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A comparison of energy estimators used in quantum Monte Carlo
caiculations
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Chemistry Division, University of California, Los Alamos National Laboratory, MS G-738, Los Alamos, New
Mexico 87545

David L. Freeman
Department of Chemistry, University of Rhode Island, Kingston, Rhode Island 02881

{Received 6 December 1984; accepted 14 March 1985)

Path-integral Monte Carlo calculations in quantum statistical mechanics have been performed
using either discretized methods or Fourier methods. In each of these methods the internal energy
has been calculated using either temperature differentiation or direct operation on the density
matrix by the Hamiltonian. It is shown that the variance of the internal energy calculated by
operation of the Hamiltonian on the density matrix in the Fourier method is independent of the
number of Fourier components included in the expansion of the paths for a number of systems.
The variance of the internal energy obtained from the other methods is shown to grow with the

size of the expansion used for all systems.

I. INTRODUCTION

Recently a number of methods have been developed!-®
to perform fully quantum mechanical Monte Carlo calcula-
tions using the Feynman path integral formulation of statis-
tical mechanics.® The defining expression in these ap-
proaches is the path-integral representation of the quantum
density operator
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from which all equilibrium thermodynamic quantities can
be calculated. In Eq. (1) m; is the mass of particle i at coordi-
nater;, Vis the potential energy, 8 = 1/k, T, where k is the
Boltzmann constant and T is the temperature, and the path
integrals are evaluated over all paths which connect r, tor},
r,tory,...,and ry tor;. In Monte Carlo studies the path
integrals in Eq. (1) are evaluated numerically and two nu-
merical procedures have been proposed. In one method!~
the path integrals are discretized (DISPI) and short interval
approximations are introduced. If we let R be the collective
3N-dimensional coordinate for the many-body system in the
DISPI method Eq. (1) becomes

PR R) = lim p, (R; R), )
where
P
pr(R;R) = f dR,++d ™R, [[/R:R,,1) ()
t=1
and

PR, R, )= [4nt?B/2mP] 3N
X exp{ — P(R, — R, ,P’m/2#B
—(B/2P)V(R,)—(B/2P)V (R, ,)}. (4)
In Eqs. (2)-(4) P is the number of points used in the discreti-
zation of the paths and we take R, = Rand R, , , = R’. As
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an alternative to the DISPI method the paths have been ex-
panded in a Fourier series and the integrations over all paths
have been replaced by integrations over all Fourier coeffi-
cients.®® In this approach (FOURPI) Eq. (1) becomes

P(R; R’)=klim Pr.. R R, (5)
where
Pr,, (R, R)

max

kmax
=J(B)exp{ — (m/ 2 B#)R — R')?*} I14 N4,
k=1
5
Xexp{ —A%/20%} exp{ — (l/ﬁ)f V [R(u)1du}.
0
(6)
In Eq. (6) A, is the collective 3N-dimensional set of Fourier
coefficients for component %,
o, = [2 B/ m(mk *]'/?, (7)

kl'ﬂlx
J(B)= (m/Zﬁﬁzﬂ)s”/kuII/\ﬂﬂai , (8)

and k,,,, is the index of the maximum Fourier coefficient
included. In the FOURPI method the x component of parti-
cleiis given by

Kmax

xi(u)=x; + (x{ —x,)u/Bh+ Y ay; sin(kmu/Bh). (9)

k=1
From the approximate representations of the density matrix
several methods have been introduced to calculate the inter-
nal energy, (U ). In one approach”®!! (H method) (U} is
calculated as the expectation value of the Hamiltonian

H= — (ﬁz/zm)ﬁ V2 + V(R) (10)

i=1

over the density matrix to obtain

(U) = fd R [p(R; RV n n/ fd R p(R; R');l .
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In another method' (T'method) the energy is obtained from a
temperature differentiation to give

(Uy= —31nQ/3B, (12)
where
0~ [a*RpR; R (13)

is the partition function of the system.

The energy obtained from DISPI calculations using the
T method has been analyzed by Herman, Bruskin, and
Berne* who showed that the variance in the energy obtained
in a Monte Carlo evaluation of Eq. (12) grows as the square
root of the number of discretization points P. In the current
note we show that the variance in the energy calculated using
the T method in FOURPI calculations grows as the square
root of the number of Fourier components included, where-
as the variance in the energy using the H method in FOURPI
calculations is independent of the number of Fourier coeffi-
cients included. In contrast we also show that the variance in
the energy using the H method is DISPI calculations grows
as the square root of P. Consequently only FOURPI calcula-
tions using the H method give energies whose variance is
independent of the size of the expansion used.

Il. THEORY

For simplicity we examine the expressions obtained for
an ensemble of noninteracting one-dimensional systems. In
a DISPI calculation the expression for the energy using the T
method is

(U) = —(I/Q)fdxdx,---dxpf[ﬁ(x,;x,+x){ 3 mPis,

t=1

— w0 /R8N~ VPV S Vis)| + P26 (14

t=1

and the H method gives for the expression for the internal
energy'®

(V) =(1/Q)dx dx, -+ dxy T1At%.s %es (V)

=1

— (#/2m)([mP (x — x,)/B#* + (B /2P)dV /dx]*
~(B/2P)d*V /dx*)} + P/2B. (15)

In the limit that P becomes infinite Eqgs. (14) and (15) become
completely equivalent. Consequently from the analysis giv-
en by Herman, Bruskin, and Berne* we know the variance
obtained in a Monte Carlo evaluation of both Egs. (14) and
(15) grows as the square root of P. As a system becomes
increasingly quantum mechanical it is known that an in-
creasing value of P is required to obtain accurate results.
From the behavior of the variance the number of Monte
Carlo points required also will increase and the computer
requirements will grow substantially.

The T method expression for the energy for a one-di-
mensional system in FOURPI calculations takes the form

Kmax
(U) =1/2B8 + |dx [] da exp{ — a}/20%}
xexp{ —Bjo V[y(u)]du](km/zﬁ

km“
II dax

k=1

Kmax 1
- Y a;/2 o +fo V[y(u)]du)/fdx

k=1

xexp{ ~ ai/20% exp| — 5 [ IV[y(u)]du], (16

where

kmax
Yu)=x+ Y a sinkmu. (17)
k=1
As Herman, Bruskin, and Berne* have shown, the growth in
the variance in the energy originates in the kinetic energy.
The behavior of the variance expected from a Monte Carlo
evaluation of Eq. (16) can be observed for the case that ¥ = 0.
Under conditions of zero potential energy the variance in the
kinetic energy from Eq. (16) will occur from the Monte Carlo
evaluation of

Kmax
(Fansa) |
k=1 ‘max

where the average is evaluated over the distribution given in
Eq. (6). If we set

a.= 5 anap (18)
and define o

B(s)= (exp[ —s;fai/hi}) , (19)
then - -

(ar I, = —(1/B)31In B(s)/ds),_, (20)
and

(6ai .. =@k e — @i e (21)

=(—1/8%(0%In B(s)/35%), _o. (22)

Equation (19) can be evaluated analytically to give

InB(s)= — (kpax/2) In (1 + ) (23)
so that

(@ Vb, = Kmax /2B (24)
and

Ba; i =kn/2B . (25)

In analogy with DISPI calculations, 7 method evaluations
of the energy have a variance which grows as the square root
of k.. , and serious numerical difficulties can be expected as
the system becomes increasingly quantum mechanical.

As shown in Ref. 8 the expression for the energy in
FOURPI calculations using the A method is
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Kmax B
(U)=1/28+ J-de- [I o« exp{ — ai/20%} exp[ - (l/ﬁ)f V[x(u)]du](V(x)

k=1

— (ﬁz/zm)([(l/ﬁ)fom(l — u//%)V'[x(u)]aru]2 - (l/ﬁ)Lﬁﬁ(l — u/BRPV” [x(u)]du)) / dx

Kinax

k=1

For cases where the potential energy vanishes Eq. (26) re-
duces to the exact result and the variance vanishes for all
K,ax - TO Observe the behavior of the variance in the energy
obtained from Eq. (26) for nonvanishing potentials we con-
sider the case of the harmonic oscillator [V (x) = 1/2maw?x?,
o = the oscillator frequency]. For a harmonic oscillator the
u integrations can be evaluated analytically and the variance
in the kinetic energy arises from the Monte Carlo evaluation
of the expression

Kmax
I= def [1 dax exp{ — ai/20% — J(x, a,)}

k=1

kmlx 2 kmlx
X(x +2y (ak/kvr))/dx I da«

k=1 k=1
Xexp{ —a/20% —J(x, a,)}, 27)
where

'max

k
J(x,a;)= (ma)zﬁ/2)[x2 +1/2Y ai
k

=1
k,

+2x 3 (@ k)1 - (— 1)"]]. (28)

k=1
Equation (27) is in the form of a multivariate Gaussian

with a ratio of the variance to the mean of /2 independent of
Kmax - To see this explicitly we write Eq. (27) as

kmlx
I= fdJ’o dyy-+dy, exp[ — 1723 yivien ]
k, 1

krnlx 2
X (t;bytﬂt)/dyo tee dyk,,m

kmnx
XeXP[ - 172 Zymlyll, (29)
k1
where
1795 ST ’ykmu) =(xap,..., akmn),
[mwzﬂ/Z + /0% k0 30
kk maB /2 k=0’ (30a)
Yor = (ma’B /km)[1— (= 1)*], (30b)
=0 kand 1:#0
143! # (30¢)
k#1,
Ag=1, (31a)
and

A =2/km k #0. (31b)

Equation (29) can be written

X [ dax exp{ — ai/20%} exp { — (l/ﬁ)me[x(u)]du}. (26)

f
krnu 2
I= fdpfdyo ceedy exp{ - 172 Eymlyl}p (
k, 1
X(p - Zﬂ,y,)/ dpdy,*++dy,
k1
XeXP[ — 1723 »ive lyl}b’(p - i,y,) (32)
k, 1 t
= J.dp dygeee dJ’km_,dK CXP[ - 1/22 YV —iK
k, 1
X (p - Ey,ﬂ,)}pz/ f dpdyy+++dy,

xXdK exp[ — 1723 yi¥iey — iK (p - zy,/l,)}. (33)
k, 1 t
We now introduce matrix notation so that Eq. (33) becomes

I= fdp dyy-+-dy, dKexp{ —iKp—1/2y"yy

+iK ATy }pz/fdp dyo**+dy;_

X dK exp{ — iKp — 1/2yTyy + iK ATy}. (34)
We now transform the integration variables in Eq. (34) to

y="by (35)
chosen so that

bTyb = 1. (36)

Then Eq. (34) becomes

I= fdp dyg +<+dy; dK exp[ —iKp— 1723 y?

+ iKY (A™b),y; ]pz/f dpdyg .-

Xdy; dK exp[ —iKp — 1/22 v+ iKZ(ATI)),-y{]

€y
_ f dp dK p? exp[ —iKp— KZ(ZM,),?)} /
[ exp - ikp — k7S 2] 39
= [ap 7 exp| — p2r2( S0 /
Japexo — 7250, (39
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Since I is a single Gaussian integral, the ratio of its variance

to the mean is 2. Consequently the variance of the energy
obtained with the H method is FOURPI calculations is inde-
pendent of k., for the harmonic oscillator.

Jll. CONCLUSIONS

We have shown that the variance in the energy obtained
from Monte Carlo studies using the T method and the H
method in DISPI calculations, and using the 7" method in
FOURPI calculations grows with the size of expansion used
in the evaluation of the path integrals. In contrast we have
shown that the variance of the energy obtained in FOURPI
calculations on the harmonic oscillator using the H method
is independent of the number k., of Fourier coefficients
included. In our FOURPI studies of the energy of Lennard-
Jones systems using the A method,*! the variance in the
energy has always been found to be independent of ., . The
variance of the energy in FOURPI calculations using the H
method appears to be independent of &, for a variety of
physically important potentials.

An alternative energy estimator has been suggested by
use of the virial theorem.* In both FOURPI and DISPI cal-
culations the variance in the energy obtained from the virial
theorem is independent of the size of the expansions used in
the evaluation of the path integrals. For FOURPI calcula-
tions the virial theorem has proved to be deficient in calcula-

tions on Lennard-Jones systems.® A similar analysis of the
utility of the virial theorem for Lennard-Jones systems in the
DISPI method has not yet been given. It is gratifying that
energy calculations obtained using the H method in
FOURPI studies have proved to be simultaneously useful
for hard core systems with a variance that does not grow as
the expansion of the paths is increased.
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