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The j-walking method previousy developé to solve quasiergodicit problens in canonical
simulations is extende to simulatiors in the microcanonichensembleThe implementatio of the
methal in the microcanonich enseml# parallek tha in the canonica case Applicatiors are
presentd in the microcanonichensemt® to cluste melting phenomeafor Lennard-Jongclusters
containirg 7 ard 13 particles Significart difficulties are encountere in achievirg ergodiciyy when
Metropolis Monte Carlo method are appliad to thes systemsand the difficulties are removel by
the j-walking method © 199 American Institute of Physics [S0021-960808)50129-§

I. INTRODUCTION

The j-walking method? has proved to be usefu in over-
coming quasiergodicit problens for Metropolis Monte
Carlo simulations in the canonichk ensemble Thes prob-
lems in achievirg ergodicily arise in a Monte Carlo simula-
tion when the underlyirg potentid enery surfae hes dis-
connectd but importart regiors of configuratiom space
separate by significant barriers At low temperature the
large barriess can trap the systen in one region of spa@ so
tha othe importart pars of spae are eithe neglecte com-
pletely or not samplel with sufficiert frequency In the j-
walking method Monte Carlo moves are attempte to all
importart regiors of configuratin spa@ using a series of

externd ergodc distributiors generatd at high temperatures.

The origind j-walking methal developé for classichMonte
Carlo simulatiors in the canonich ensemblé has bee ex-
tende to quantun simulationé ard enhancd using histo-
gram techniqued. Parallé versiors of the j-walking
method® are alo availabk enablirg ergodt simulatiors for
increasingy large systems.

In the currert work we demonstrag tha the j-walking
methal can be extendd to microcanonichsimulations and
we shawv tha difficulties can be at leag as troublesone in the
microcanonichensemb# as in the canonicé ensembleOur
approab to microcanonichsimulatiors uses method devel-
opal by Pearsa et al.” ard applia to physica system&1°
including a recen study of Lennard-Jone clusterst! The
contens of the remainde of this pape are as follows. In Sec.
I we derive the key expression for simulatiors in the mi-
crocanonichensembleWe then show how j-walking can be
applied to insure ergodt simulatiors using the derived ex-
pressionsin Sec Il we provide the computationbdetails,
ard in Sec IV we apply the method to 7- and 13-patrticle
Lennard-Jone clusters We calculae both the temperature
ard hea capaciy and demonstrat the difficulties in attaining
ergodt simulatiors with ordinay Metropolis Monte Carlo
methods We summarie our findingsin Sec V.

0021-9606/98/109(5)/1643/5/$15.00
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Il. THEORY
A. Basic formulas

In this section we devel@ the key expression usal for
microcanonichsimulations Although the resuls of this sec-
tion are not new, we include the discussio to make the
j-walking approab to microcanonichsimulatiors as clea as
possible.

We beghn by expressig the classich microcanonical
densiy of states for a systen having enery E, numbe of
particles N and occupyirg volume V of coordinaé space

Q(E,V,N)=

Nlh3NJ d*Nrd3NpS(E-H(p,r)). (1)

In Eq. (1) H(p,r) is the classich Hamiltonian ard p ard r,
respectively labd the momena and coordinats of the par-
ticles in the system Using Eq. (1) it is eay to demonstrate
the standad Laplae transfom connectio betwea the mi-
crocanonich densiy of states and the canonich partition
function Q(T,V,N)

Q(T,V,N):f dEQ(E,V,N)e FE, )

where 8=1/kgT with T the temperatue and kg the Boltz-
mam constantUsing the expressia for the classicécanoni-
cd partition function

3N/2

mm f d3Nre=AU) ®)

ph?

1
Q(T,V,N)= m(

with U(r) the potentid energy the microcanonichdensity
of states can be obtaina from the Mellin inversia integral

Q(E,V,N)= ziﬂfCeBEQ(T,V,N)dB (4)

to obtain?
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Q(E,V,N)=

2.rm 3N/2 1
h2 ) NIT (3N/2)

xfd3Nr®(E—U)(E—U)3N’2‘1, (5)

where 0 (x) is the step function

0, x<O

®MF{1X>O (®)

and I'(x) is the gamna function® Microcanonich averages
for any coordinaé dependenvariabke can then be obtained
by averagilg with respet to the unit normalizel density
function

(27m/h?)SN 1NIT(3N/2)]
Q(E,V,N)

XO(E—-U(r)(E-U(r))*N2, @)

Pe(r)=

For example the avera@ kinetic energy of a systen can be
expressed

f d*Nr@(E—U)(E-U)N2"Y(E-U)

(K)= 8

J d3Nr®(E_U)(E_U)3N/2—1

whetre () denotes an avera@ with respetto Eq. (7).
A quantit related to the microcanonichdensiy of states
is the pha® spae volume given by

1
— 3N 3N _
@(E,V,N)—N!haNfd pd™rO(E-H(pr) (9
s0 that
d®(E,V,N)
—gg —QUEV.N). (10

Using Laplae transfom method similar to those leadirg to
Eqg (5), it is eay to show that

1 > 3N/2
cD(E,V,N):N_Ir(sN/2+1)\ h? )

xf d3Nr®(E—U)(E—U)3N2, (11
Alternatively, Eq. (11) can be verified by using Eq. (10) to
produe Eq. (5). The entrogy in the microcanonichensemble
can be defined by

S=kg In . (12)

In the thermodynant limit, the definition given in Eq. (12)
agres with textbod definitiors of the entropy in terms of
Q(E,V,N) (to orde 1/N).” By using Eq. (12) as the defining
relation for the entropy for ary N the thermodynand iden-
tity (9S/9E)n v=1/T leads to the expression

Curotto, Freeman, and Doll

_ T(3NR2)
ke(T)= I'(3N/2+1)

f d*Nr®(E-U)(E-U)3N2"L(E-U)
X (13
f d*Nr@(E-U)(E-U)3N=t

2
= 3N (K). (14)
Consequentlywe can identify the averag temperatug in the
microcanonichensemlea with the avera@ kinetic energ for
ary value of N.

By dired differentiation of Eqg. (13), the hea capacity
Cy=(dE/d(T))y v can be shown to be given by

Cv _ \ 2 . 3N L 1 -1

N (N3 ETVIZ e
Unlike the manifesty positive expressia for the hea capac-
ity in the canonich ensemble

Cv _ (E?r—(E)F
Nkg  N(kgT)?

whe ()1 denots a canonichaverageEg. (15) is not guar-
anteel to be positive for smal N. In the microcanonichen-
semble only in the thermodynand limit can the hea capac-
ity be expressé in terms of a fluctuatian (of the kinetic
energy’** and necessarjl be positive.

(15

, (16)

B. Microcanonica | j-walking

To evaluaé coordinaé dependenhproperties in the mi-
crocanonichensembleaverags can be evaluaté using the
weight function given in Eq (7). In the Monte Carlo
method® such average are determine by executiry a ran-
dom walk where the points in configuratian spae are visited
with probability Pz(r). The walk is generatd by performing
trial moves with some unit normalizel distribution T(rg
—Tr,) Wherer isthe currert configuratian of the system and
r, is some trial configuration Detailed balan@ provides a
sufficiert condition for the walk to visit spae (asymptoti-
cally) with probability Pg(r). Detailed balane can be
satisfied® by acceptiny the trial moves with probability

PE(rn)T(rn_’rO)]
Pe(ro) T(ro—ry)) "

In the Metropolis method for multiparticle systems the
moves are attempte for one particle at atime with a uniform
distribution If an attemp is mack to change the x-coordinate
of particle i from x; o to X; , the Metropols trial probability
is given by

p:min( 1 17)

1/A, |Xi'n—Xi’0|<A/2

0, otherwise. (18)

T(Xi,0—Xin) = [
For the cas of such Metropolis walks, the T-factors cancel
in the numerato and denominato of Eq. (17).

In practie sud Metropolis walks can cau® ergodicity
problens tha can be expectd to be particularyy sevee in

Copyright ©2001. All Rights Reserved.
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microcanonichsimulations If two regiors of configuration
spae are separatd by energy barriess tha are greate than

the systen energy a walk beguw in one region may never
reat othea importart regiors of configuration space As in

canonicé simulatiors acure for sud ergodicily problens is

possibe by executig a high enery walk known to be er-

godic and storing the resultirg configuratiors to an external
distribution In microcanonichsimulations the energ rather
than the temperatue is usal as the paramete to generate
information abou importart regiors of the underlyirg poten-
tial energy surface.

In a microcanonichj-walking simulatian an initial high
energy E,,, is chosa so tha a Metropolis walk at that high
enery can be expectd to be ergodic During the high en-
ergy Metropolis walk, configuratiors are capturel periodi-
cally and storal to afile. The configuratios so chos& need
to be sufficiently separate in the Metropolis walk so that
correlatiors betwee the configuratiors are broken At lower
energiesa Metropolis walk is agah execute for the major-
ity of Monte Carlo points Additionally, a fraction P; of the
moves are attemptel to configuratios in the high energy
distribution PEh(r); i.e, we take

T(fg—r)=Pe,(Tn). (19

The configuratioms are chos& from the high energ distribu-
tion at randan as afurther methal to bre& the correlations
betwea points in a Metropolis walk. Becaus the high en-
ergy distribution can be expecte to be ergodt ard coves all

importart regiors of configuration space the jumps to the
high energ distribution enabé the simulatin to overcome
ary enery barries tha separat the importart regiors of

space To insure detailel balane attemptel moves to the
high energ distribution are acceptd with probability

o 1PE(rn)PEh(r0)
PN P e(ro)Pe (1) |

Asin canonicéj-walking, the procedue discussd in the
previows paragrap is usefu provided an adequag fraction of
attempte moves to the high energy distribution are ac-
cepted When the enery separatio betwea E and E,, be-
comes large the fraction of acceptd moves can becone low.
To avoid the low acceptane rate additiond extern distri-
butiors at increasingy low energie are stored for j-walking
to still lower energies When the storag requiremerg be-
come prohibitive, paralld implementatios of the j-walking
algorithm can be used® In the microcanonichensembe the
procedurs for generatig multiple distributiors are identical
to the canonich procedure ard we provide no additional
detaib here Fuller accouns can be found in the original
canonicé literature'?

(20

IIl. COMPUTATIONAL DETAILS

To investigae the utility of the j-walking schene for
microcanonichsimulations we study the energy as afunc-
tion of calculatel temperatue and hed capaciy as afunction
of calculatel temperatue of Lennard-Jongclustes contain-
ing 7 ard 13 particles The potentid surface for Lennard-
Jones clustes hawe mary minima, ard it is convenien to
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refer to these minima as isomers The isomes are separated
by enery barries tha can be significant and ergodicity
problens associatd with simulatiors of clustes hawe been
discussd extensively*5'” The ergodiciy problens are par-
ticularly seriots in ranges of temperature or energis asso-
ciated with pha® changesPhag chang regiors in clusters
occu over a range of temperature ard energis where
isomerizatio transitiors becone important The phase
chang behavios tha hawe often been associatd with cluster
melting, hawe been characterizeé by mary differing proper-
ties dependig on the ensemi® used In molecula dynamics
simulatiors cluste melting has been discussd in terms of
fluctuatiors in the averag kinetic enery betwee distinct
rigid solidlike and fluid liquidlike phaseg® In canonical
simulatiors hed capaciy anomalis hawe often been dis-
cusse in terms of cluste melting phenomend’ Phase
chang regiors in Lennard-Jong clustes haw provel to
provide a fruitful grourd for the developmenand testirg of
the canonicé j-walking algorithm We find thee Lennard-
Jones clustes to be similarly usefd in microcanonich j-
walking simulations.

We descrile the Lennard-Jong clustes with the stan-
dad potentid model

0_)12 (O’)6
rij I’ij

whererj; isthe distane betwee particlesi and j, ande and
o are the standad Lennard-Jongenery ard lengh param-
eters respectivelyBecaus we conside energy ranges above
the threshotl for evaporationwe also enclog ead cluster
within a sphericé hard-wal constrainimg potentid abou its
cente of mass We choo® the radius of the constraining
potentid to be 4o for both 7- and 13-particle Lennard-Jones
clusters the sane value usal by FrantZ’ in studies of
Lennard-Joneclustes using canonicé j-walking.

In the resuls that follow we compae the hea capacity
of the 7-particke cluste ard the energy of the 13-particle
cluste as afunction of temperatug obtainal using ordinary
Metropolis Monte Carlo method and j-walking methods.
For eat cag the Metropolis calculatiors are initiated from
the lowed enery isome (the pentagonkbipyramd for the
7-partice cluste and the icosahedrn for the 13-particle
clustey, and eat enery point consiss of 10" warm-up
moves followed by 10’ Monte Carlo moves where dai are
accumulatd for the 7-particke cluster ard 10 warm-up
moves followed by 10° Monte Carlo moves whete dat are
accumulatd for the 13-partick cluster At the erd of each
Metropolis Monte Carlo calculation the final configuration
is stored in afile and usal as the initial configuratia for the
nex highe energy point The temperatue is evaluate using
Eqg. (13), ard the hea capaciy is evaluaté using Eq. (15).

The j-walking calculatiors are initiated from a random
configuration of atorrs confinad within the constrainimg vol-
ume The initial enery for the 7-partick cluste is —10e,
ard the initial energ for the 13-partick clusta is —24e. At
the initial energy a Metropolis walk consistirg of 10® moves
is executedand an extern& distribution is generatd contain-
ing 10° elemens for j-walking from lower energiesAt lower
energis the calculatiors consis of 10° Metropolis Monte

N
U(r)=4€>,

i<j

: (21)

Copyright ©2001. All Rights Reserved.



Curotto, Freeman, and Doll

1646 J. Chem. Phys., Vol. 109, No. 5, 1 August 1998
5.0
40 f I
- N
=
<
<
3
30 ¢ //JJ 5
29 |

27 ) )
0.05 0.07 0.09

2.0

FIG. 1. The hea capaciy as afunction
of temperatue for the 7-particle
Lennard-Jone cluster The left hand
pané represerd the Metropolis results
ard the right hard pané represerg the
j-walking results Eac calculatio in-
cludes 10" Monte Carlo points ard the
significart reductian in the statistical
noise by the j-walking methd is evi-
dent The smal insd in the left panel
preserd both the Metropolis data-
(lower portion and the j-walking da-
ta(uppe portion) at the loweg calcu-
lated temperatures The systematic
deviatin is a resut of low energy
isomerizatio transitiors tha are not
capturel by the Metropolis calculation.

0.00 0.10 0.20 0.00 0.10

ko Tre

Carlo moves usal to warm-1p the system followed by 10°
Monte Carlo points with jumps mace to the extern high
enery distribution with a probability P;=1/10. When the
acceptanerate for attempte jumps drops belov 10% anew

externa distribution is generatd consistirg of 10° elements.

This externa distribution is generatd using j-walking to the
previousy creat@ high energ distribution This proces is
continual to the lowed energy of the calculation The entire
j-walking procedue is repeatd ten times for the 7-particle
cluste and 100 times for the 13-partick cluste so that the
totd numbe of j-walking and Metropolis Monte Carlo
moves are the same.

IV. RESULTS

The comput@ hed capaciy as afunction of the com-
puted temperatue for the 7-particke cluste is shown in Fig.
1. In Fig. 1 the left hard pané displays the resuls of the
Metropolis Monte Carlo simulation ard the j-walking results
are given in the right panel The errar bars represeh two
standad deviatiors of the mean The substantib difference
in the erroris betwea the Metropolis ard j-walking resuls is
evident Evidert from the smal graph insd in the left panel
is a systematt differene betwea the two resuls at low

0.20

obtairs the probability for the systen to be in the “vicinity”
of a given isomer This approab is similar to an inherent
structue study’”® wher the configuratios of a fluid are
quenchd to the neares isomer Using thee methods we
find tha the Metropolis configuratiors are always identified
with the lowed enery isome (the pentagonkbipyramid
for the temperatue range graphel in the smal box of the left
pané of Fig. 1, wherea some of the configuratios hawe the
structure of the highe isomes in the j-walking simulation
at thes low temperaturesThe cluste isomerize at an en-
ergy lower than predictel by Metropolis Monte Carla and
the smal errar bars computel at low temperature in the
Metropolis calculatiors are artificially low. When the system
begirs to isomeriz in the Metropolis calculation the com-
puted errors in the hea capaciy becone large ard the com-
puted randan errois in the temperatue are significantly
large than the resolution of the graph In the j-walking cal-
culation the errors in the computel temperaturg are smaller
than the resolutio of the graph.

The qualitative shage of the hed capaciy as afunction
of temperatue for the 7-partick cluste does not matd well
the hea capaciy curve obtainel by FrantZ’ using canonical
j-walking methods In the microcanonichkensemi# the heat

temperaturs (less then kgT/e=0.1). In the inset, the lower
gragh does nat include j-walking wherea the uppe curve
does include j-walking. The hea capaciy determine from
the j-walking calculation is consistent} highe than the heat
capaciy found from the Metropolis calculation excep for
the lowed calculatel energies By examinirg the structural
features associatd with configuratios obtaine from both
calculationswe can identify ead configuratian with an iso-
mer. The structurd comparisa algorithm which has been
usal recenty to facilitate the seart for isomes in nickel
clusterst® has been modified to compae a walking configu-
ration to eat known isomer The frequeny of occurrene of
the isome is determine by a criterion that uses the lowest
avera@ atom-to-aton distane betwe@ the known isomer
ard the walking configuration At the erd of the walk one

capaciy has awell definel maximun at kgT approximately
equa to 0.15%. In the canonical ensemble the heat capacity
has aplateal at abou kgT=0.2¢. In both the canonical and
microcanonich ensemblesC, /(Nkg) approache 2.57 as
T—0, the equipartition result.

Figure 2 displays grapts of the energy as afunction of
the calculatel temperatue for the 13-partick Lennard-Jones
cluster The left pané represergthe resuls of the Metropolis
Monte Carlo simulation ard the right pané represert the
j-walking results The statisticd errar is clearly reducel sig-
nificantly by the j-walking method The large slope at
kgT/e=0.28 is similar to that seen in other microcanonical
simulatiors on this systen?! ard the large slope region has
often been associatd with cluste melting As might be ex-
pectal from the importan@ of isomerizatio transitiors in

Copyright ©2001. All Rights Reserved.
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FIG. 2. The enery as afunction of temperatue for the
13-partick Lennard-Jongcluster The left pané repre-
sens the Metropolis Monte Carlo resuls and the right
pané represert the j-walking results Eadh calculation
consiss of 10° Monte Carlo points.

0.30 0.25

0.20
kg T/

0.20 0.25

the melting region the difference in statisticd errors between
the Metropolis Monte Carlo resuls and the j-walking results
are greate in the melting region then for othe regiors of

temperature We do naot display the hea capaciy for this

system becaus the slope of the caloric curve in the melting

region is too large to obtan statisticaly meaningfli results,
even for the large numbe of Monte Carlo points used in the
calculation.

V. DISCUSSION

We hawe demonstrate: tha j-walking method can be
applied to insure ergodt simulatiors in the microcanonical
enseml@ using method that are similar in spirit to the origi-
nd j-walking methal in the canonich ensemble The diffi-
culties in achievirg ergodiciy in microcanonichsimulations
of Lennard-Jong clustes are pronouncd and qualitatively
greate than difficulties tha hawe bee see in canonical
simulations In the canonich ensemta at any temperature
there can be evens tha can overcone barriess betwea sepa-
rated regiors of configuration space In the microcanonical
ensemi® regiors of spae separatd by barrieis greate than
the availabk enery are completey inaccessitd to each
other We speculag tha the totd lack of connectiviy be-
tween regiors of spa@ in the microcanonichensemb# may
make it particulary difficult to achiewe ergodicity.

The simulatiors discussd in this work are true microca-
nonicd simulatiors in the seng tha we have mace no effort
to impose conservatia of the totd linear and angula mo-
ment as would be imposel naturally in amolecula dynam-
ics simulation on thee systems The imposition of such
conservatia constrains represert a straightforwad modifi-
cation of the resuls presentd here.

0.30
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