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Dongsup Kim and J. D. Doll
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David L. Freeman

Departmeih of Chemistry University of Rhoce Island Kingston Rhoce Island 02881
(Receiva 20 Octobe 1997 acceptd 5 Decembe 1997

A new numericé procedue for the study of finite temperatue quantun dynamisis developedThe
metha is basel on the observatio tha the red and imaginay time dynamicd& da@ contain
complementay types of information Maximum entrofy methods basel on a combinatia of real
ard imaginay time input data are usel to calculae the spectrhd densities associatd with red time
correlation functions Modd studies demonstra tha the inclusion of even mode$ amouns of
short-tine red time dafa significanty improves the quality of the resultirg spectr& densities over
that achievabé using eithe red time dat or imaginay time daia separately © 1998 American

Institute of Physics [S0021-960808)51010-0

I. INTRODUCTION

The Monte Carlo method'? has been applied to the finite
temperatue quantum dynamic problem in two bast ways.
One approad is to utilize Monte Carlo method (or their
generalizationto calculate directly the required “real time”
guantum dynamic# correlation functions Anothe approach
is to obtan the requirad dynamicé information “indirectly”
using suitabl designedimaginay time equilibrium simula-
tions Both approachs hawe their own unique advantages
ard disadvantages.

In the diredt approachconventionhMonte Carlo impor-
tane samplirg method are of limited use The well known
“sign problem’ associatd with the pha® oscillatiors of the
red time propagatare'™’#  leads to exponentialy growing
variance as the time, t, increase$~® If only very shot time
information is required as would be the ca® if we were
studyirg the flux autocorrelatia functiors for a simple bar-
rier crossimg event then brute force Monte Carlo procedures
may suffice® If, however longe time dag are required then
more genera approachs are necessary.

Many approache hawe been proposéd to defed the sign
problem’° While progres continuesthe actua application
of dired method to realistic physica systens are at present,
rare.

In the indired approach the correlation functiors in
imaginag time are calculatel by a usua equilibrium quan-
tum Monte Carlo simulation method®* and the desirel real
time correlation functiors are obtainel by an analytc con-
tinuation proceduré!™ The main difficulty of this method
is tha the analytic continuation is numericaly unstabé so
that the unavoidabt statistich errois of the equilibrium
Monte Carlo calculatiors are magnified in an uncontrollable
way. Severadifferent approacheto ded with the numerical
instability associatd with the analytc continuatim have
been proposed Among those the maximum entropy inver-

0021-9606/98/108(10)/3871/5/$15.00

3871

sion method*823 js the mog recen ard by far the most

successfullt has bean applied with succesto problens such
as quantum lattice models'* the solvatel electron'® liquid

“He,}” ard adsorbag vibrationd lineshapes® A majar short-
coming of the maximum entrofy methdl is tha it requires
extremey accurag¢ imaginay time correlation functiors to

obtain converge results Thisimplies tha it is often difficult

to obtan high resolution dynamica detail.

In this pape we develgp a new methal which utilizes
both imaginay time and red time quantun Monte Carlo
data The methal is mainly basel on the maximum entropy
method but unlike previows approachest uses both red and
imaginay time dat as input In the next section we indicate
how the red time information can be included in the maxi-
mum entropy reconstructia schemeWe focus our attention
on calculatirg the lineshag function |(w), in vibrational
spectroscopyExtensiam to the gener& quantum dynamics
problem is straightforward In Sec Ill, we demonstra the
utility of our metha on a few selectel examples.

IIl. FORMAL DEVELOPMENTS

A generc time correlation functions C(t), is related to
its associate spectra density | (w), by means of a Fourier
transfom relationship

C(t)zr e Y (w)dw. )

— oo

As documentd elsewheré?!® the correspondig imaginary
time correlation function G(7)=C(—it), can be written as

G(T)=J:K(T,w)l(a))dw, (2)

© 1998 American Institute of Physics
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whee | (w) is the same spectral density that appears in Eqwhere the usual y*> measue is given by
(1) and K(7,w) is a known integral kernel. Of relevance for

the presen discussia is tha K(7,) tends to be a strongly

decayiry function of the frequency,w.

Although they shae acomma spectré density the dif-
ference betwea kernek of Eqgs (1) ard (2) hawe profound
implicatiors with respet to the way in which this densiy is
“expressed.” Specifically the strongl decreasig character
of the integrd kernd K(7,w) implies thatG(r) preferen-
tially contairs information concerniig the low-frequency

componergof | (w). High frequency information is obtained

only with sone difficulty. On the othe hand the Fourier
transfom structue of Eq. (1) impliestha C(t) preferentially
provides information abou the high frequeny components
of the spectrd density Tha is, if approache through C(t),
it is the long-time or low-frequeng information that is dif-
ficult to obtain.

Within the dipole approximation the vibrationd line-

shapel(w), can be obtained from the position autocorrela-

tion function® C(t)=(r(t)-r(0)) by Eq. (1), where r(t) is
the Heisenbey operatori.e., r(t)=e™/ re /" g (...)
isthe thermd average(- - -)=Tr[e #"...]/Q with the par-
tition function Q. H is the systems Hamiltonian and 8 the
inverse temperature=1/KkT.

C(t) can be written in multidimension& integrd form
usig Feynmans pah integrd representatio of the
propagator®?! The dired approab is to evaluae the multi-
dimensionkintegrd by Monte Carlo techniqus with an ap-
propriae importane sampling procedure This approach
may not, however be the beg one for the lineshag function
calculation For example if I(w) contains low frequency
componentsone need C(t) over a relatively long time in
orde to resohe them This information is difficult to obtain
since the complexiy in the red time Monte Carlo calculation
grows exponentialy as afunction of the time, t. Because
C(t) mug be truncatel at sone finite time, t,,,,, and since it
als contairs the statistich errors the Fouria transfom usu-
ally gives artificial defecsin I (w), typically rapidly varying
side robes arourd peaks Various forms of windowing func-
tions have bee useal to preven thee phenomena? Maxi-
mum entrofy method hawe also been used in Fourie trans-
form for the same purpose As demonstrat@ in the next

section | (w) calculated using maximum entropy method is

much betteg than tha of the usua numericd Fourie trans-
form with the windowing functions.

The sane lineshag function |(w) can be obtained by
invere Laplace transfom of the imaginay time correlation
function, G(7)=C(—it),

G(r)zf e “l(w)dw. (3
The numericd instability associatd with the inverse Laplace
transfom is controlled by the maximum entroy method.
Using the Bayesia approab of probability theory, we can
formulaie the maximum entrofy approab as aminimization
problem involving the objective function Q,

1
QZEXZ_(XS, (4)

x2=; (Gi—G)IC 11;;(G;—G)), (5)

where G;=G(r,) is the Monte Carlo dai ard C;; is acova-
riance matrix elemen describirg the correlation between

data G; ard G;. The entropy S is definel by

S[A,m]ZJ do{l(w)—m(w)—1(w)In[l(w)/m(w)]}.
(6)

The defaut modé m(w) should be chosen by the prior
knowledg on the solution The regularization parametera

is removal by the Bryan’s method® in this work. If desired,
the red time correlation function C(t) can be obtainel by the
inverse Fourie transfom from | (w).%*

Unlike the dired approachit is vetry difficult to get the
high frequeny componerg of | (w) since the integral kernel
e “" is practically zem beyord acertan frequencyw. This
implies tha it is often impossibé to get the overtore peaks
which are usually in high frequeng region ard havwe small
intensities Anothe drawba& of the maximum entropy
methdal is tha it often fails to resole the closey spaced
peakst’ To overcone thee difficulties, sone workers have
tried the problem-speciti defaut modek constructd from
the approximag solutiors and sum rules However for the
lineshag function calculationsit is not adequat to use the
non-constandefaut model The reasm is tha | (w) is typi-
cally composd of severd shap Gaussia peals and any
incorre¢ defaut mode thus imposes overly sevee con-
strains on the solution One might try to improve the result
by increasiig the numbe of imaginay time data points or
improving a numericé integration schemesOur experience,
however tells us that neithe of those attemps change the
outcone significantly The only previousy known way to
improwve the resut isto calculak increasingy accurag values
for G(7). Bearing in mind the fact that the variance in
Monte Carlo calculatio decreaselike 1/\/N where N is the
numbe of Monte Carlo samplessud a “brute force” ap-
proath may prove somewhainefficient.

The relation betwee C(t) and | (w) [Eqg. (1)] is gener-
ally true for the complex time, t.;=t—ir, wheret is the real
time and 7 is the imaginary time. Then, Eql) can be ex-
plicitly expressé in terms of t, and ,

F(t,7)= f:e’i“’te’“”l(w)dw. (7)

This is the “Fourier+Laplace’ transform The only modifi-
cation from Eq. (2) is tha the integrd kernéd changs to
e '®'le” @7 |t js conveniemhto use the symmetrize version
of the linesha function A(w)=(1+e #"*)|(w). Using
the detailel balane condition | (— w)=e 4"l (w), and the
fact that F(t,7) can be complex, we have two equations to
be solved simultaneously,

Copyright ©2001. All Rights Reserved.
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@ e (1= Bhl)w 4 (7= BhI2)w
ReF(t,7)]= J’o cos(wt) o Phol2 ] gBhol2 A(w)dw,
o (7= BiR)o__ o= (1= phil2)w
Im[F(t,7-)]=J'0 sin( wt) Pz T2 Alw)dw.
(8)

One can construt two dimensionacorrelation function sur-
faces by the appropria¢ quantum Monte Carlo techniqe and
then use the surface as input da@ in maximun entrogy re-
constructiom schemen the conventiona maximum entropy

method only F(0,7)=G(7) is used as input data. The obvi-

ous advantag of the preseh methal is tha we hawe more
information on the system All the data are not independent
so that simply addirg more data may not improve the result
in alinear fashion In fact, RgF(t,7)] and InfF(t,7)] are not
independentHowever this does not mean information on
imaginay pat is redundant Both da@ are statisticaly im-
portant The statistichk importane of including Im[F(t,7)]
will be demonstratet in the nex section The importart fact
to be emphasizd is tha the red and imaginay time dat are
mutually complementaryusing the red time data it is rela-
tively eay to obtain information on the high frequeny spec-
tral componentswhile, converselyimaginay time datatend
to preferentialy provide information concernirg low fre-
gueng spectrécomponentsit is thus quite naturd to expect
tha by using both red ard imaginay time da@ we can
achiewe an improved result.

IIl. NUMERICAL EXAMPLES

In this section the utility of our ideais numericaly dem-
onstratel for a numbe of simple examples In the first
mode| the lineshag function is assumd to hawe three
Gaussias of width 10cm™! centerd a 300cm %,
1000 cm ™%, and 1800 cm™%, with the relative intensiy 0.1,
1, and 0.1 Eadh numbe is chosa to try to representhe
typicd vibrationd spectrun of hydrogen atom adsorbd on
the transitin metd surfaces®?® The 1000cm™! and
1800 cm™ ! peals are representatig of the perpendiculavi-
brationa motion of the H atom (fundamenthand overtone
peak, while the pe& characteristi of the 300 cm™? is the
contribution of metd phonan modes The time correlation
functions F(t,7), are constructed fromMA(w) and corrupted
by Gaussia nois to simulat the effecs of Monte Carlo
construction A(w), G(7), and the real part ofc(t) are
shown in Fig. 1. The temperatue is se to 100 K.

Figure 2 shows the reconstructé A(w) obtained solely

from imaginay time [ G(7)] data with various noise levels.

64 imaginay time dat points are included in the calcula-
tions We can see tha the prope A(w) is achieved only in
the zem errar limit. We also notice that as expectedit is

much more difficult to g& the smal pek at high frequency
regian than the pe at low frequeng regian using only the

imaginay time data.

The sane |(w) reconstructed from purely real time

[C(t)] dat by the conventionh numericd Fourig trans-
form and the maximum entrory methal is shown in Fig. 3 as
afunction of t,.. Thered time dai are taken at every 1 fs.
In the conventionh Fouria transfom method we hawe used
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FIG. 1. (a) The first modd lineshag function A(w). (b) Imaginary time
position correlation function G(7) computed fromA(w) by Laplace trans-
form. The temperatue T=100K. (c) Red pat of the red time position
correlation function R C(t)] computel from A(w) by Fourier transform.

the windowing function w(t)=0.42+0.5 cos@rt/ty,ay)
+0.08 cos(2nt/ty,4y) to preven the errar due to the finite time
truncation of C(t).%? The maximum entropy methal shows
superio performane over the usud Fourig transform
method As expected relatively long time information is
needd to correcty locak the low frequeny peak We want
to emphasie agan the fact tha the corre¢ spectrun can be

| I J
2000 2500

1000 1500
o/2nc (em™)

FIG. 2. Lineshap functiors extractel from G(7) data for Fig. 1 using
maximum entropy method Eac G(7) is corrupted by 1%, 0.1%, 0.01%,
and 0.002% (relative to maximum valug unbiase Gaussia noises.
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FIG. 3. Lineshae functiors A(w) extracted from ReC(t)] data as a func-

tion of t,ax. REC(t)] is corruptal by the Gaussia noise whos size is 1% of

the maximum value of R C(t)]. () A(w) obtained by maximum entropy
method (b) A(w) obtained by the conventional numerical Fourier trans-

form with the windowing function w(t)=0.42+0.5 cos@mt/t,ay)

+0.08 cos(2mt/tay-

obtainel only at the zem errar limit for G(7) case or long

time limit for C(t) ca® and tha it is extremey hard or
time-consumig to approab eithe of thes two limits.

The complementar properties of G(7) and C(t) are
clearl illustrated in Fig. 4 which shows the lineshag func-
tions calculatel by maximun entropy methal using the vari-
ous data sets (i) G(7), (i) RGC(1)], (i) G(7)+RdC(1)],
ard (iv) G(7)+RgC(t)]+Im[C(t)], where REC(t)] and
Im[C(t)] are the red and imaginay patt of C(t). The main

peals are reasonabyl reproducd for all the casesbut cases

(i) ard (ii) fail to captue the smal pe& at eithe high fre-
queny side or low frequeny side If G(7) and C(t) to-
gethe are fed into the maximum entroy methal as input
datg two minor peals at both sides are successfult located
at the corred positions We also see tha ca® (iv) performs

G(@)

------ RelC(1]

s G(e) + RelG)]

G(1) + Re[C{t)] + Im[C{t)]

e 1
2000 2500

E) ST .
0 500 1000 1500
o/2rc(cm’)

Kim, Doll, and Freeman

I 1 PR 1 /v\: 1 L J
[ 500 1000 1500 2000 2500
o/2nc(cm™)

FIG. 5. Lineshag functions A(w) extracted front(t,7). Two dimensional
red and imaginay pars of F(t,7) have been used,,,,=20fs. The noise
levels are 1%, 5%, ard 10% of the maximum value of F(t,7) for eacht.

betta than ca< (iii), which indicates the statisticd impor-
tane of including the imaginay pat of the red time data.
The beg resut can be obtainal if we use all the dat avail-
able which include the red and imaginay pars of F(t,7) on
2-D comple plare (see Fig. 5). Ther is no specia difficulty
in calculatirg C(t) from A(w) using the Fourier transform,
sinee A(w) is numerically complete. RE(t)] obtained from
A(w) is shown in Fig. 6 which demonstrates the ability of
the methal to “predict’’ the red time correlation function
only using the imaginay time data ard the shot time data.

The secom modd is composd of two closely spaced
Gaussia peals of width 10 cm™* centerd at 800 cm™* and
1000 cm™ %, with the sane intensities They may be thought
as the paralld and perpendicula vibrationd modes of the
adsorbd hydrogen atam on the metd surface?® The results
are similar to thos of the first model That is, the inclusion
of the red time data greatly improves the quality of the line-
shage function calculation relative to that achievabé using
imaginay time dat alore (see Fig. 7).

0.10

0.05

0.00 -

Re[C(1)]

-0.05 |-

0.10 . 1 . 1 . 1 . 1 . 1 . |
0 50 100 150 200 250 300

t (fsec)

FIG. 6. Thered patt of the red time correlatio function Rg C(t)] obtained

FIG. 4. Linesha functiors A(w) extracted from the various data sets. 1% from I(w) by numerical Fourier transforni(w) for 1% noise level case in

relative Gaussia noises are addel to G(7) and the Gaussian noises of 1%

relative to the maximum value of C(t) are addel to C(t). t,,,,=20fs.

Fig. 5 has been useal for the calculation The exa¢d R C(t)] (solid line) is
also plotted for comparison.

Copyright ©2001. All Rights Reserved.
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...... G{)
seneennens RE[C(1)]
I G(7) + Re[C{1)]

1 i
1000
w/2nc(cm’)

FIG. 7. Lineshae functiors A(w) for the second model extracted from the
variows data sets The exat A(w) has two Gaussians of width 10 ch
centere at 800 cm™* ard 1000 cm™! with the same intensity. 1% relative
Gaussia noises are addel to G(7) and the Gaussian noises of 1% relative to
the maximum value of C(t) are addel to C(t). t,,,,=20fs.

IV. CONCLUSIONS

In this paper we hawe developé the new numerical
methal basel on the maximum entropy methal to investi-
gak the finite temperatug quantum dynamic problems The
methal is base& on the complementar natue of the imagi-
naty and red time information on the quantun system Once
the time correlation function as a function of the imaginary

time 7 and the real time& has been expressed in terms of a

Fourig ard Laplae transfom of the spectradensity then it
is possibé to use the maximum entropy methal in a straight-
forward manner We hawe demonstrateg the advantags of
our new metha for two example representatie of adsor-
batke vibrationd lineshape of metal/hydroga systems We
hawe found tha “limited’ ’ red time information greatly im-
proves the usud maximun entropy scheme By “limited”
we generaly mean information realisticaly availabke from
dired Monte Carlo methods For our modd studies 20 fs is
roughly the time requirel to captue reasonalyl goad results.
20 fs is abou half of one vibrationd periad for both ex-
amples Becaus the temperatug is taken to be 100 K,
20fs/Bh is about 0.3.

The ultimate utility of the methal depend on how far
ard how accuratel we can get the red time information and
the expeng of the red time quantum Monte Carlo calcula-
tions We argLe tha the presen resuls suggettha it may

Kim, Doll, and Freeman 3875

prove computationalf more efficiert to include red time

data than exclusivey addirg Monte Carlo samplirg points to

improve the imaginay time data The new methal appears
especialf usefu for systens whos lineshag functiors have
smal componergin both of low and high frequeng regions.
Basel on our experiene with the maximum entrofy method,
the statisticd independene of the input da is very impor-

tant We thus wart to point out tha any Monte Carlo scheme
tha introduces bias to the data may not be suitabk to the

maximum entropy method.
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