

N SBp O
=lo 1 o0
0o 0 I
[Act —SA)R  An B Be+SBpT
X . Ce1 Ce D, D>
| Ap—HcR 00 0
MT 0 o0 o]
0o MT 0 o0
“lo crR 1 0| ° (26)
0 0 0 T

where M, N € R"™*" gre such that MNT =T — RS.

Proof: From Lemma 3, the regional £, consensus per-
formance of the input-saturated MAS (11) is equivalent to
the simultaneous regional £, stability of N, — 1 number
of independent linear systems in the form of (21). As such,
combining with Lemma 1, the conclusion of Theorem 1 can
be reached if there exist a positive definite matrix P € S%r"‘*,
a diagonal positive definite matrix I' € S’ﬁ‘, and a positive
scalar y such that the following inequalities hold for all the
N, — 1 number of systems in (21),

He{PA. i} *
Ce0,i —H +TBI P He{—T + Do’}
T T
Bcll,iP DclOl,i
Ccll 0
* *
* * .
I N <0, Vielll,N,—1], 27
0 —ylI

111246

-2

Uy

2 =0, Vkelll, n,). (28)
HTs, P

To formulate the above two conditions in convex LMI form,
welet H = [He Hp| and

S N
P [NT 5{_1} |
Then define

R 1 I S
Zl - [MT 0} ) Z2 — [O NT] )
such that PZ; = Z,. As aresult, we have X'= _NTRM™T,
Based on condition (25), it can be verified that

zlpz, = [1}? é] >0,

in turn, P > 0. Then, after performing the congruence trans-
formation with matrix diag{Z, I, I, I'} on condition (27), and
matrix diag{l, Z;} on condition (28), we have the following
results:
_APR + ?pZécl ":)\-in2éc2

Acl + )ViACZ
Ay + ,\I-B,,%Dclcp}
SAp + AiB1Cp ’

T [AT pT T BT
rBlPzi = |DLBL, —TBL,  BL).

ZIPA 71 =

T [T TAT pT  pT T pT
BY, PZy = | Bl +nD] DT BT, BplS+AiDchl],

(CCIO,i —H)Z, = [Acl + )"iéCZ - I:ID )&ibclcp - I:IC] s

CanZi =[R I]. Deool = Dea,
Dcio1,i = *iDc1Dp,
HZy = [Hp Hc]. (29)

where
Ac = SAR + SBpCaMT + NAqMT,
Ap = SByD:1CyR + NB.1CyR
+SBpCeaM™ + NAoMT,
Bei = SByaDe1 + NB.i,
Ber = SByDol — SByl + NBeoT,

é‘cl = CclMT» 662 = DchpR + CCZMT
D¢y = D¢, Do =D, He =Hc,
Hp = HcR + HpMT . (30)

The above congruence transformation results verify equiv-
alency between condition (23) and condition (27), as well
as condition (24) and condition (28). The formula (26) for
reconstruction of controller gain matrices can also be verified
by inverting the relations in (30). This ends the proof. |

Remark 2: It is clearly seen that the saturated consensus
control synthesis conditions (23)—(25) in Theorem 1 are for-
mulated in terms of convex LMIs, which can be solved effec-
tively through semi-definite programming [38]. Thus, this
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result can be used to pose the following convex LMI-based
optimization problem for synthesizing an optimal consen-
sus control protocol that would render the MAS a minimal
regional L gain y:

Lo, min
R.S,Ac1,Ac2,Bc1,Bc2,C1,Ce2.De1 ,.Dea ,He ,Hp, T
s.t. (23)—(25). 31

Thanks to the convexity property of the derived LMI con-
ditions, solving the above LMI-based optimization problem
will involve very little computational complexity, as will be
illustrated through examples in Section IV.

Parallel to the continuous-time case, the saturated consen-
sus control synthesis condition for discrete-time case is given
as follows.

Theorem 2 (Discrete-Time Case): Consider the discrete-
time input-saturated MAS (11). Under Assumptions 1-2, if
there exist positive definite matrices R, S € S, rectan-
gular matrices ;\01, 12\02 € ]RA"XX”X, f?cl € ]IA%"’CX"}', Ecz €
Rnxxnu, CC]5 Cc2 e Rnuxnx, Dc] e Rnuxny, Dc2 e Rnuxnu,
[I:Ic I:ID] e R™w*2 g diagonal positive definite matrix
I e S:’_”, and a positive scalar y € Ry such that condition
(32), as shown at the bottom of the next page, and

—
2—12( * *
)
R >0, Vkelll, n,l, 33
Hgak R = [1, n,] (33)
alse 1S
R ]
[ ;s O (34)

hold for all i € I[1,N, — 1]. Then the dynamic relative
output-feedback saturated control protocol (13) renders the
MAS (11) consensus with a regional {> gain less than y for
any disturbance w; € Wy (Yi € I[1,N,]). Moreover, the
controller (13) is of order n. = ny, and its coefficient matrices
can be reconstructed by using (26).

Proof: From Lemma 3, the regional ¢> consensus per-
formance of the input-saturated MAS (11) is equivalent to
the simultaneous regional £, stability of N, — 1 number of
independent linear systems in the form of (21). As such,
combining with Lemma 2, the conclusion of Theorem 2 can
be reached if there exist a positive definite matrix P € Si”‘,
a diagonal positive definite matrix I’ € S'J’r“, and a positive
scalar y such that the following inequalities hold for all the
N, — 1 number of systems in (21),

—P * * * *
Ce0,i —H He{—T — D¢jpol'} * * *
0 DZIO],[ -yl x *
PAcpi PBjol" PB.1,i —P  x
Cenn 0 0 0 —yI
<0, (35)
)
§2 >0, Vkelll,n,]. (36)
HT8, P
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FIGURE 2. LC oscillator circuits for i € I[1, 10] (Example 1).

To formulate the above two conditions in convex LMI form,
we follow a similar idea of the proof of Theorem 1 tolet H =
[HC H D] and

s N R 1 I s
el L ) s P e [

such that PZ; = Z,. As aresult, we have X1'= _NTRMT,
With condition (34), it can be verified that Z/ PZ; =

IS
congruence transformation with matrix diag{Z,1,1,7Z;,1}

on condition (35), and matrix diag{l, Z;} on condition (36),
we obtain the same results as those of (29) and (30). This ver-
ifies equivalency between condition (32) and condition (35),
as well as condition (33) and condition (36). The controller
reconstruction formula (26) can also be verified by inverting
the relations in (30). This ends the proof. O

Similar to the continuous-time case, the discrete-time sat-
urated consensus control synthesis conditions (32)—(34) are
formulated in terms of convex LMIs. Hence, the associated
optimal consensus control protocol that renders the MAS a
minimal ¢, gain y can be synthesized by solving the follow-
ing convex optimization problem:

|:R Ii| > 0, in turn, P > 0. Then, after performing the

.. . min v
RS, Ac1,Ac2,Bc1,Bc2,Cc1,Cc2.De1 ,Dea ,He ,Hp, T
s.t. (32)-(34). 37

IV. APPLICATION EXAMPLES

In this section, two examples will be used to demonstrate the
effectiveness and real application of the proposed dynamic
relative output-feedback saturated consensus control schemes
for continuous-time and discrete-time MASs, respectively.

A. EXAMPLE 1: CONTINUOUS-TIME CASE

The first example considers the synchronization problem
for multiple electrical circuit systems, which consist of ten
perturbed and input-saturated oscillator circuits as shown in
Fig. 2.

Specifically, for each circuit system with index i €
I[1,10], we use I.; and I ; to denote the corresponding
currents through the capacitor C and the inductor L, respec-
tively, and use Iy ; to represent unknown external current
perturbations. R is a resistor, and i; is the control input voltage
for the ith circuit system. By applying the Kirchhoff’s law, the
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FIGURE 3. Network graph of ten agents.

(8)

dynamical behaviour of these LC circuits can be described by
. 1

LCIL; + 11 + R +1;;=0, Vielll,10]. (38)
i

Our goal here is to apply the proposed continuous-time
dynamic relative output-feedback consensus control scheme
to solve the synchronization problem of the above ten elec-
trical circuits, i.e., driving the current states (including I ;
and I'L,,') of these circuit systems to reach consensus in the
presence of unknown external disturbances and control input
saturation. To this end, we reformulate the above circuits’
dynamics (38) into the state-space form of (11) by defining
Xpl,i = ILJ', Xp2,i = IL,i7 w; = Id,i7 and yi ‘= IL,,' for all
i € I[1, 10]. This yields the associated state-space matrices
as

0 1! 0 ! 0
|:AP By Bp2] . 1 0 i 1 i 1
G Dp O LC i 16,(:,1 ,,,,, %CR

For simulation purpose, we choose the circuit constants L =
1.5H, C = 1F, R = 50, and assume the saturation level
of the voltage inputs u; as u = 0.2 for all i € I[1, 10]. The
underlying communication network graph G is given in Fig.
3 with the associated Laplacian matrix as

0.1 T
—Agent 1
——Agent 2
0.05 —Agent3 |
Agent 4
——Agent 5
0 ----Agent6 [
----Agent7
| ----Agent 8
-0.05F Agent9 ||
----Agent 10
01 . . . .
0 10 20 30 40 50
time (sec)
FIGURE 4. Disturbance signals (Example 1).
whose non-zero eigenvalues include A1 = 0.2495, A, =

0.6384, A3 = 0.8471, Ay = 1, A5 = 2, Xg
A7 =3.4902, Ag = 4.3687, and L9 = 4.9521.

Based on the above system setup, under the proposed
consensus control scheme for continuous-time systems, we
solve the LMI optimization problem (31) to yield a mini-
mized regional £, gain y = 225.2231 for the disturbance
level s = 1. The associated optimal controller matrices can
be further obtained with formula (26). Consequently, using
the synthesized consensus control protocol in the form of
(13), we carry the time-domain simulations under zero initial
conditions for all system and controller states. The energy-
bounded disturbance signals w; are assumed to be

2.454,

w(t)

[wo(t) — 0.5sin(t)wo(r) — sin(100)wo(r)
0.5 cos(0.11)wo(1) 0.2wo(r)
—0.2sin(t)wo(t) cos(t)wop(t)

0.7 cos(0.16)wo(t) —0.7 cos(0. lt)wo(t)[O.Swo(t)]T :

t €10, 5] sec
(3 -1 -1 =10 0 0 0 0 O 0. otherwise
-12 0 0 0 -1 0 0 O O (40)
-10 1 0 0 O O O O O
-10 0 3 -1 0 0 0 0 -1 where wo(r) := (3sin(9t) + 5sin(v/13t) + 7 cos(15¢) +
re 06 6 0-13-1-10 00 9cos(19¢))/240 is used to generate random-like noisy sig-
10 -10 0 -12 0 0 0 O nals, according to [39]. Fig. 4 shows the time-domain pro-
6 06 06 0-10 3 -1-10 file of such energy-bounded random-like disturbance signals.
6 0 0600 0-11 020 Fig. 5 provides the trajectories of the control input signals
0 06 0 0 0 0 -10 10 u;(¢) for all ten circuit systems. Saturation at magnitude 0.2
0 0 06 -1 0 0 0 0 0 1 and —0.2 can be observed from 0 to 15 sec. The synchro-
39 nization performance is illustrated in Fig. 6. In particular,
i —R * * * * * * ]
-1 -S * * * * *
écl + )Liéc-Z — I:ID )\l‘bclcp — [:IC He{—T + ch} * * * *
0 0 nDIDT —yI x o« % | <0, (32
ApR + lgpocl —tkinzccz Ap + )\inZADcl Cp szDc% — Byl By + kin%Dchp —R *
Acl + MiAo SAp + AiB1Cp B SBp1 +AiBaD, —1 —§
R I 0 0 0 0 —yI
111248 VOLUME 8, 2020
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—Agent 1
——Agent 2
——Agent 3
Agent4 | -
——Agent 5
--—"Agent6 | |
----Agent7
--—Agent8
Agent 9
—--—Agent 10

0.2

0.15

0.1

0.05

-0.05

-0.1

-0.15

-0.2

time (sec)

FIGURE 5. Control inputs (Example 1).

Figs. 6(a) and 6(b) show that both states of all ten electrical
circuits indeed reach consensus with the ultimate consensus
trajectories being sinusoidal signals. The consensus perfor-
mance is more clearly demonstrated in Figs. 6(c) and 6(d),
which show the convergence of all consensus error signals
(defined in (12)) to zero. Because of the effects of input
saturation, some chattering phenomenons appear during the
transient process as shown in Figs. 6(b) and (d). The con-
troller state profiles are also provided in Fig. 7 to verify
stability of the overall MAS.

B. EXAMPLE 2: DISCRETE-TIME CASE

In the second example, we consider consensus control of a
network of ten mass-spring mechanical systems (as shown in
Fig. 8), each of which has the following dynamics:

mX; + kx; = u;, Viel[l, 10]

where x; represents displacement of the mass from the equi-
librium point, m is the mass, k denotes the spring constant,
and u; is the control input representing external forces applied
to the mass. The goal is to drive all these ten mass-spring
systems to reach certain consensus behaviors by utilizing
the discrete-time version of the proposed dynamic relative
output-feedback control protocol. To this end, we rewrite the
above system dynamics into the following state-space model
by defining x,, ; = [x;, %17 and Vi = Xi:

0 1 0
)'Cp’,' = _E 0 Xpi + l u;,
m m
yi=[1 0]x,; Vielll, 10].

Then, by discretising the above continuous-time model
with a sampling time Ty = 0.01 sec, and taking into account
the effects of control input saturation and external distur-
bances/noise w;, we obtain the following discrete-time model
for the multiple mass-spring systems:

1 0.01

i+ D=1 ook
' m

50+ | | w0
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0.02 T T T T
0.01F [ 1
N AN
0 k&= Tk /
v N =
Yy < —Agent 1
-0.01f i —Agent2 | o
\\ / ——Agent 3
Agent 4
-0.02 ——Agent 5 4
----Agent6
--—-Agent7
-0.03 L L L --—-Agent8 | |
0 10 20 30 Agent9 | 50
time (sec) ~~~ Agent 10
(a) first state x; 1 (t)
0.02 T T T T
0.01
04
| ——Agent 1
-0.01 ——Agent2 | 4
——Agent 3
Agent 4
-0.02 ——Agent5 | |
----Agent6
----Agent7
.0.03 | | I —-—'Agent8 | |
0 10 20 30 Agent9 | 50
time (sec) Agent 10
(b) second state x; 2 (t)
0.02 T T
0.015 1
0.01 1
0.005 1
0
—Agent 1
-0.005 ——Agent2 | -
—Agent3
-0.01 Agentd | |
——Agent 5
N --—-Agent6
0015 --—"Agent 7
--—Agent8
-0.02 ! 5 : —
0 10 20 30 Agent9 | 5o
. —--—-Agent 10
time (sec)
(c) first consensus error z; 1 (t)
0.02 T T T T
0.015 1
0.01 1
0.005 1
0
! —Agent 1
-0.005 ——Agent2 | |
——Agent 3
Agent4 | |
-0.01 ——Agent 5
----Agent 6
-0.015 --—Agent7 |
--—-Agent 8
-0.02 L L : Agent9 [
0 10 20 30 -~ Agent 10| 50
time (sec)

(d) second consensus error z; 2 (t)

FIGURE 6. Synchronization of ten oscillator circuits (Example 1).

0
+ | 0.01 | sat(u;(1)),
m
yitt) = [1 0]x,i(t) +wi(r), Viel[l, 10].
For controller synthesis, we choose the mass m = 1 kg,
the spring constant k = 0.1 N/m, the saturation level of

the force control inputs # = 0.5 for all i € I[1, 10], and
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150 T T
100 1
50 1
0
—Agent 1
-50 ——Agent2 |
—Agent 3
-100 Agent4 |
——Agent 5
L ----Agent6 | |
-150 ----Agent7
----Agent 8
-200 : ’ ’ Agent9 —
0 10 20 30 - -~ Agent 10 50
time (sec)
(a) first state x. ;1 (t)
30 T T T T
—Agent 1
—Agent 2
——Agent3 | |
Agent 4
——Agent5 | |
----Agent 6
----Agent7
-30 : : : ----Agent8 |
0 10 20 30 Agent9 | 50
time (sec) == =Agent 10

(b) second state ¢ ;2 (t)

FIGURE 7. Controller states (Example 1).

FIGURE 8. Mass-spring mechanical systems for i € I[1, 10] (Example 2).

—— Agent 1
——Agent 2
——Agent 3
Agent 4
——Agent 5
—----Agent 6
--—-Agent 7
b I I I -~ —Agent8 | |
0 1000 2000 3000 4000 Agent9 | 6000
. -~ Agent 10

time step

FIGURE 9. Control inputs (Example 2).

assume that the underlying communication network graph G
has the same structure as of Fig. 3, which shares the same
Laplacian matrix as given in (39). Based on Theorem 2, we
solve the convex LMI optimization problem (37) to achieve
the optimal regional ¢, gain y = 48.4417 for the disturbance
level s = 150. The associated optimal controller matrices are
also obtained using (26). With an energy-bounded random-

111250

0.1 T T T T T

—Agent 1
——Agent 2
—Agent 3

Agent 4
——Agent 5
----Agent 6 T
----Agent 7
----Agent 8

0 1000 2000 3000 4000 Agent8 | 6400
. ----Agent 10
time (sec)

(a) first state ;1 (t)

-0.1

-0.3

0.05 ‘ ‘ ‘
0
—Agent 1 i
-0.05 ——Agent 2
——Agent 3
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FIGURE 10. Consensus of ten mass-spring mechanical systems
(Example 2).

like disturbance satisfying a similar profile of (40) but starting
from time step O to time step 200, we conduct the time-
domain simulations with zero initial conditions to all system
and controller states. The simulation results are plotted in
Fig. 9 through Fig. 11. Fig. 9 shows the trajectories of the
control input signals of all ten agents. Saturation can be
clearly observed for these control signals. The plant state tra-
jectories and the consensus error trajectories of all ten agents
are depicted in Figs. 10(a)-(b) and 10(c)—(d), respectively.
Similar to the Example 1, because of the effects of input satu-
ration, some chattering phenomenons appear during the tran-
sient process as shown in Figs. 10(b) and (d). It is interesting
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to see that ten mass-spring systems will ultimately reach
consensus on a persistently oscillating behavior. This demon-
strates that the proposed control protocol is indeed capable
of stabilizing the overall MAS and meeting the consensus
specification with disturbance attenuation when subjected to
actuator saturation. Moreover, the controller state trajectories
are plotted in Fig. 11 for overall stability demonstration.

V. CONCLUSIONS

In this paper, a novel dynamic relative output-feedback con-
sensus control protocol has been proposed for a class of
linear MASs subject to input saturation and energy-bounded
external disturbances. With this new control protocol, the
associated consensus control synthesis conditions have been
formulated in terms of computationally-tractable LMIs, such
that an optimal consensus control solution that ensures opti-
mal disturbance attenuation performance can be synthe-
sized via efficient convex optimization. Both continuous-time
and discrete-time MASs have been addressed in a unified
framework. Effectiveness of the proposed results have been
demonstrated through two realistic engineering applications,
including synchronization of multiple electrical circuits and
consensus oscillation of multiple mass-spring mechanical
systems. In the future work, it is promising to further extend
the proposed methodologies to leader-following MASs, and

VOLUME 8, 2020

MASSs with more general settings, such as nonlinear and het-
erogeneous agent dynamics, as well as switching and directed
network topologies, etc.
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