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Abstract

This report documents our procedures and the accuracy of objective maps of bottom
pressure in the Synop Central Array region between June 1988 and August 1990. The
pressure maps are made by using multivariate objective analysis procedures to combine
data from bottom pressure measurements by Inverted Echo Sounders {PIES) and bottom
current meter measurements in the Central Array between June 1988 and August 1990,

A key new feature is that all daily maps can be adjusted to a fixed reference level by
combining measurements of bottom pressure and near-bottom currents, (P, u,v). While
objective stream functions mapped from (u,v) alone are spatially consistent, the reference
levels vary temporally from map to map. On the other hand, each bottom pressure record
P, has a temporally consistent reference but the reference can vary from site to site. The
combination allows us to adjust all to a common, consistent reference level in multivariate
objective maps.

The pressure maps and error maps are displayed daily for 26 months with overlaid
measured current vectors. Mapping procedures are documented along with error analyses
and comparisons with measured fields. The results produce bottom pressure and current
fields with typical error of only 2 mbar and 2 cm/sec, compared to typical signal standard
deviation of 6 mbar and 9 cm/s.

The report is one of a series of data reports that document aspects of our participation

in the SYNoptic Ocean Prediction (SYNOP) experiment.
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1 Introduction

This report documents the procedures and the accuracy of the objective bottom pressure
maps in the Synop Central Array region between June 1988 and August 1990. It is one of
a series of data reports that document aspects of our participation in the SYNoptic Ocean
Prediction (SYNOP) experiment [7, 2, 3, 8, 9, 6]. The study region consists of a sub-region
of the Synop Central Array and is shown in Figure 1 and Table 1.

The bottom pressure maps are made by combining data from bottom pressure measure-
ments {2, 3] by Inverted Echo Sounders (PIES) and bottom current meter measurements.
The instrument positions are indicated in Figure 1 and detailed in Table 2 and Table 3. For
each instrument site, the period when PIES and Current Meter measurements were taken is
shown by the time lines in Figure 2 and by the start and end dates in Table 2 and Table 3.

The rest of the report is organized as follows. Section 2 reviews the aspects of multi-
variate Objective Analysis procedures necessary for mapping the pressure fields from the
pressure and current measurements, Section 3 describes the data processing steps. Sec-
tion 4 evaluates the precision of the resulting pressure maps, The pressure maps are then

displayed in section 5 along with the corresponding error maps.

Table 1: Corner positions of the rectangular mapping region

Corner z (km) y (km) Latitude (N) Longitude (W)
Upper Left —160 120 38° 40.27 70° 09.10
Lower Left —160 -160 36° 14.08 69° 18.69

Upper Right 40 120 39° 08,25 67° 54.73
Lower Right 40 -160 36° 42.06 67° 04.32




LATITUDE (N)

LONGITUDE (W)
72 " 70

Figure 1: Current meter mooring and PIES sites. The dashed curve indicates the mean
path of the Gulf Stream (1975 to 1986) from Gilman and Cornillon [1990].
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Figure 2: Time lines of the data coverage for current meters and PIES’s on all sites



Table 2: Duration and location of the PIES records used in mapping

Site Start date End date Latitude (N)  Longitude (W)  Depth (m)
G2 28-MAY-1988  12-3SEP-1989 37° 47.52 69° 24.33 4060
07-JUN-1989 19-AUG~1990 37° 47.84 69° 24,31 4088
G3 28-MAY-1988 28-MAY-1983 37° 17.40 69° 14.53 4358
30-MAY-1989 18-AUG~1990 37° 16.99 69° 14.71 4358
H2 28-MAY-1988  01-JUN-1989 38° 37.88 68° 54.20 3458
17-AUG-1989 10-AUG-1990 38° 37.78 68° 54.90 3458
H3 13-JUN-1988  14-AUG-1989 38° 10.10 68° 43.30 4030
17-AUG-1989  14-AUG-1990 38° 10.09 68° 43.65 4025
H4 16-JUK-1988  14-AUG-1989 37° 39.80 68° 35.40 4445
17~AUG~1989  17-AUG-1990 37° 39.57 68° 35.35 4445
5 09-JUN-1988  13-AUG-1989 37° 10.60 68° 17.00 4790
16-AUG-1989 17-AUG-1980 37° 10.23 68° 17.83 4800
Hé 24-MAY-1988  03-JUN-1989 36° 40.45 68° 15.64 4883
06-JUN-1989  08-AUG-1990 36° 39.35 68° 15.70 4840
i1 26-MAY-1988  01-FEB-1989 38° 47.54 68° 06.38 3828
01-JUN-1989 16-AUG-1990 38° 47.58 68° 06.25 3828
12 11-JUN-1988  29-MAY-1989 38° 20.90 67° 59.60 4720
02-JUN-1989  15-AUG-1990 38° 19.68 67° 58.71 4270
13 07-JUN-1989  10-AUG-1990 37° 47.61 67° 58.85 4610
I4 10-JUN-1988 15-JUN-1989 37° 18,50 67° 39.30 4775
18-JUN-1989  16-AUG-1990 37° 18.88 67° 39.58 4765
15 26~MAY-1988  02-JUN-1989 36° 49.73 67° 27.57 4975
07-AUG-1980 36° 50.19 67° 27.36 4975

05-JUN-1989




Table 3: Duration and location of the current meter records used in mapping

Site Start date End date Latitude (N)  Longitude (W)  Depth (m)
G2 28-MAY-1988  03-JUN-1989 37° 47.30 69° 24.50 3500
06-JUN-1989  24-AUG-1990 37° 47.03 69° 24.66 3500
G3 27-MAY-1988  11-0CT-1988 37° 17.70 69° 14.50 3500
H2 26-MAY-19088 10-AUG-1950 38° 38.02 68° 54.00 3355
H3 03-JUN-1889 14-AUG-1980 38° 09.31 68° 44,28 3500
H4 16-JUN-1988  05-JUN-1989 37° 40.10 68° 35.20 3500
H5 09-JUN-1988  14-JUN-1989 37° 11.05 68° 17.60 3500
17-JUN-19898  23-AUG-1890 37° 11.50 68° 15.96 3500
H6 23-MAY-1988  25-MAY-1089 36° 40.40 68° 15.85 3500
I1 26-MAY-1988  10-AUG-1980 38° 47.83 68° 06.25 3500
12 10-JUN-1688  29-MAY-1989 38° 19.40 67° 59.20 3500
02-JUN-1989  16-AUG-1980 38° 19.18 67° 59.37 3500
3 10-JUN-1688  03-NOV-1988 37° 47.35 67° 56.20 3500
26-AUG~1988  09-AUG-1990 37° 47.81 67° 57.82 3500
14 09-JUN-1988  04-SEP-1988 37° 18.50 67° 38.30 3500
27-AUG~1989 15-AUG-1990 37° 19.07 67° 39.58 3500
15 24-MAY-1988  07-AUG-1990 36° 50.10 67° 27.40 3500
M13  28-AUG-1989  17-AUG-1990 37° 29.12 68° 07.18 3500

2 Review of Objective Analysis Procedures

This section reviews Objective Analysis (OA) procedures. We first review the Gauss-Markov
problem of estimating a random variable from some other random variables that are cor-
related to it [5]. The solution to this problem is then applied to mapping the pressure
field from pressure and current measurements [1}. Various computational aspects of the
procedures are discussed next, Section 2.3 examines the error model underlying the OA
procedure we used, followed by a discussion of normalization of the covariance functions
in Section 2.4. Programs are discussed in Section 2.5 and listed in Appendix A. For use
in later sections, some theoretical relationships between spatial cross covariance functions
between pressure and currents are tabulated in section 2.6, and their derivation is provided

in Appendix B.

2.1 OA basics

Given N random variables

¢’ = (¢l:¢21---1¢N)T’ (1)



where the superscript T denotes the matrix transpose, we want to estimate another random

variable & by a linear relation between & and ¢

N
= b, ¢‘s = bTQSs (2)

s=1

=~ %%

where b = (b, bg, ...,bn)T is selected in such a way that the resulting mean square error
P=E{(6-86" (3)

is minimum., Note we implicitly assume that E{#} = F{¢,} = 0, because otherwise the
estimator in {2) can be readily improved by adding a constant term to it.

We now show that the optimal estimator and the minimal mean square error in the
above problem are given by

§=CA¢ | (4)
P=E{#¥}-cAicTt. (5)

where A and C are respectively the covariance matrix between the ¢'s and the cross-

covariance matrix between 8 and ¢'s. Specifically, A is an N by N symmetric matrix
A=E{¢g"} or Ay = E{dsd;} (6)
and C is a row vector of length ¥
C = E{8¢7} or C.= E{8¢,}. (7N

To prove the above result, we note that the mean square error P in (3) is a function
of b, and is minimum if all its partial derivatives with respect to b, are zero. That is,

2E{(6 - 9)89%} =2E{(6 - 9)¢:} = 0, r = 1,2,..., N. To write in matrix form, we have
E{(6-9)¢"} =0 (8)
Inserting (2) into (8), we obtain 8T E{¢¢T} = E{8¢7}, or
WA=C (9)

By inserting the solution of (9) for b7 into (2) we get the optimal estimator in (4). Next,

to obtain the least mean square error in (5), we use (3), (2) and (8) to obtain

P = E{(8 — )87} — E{(6 - §)¢Tb} = E{(6 - 6)8) = E{6?} - E{66}



Now using right hand side of {4) to replace 8 yields

P = E{8%} - CAT'E{48},
which is the same as (5) by the definition of C in (7).
2.2 Extending basic formulas

We now generalize (4) and (5) for computational convenience, Qur main interest is to
use the result to estimate a physical parameter # at some locations, where possibly no
direct measurement is available, from measurements ¢ of possibly different parameters at
instrument sites.

First we note that ¢'s can be measurements of different kinds. For example, we can
have N measurement sites measuring M different parameters with N, sites measuring mth
parameter (thus N = M_, N,.}. In this report we are interested in estimating pressure,
#, at an arbitrary point from measurement of pressures and currents at instrument sites

(M = 3). Thus an example with M = 3 and ¥ = 7 can be

T
¢ = ('PI,PQ;PS,upuZ,Ul,UZ) .

Secondly, when we need estimates of § on several, say G, locations, we can apply (4)

and (5) to all G interpolation points one by one
b, = C,A™ ¢
P, = E{62} - C,A™'CT

where subscripts of § denote interpolation points, C; denotes row vector C corresponding
th

to g*" interpolation point. Stacking those equations together, we can put them in matrix
form

b=CcA"¢ (10)

P = diagonal[E{887} — cA~'CT), . (11)

with # and P now being column vectors of length G, and C' being a G by N matrix. For

example, for G = 4 we have

E}g@i:}} Egglqu%
_ | E{fad1} ... E{b¢n
and C E{bsbr} .. E{bagn} | (12)
E{6s$1} ... E{b4¢n}

L= -7%
1}
=2



Finally, if we want to estimate a time series (say, of length T) of 8 from a corresponding
series of ¢, then under stationarity assumption about both 8 and ¢ fields, covariance matrices
A and C do not change with time and we can apply (10) at each time point. The result can
again be expressed in compact form as (10) with matrix sizes of § and ¢ now being G by
T and N by T respectively. Equation (11) holds without any change in this case because
error estimate does not change with time due to stationarity, as can also be seen directly

from the right hand side of (11). For an example with 7" = 3, we have

(6(1),6(2),6(3)) = CAT(8(1), $(2), $(3)) (13)

where C and each §(t) can be of the forms in (12) and each ¢(t) can be a column vector of

measurements at all instrument sites.

1

To summarize the above extensions' we repeat here the main formulas after the exten-

sions

N N
§=CA™Y or Gy =3 C, (Z A;,lf.bst) ; (14)

r=1 s=1
P = diagonal E{8(t)0(t)"} — CA™'CT] or P, = E{6%(1)} - i CyrATEC s (15)

: rs=1

A= E{p(0)d(t)T} or A, = E{d,()dr(D)}; (16)
C = EQ)()"} or Cor = E{0,(1)¢r(1)}; (17

where the dimensions of all matrices are as follows

g: GhbyT

P: Gby1 (It would be G by T if either & or ¢ were non-stationary);
A: NbyN;

C: GbyN;

¢: N by T, (notation: ¢y = ¢,(t) and ¢(t) is the t** column in ¢);
6: G by T (notation: 8,; = 8,(¢t) and 0(t) is the t** column in 8).

Here is an example of (14) where N =7, M =3,G=4,T =3

QI(I) Q1(2) q:(3) E[91p1] E[Blpg] E{Bip:g] E[91u1] E[glﬂg] E[Hlvl] E{vag}
QQ(].) 3‘2(2) 0‘2(3) _ E[ggpll E[ngg] E{02p3] E[Bg’u]] E[92u2] E[egﬂl} E[Bl‘vgl
03(1) 63(2) 65(3) | | Elfam] E[0sp2] Ef3ps] Elf3u1] Elfaus] E[fzv1] E[6109)
0:(1) 64(2) 64(3) E{fup1] E[04p2] Efbaps] E[f4u1] El0suz] E[64vi] E[61vs]

'The extension can also include the case where some $(t %+ n), for n > 1, are also used in estimating 8(¢).




[ Blpip) Elppz] Elpps] Elpw] Elprua) Elpion) Elpioe) \ 7' [ ;1) mi(2)
Elpsp1) Elpsps] Elpaps] Elpow] Elpaus] Elpav1] Elpavs] pa(l) po(2)
Elpsp1] Elpap:] Elpsps] Elpsui] Elpsua] Elpsvi] Elpsvs) p3(1) pa(2)
Elumyp1] Eluips] Eluspsl Elwiw] Elurua] Efuini] Eluivg] (1) wi(2)
Eluspr] Eluzpe] Eluzpsl Eluzwa] Elugua] Elugei] Efuqus] (1) ua2(2)
E[’Ulpﬂ E[’vlpgl E{‘Ulps] E[vlul] E{‘U]ﬂg] E[vwl] E[’Ul'vg} vl(l) 1')1(2)

\ E[’ngil E[‘ngg] E[’ngg] E[vgul] E{‘L’gﬂg] E[vgvl] E[’vg‘vg] } K ‘Ug(l) 1)2(2)

2.3 Modeling measurement errors

The measurement error is assumed to be additive. Thus a measurement ¢, is the sum of

true signal ¢o, and a noise term ¢,, assumed to be uncorrelated to all the signals in ¢q,

¢s = ¢Oa + €.

Also by assumption, €, from different measurement sites are not correlated; they all have
zero mean but may have different variances,
From those assumptions about measurement error, the covariance matrices A and C

can be written as

A=A+ E (18)
C = Co, (19)

where Ag and Cy are corresponding covariance matrices in the absence of noise and F is a
diagonal matrix whose sth diagonal element is the variance of ¢,

In contrast to the measurement error, we will call the least mean square error in (5)
mappiﬁg error. It is sometimes useful to check the mapping error at a measurement site,
To this end, we suppose that one of the measurement, say ¢, happens to be the sum of ¢

and a noise term €

¢t =8 +¢,

where ¢ has zero mean and variance ¢ and is independent of # and all other ¢,, then

equation (5) reduces to

P=0d%1-o"Ag),

where A;kl is the kth «.ugonal element of A=!. Thus the mapping error is smaller than the
measurement error at a measurement site due to the contribution of measurements from

other sites.

p1(3)
p2(3)
p3(3)
u1(3)
uz(3)
2(3)
v3(3)
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2.4 Normalization of covariance matrices

Computationally, it is convenient to normalize the covariance matrices A and C. We will

denote normalization by a tilde. Let

¢=N;'¢, G=N;'0 (20)
A=NTANS (21)

¢ =N;'CN;! (22)
P=N;P (23)

where Ny is a diagonal matrix whose sth diagonal element, (Ng),,, is the normalization
factor for ¢,(f) and Ny is a diagonal matrix whose g*h diagonal element, (Ng)gg, is the

normalization factor for 8,(t). Specifically, we have

q},(t) = ¢5(t)/(Ng)sss éy(t) = 0,5(t)/(No)gq

Ars = E{$r(1)$s(1)} = W
C, = E{8,()¢.(1)} = (Tg)j—m

Solving (21) and (22) for A and C and then putting them into (14) and (15), we get

Dy

= NQC'A~"1N;1¢ (24)

P = diagonal[E{8(2)8(2)T} — Ngéé?léTNe]. (25)

Those two equations are often written in more symmetrical form as

D>

=CA™'$ (26)
P = diagonal[E{§()0(t)"} - CA~'CT) (27)

where (20) and (23) have been used. In particular, if we choose (Ny)gg = (/E[62(2)], then
(27) becomes
P = diagonal[lgxg — CA'CT) (28)

Moreover, if all E[8,(t)?] have same value 2 and we choose

N¢ = C’INxN and Ng = O'IGxg. (29)
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. with I being the identity matrix, then {24) can be written as
§=CA'¢ (30)

Note in (30) neither § nor ¢ is normalized and in (28) P is the mapping error as a fraction
of the signal variance E{6,(t)%}.

In practice, the normalization factor (N4),, is often chosen to be proportional to either
the total variance E{¢?} or the signal variance E{¢$3,}. The first choice appears to be
more natural at first since the total variance is often more readily available than the signal
variance. However, we have adopted the second choice because it facilitates handling the
case where measurement errors differ at different instrument sites. Under this choice, the
measurement errors remain to be constrained in the diagonal eletiients of matrix A (refer
equations (18) and (19)). Thus if different error estimates are used for different measurement
sites, the second approach requires only the diagonal elements of matrix A to be changed
while the first approach necessitates changes of whole matrix ¢ and all off-diagonal elements.
of matrix A.

In addition to the computational convenience, the normalization also simplifies handling
the case of non-uniform variance in the measured fields. In this case, one normalizes ¢ and 8
such that ¢ and 4 fields in (20) have uniform variance, thus permitting use of homogeneous
covariance functions in A and € in (26). This is equivalent to using (14) with A and C
calculated from some covariance functions whose values at zero lag (variances) are location

dependent,.

2.5 Program prototypes

Five programs are listed in Appendix A. Three of them are for mapping pressure fields
respectively from pressure measurements, current measurements and the combination of
preséure and current measurements. The other two are for mapping current fields respec-
tively from current measurements and the combination of pressure and current measure-
ments. The programs closely follow the formulation in section 2.2, The output error fields
are expressed in terms of variance percentage of signal fields and are calculated using (27)
(after factoring out the first term). The relationship between input and output fields can be
interpretated according to either (14), (26) or (30) depending on the normalization factors

used.
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A close match between the statements in the programs and the formulas in section 2.2
makes the programs more readable, thus reduces the chance of coding error, and facilitates
their adaptation for new situations. We used these programs as the basis for more ‘user-
friendly’ programs and to test different correlation functions. However, little emphasis has
been given in these programs to the convenience of input format, input validation and
CPU/storage efficiency. Also ‘bogus data’ is not allowed in the input matrices to these

programs.

2.6 Assumed cross-covariance functions between pressure and current

In order to use the OA formulas (14)—(17), we need to supply the covariance matrices A
and C. In our application, the elements of these matrices are calculated from the spatial
cross covariance functions between current and pressure. This subsection examines some
theoretical relationships between these cross-covariance functions for use in section 3.1 to
obtain matrices A and C.

We assume that the current is geostrophic and has little vertical shear between the
current measurement level at 3500 m depth and the pressure measurement level at the sea
floor. Also we assume that pressure field statistics are stationary in time, and homogeneous
and isotropic in space, and its spatial covariance function is a Gaussian function, Based
on these, we examine here the required forms of the cross-covariance functions between
current components (u,v) and pressure p. Further discussions on the above assumptions
can be found in Section 3.1.

Specifically, assuming geostrophy, the current and pressure fields are related by

1 0p 1 dp
I SN 31
fopdy’ T Fopoe (31)

where fo(= 282+ sin a) is the Coriolis parameter and p is the density of the sea water. The
values of fo and p we used correspond to the values for the Central Array around 3500 m

depth:
fo = 2Q.sina=2x7.292 x 107° x sin 38° = 8.9788 x 107° (s~1);
p = 1050 (kg/m®).
The current and pressure were measured, respéctively, at 3500 m depth (above the bottom

frictional layer) and near ocean bottom. Thus with (31), we have implicitly used the as-

sumption that the current has little vertical shear in the region outside the bottom frictional
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layer and between the two measurement levels, With this assumption, the bottom pressure
field will be the same as the pressure field at the 3500 m horizon within an overall constant
independent of location and time (see also section 3.3.2), because a frictional boundary
layer is not expected to alter the pressure from its geostrophic value outside the layer.
From geostrophic relation (31), we see that the velocity field is horizontally non-divergent.

Thus a stream function ¥(z,y, ) exists such that

d 8
u=——3—1§;, v = a—f (32)

From this, we can derive all the cross-covariance functions between stream function and

current from the covariance function of the stream function. The derivation is given in the

Appendix B and the results are listed in Table 4.

Table 4: Cross-covariance functions of stream function and current. v, o, and o, are defined
1
respectively by v = {{#1 — 22)? + (11 — %2)%}2, 22 — 21 = ycos e, and g3 — 9, = ycos ay.

(22, 92) u(z3, y2) (%2, 32)
P21, 1) F(y) — cos ay‘% o8 az%%'
u(z1, 1) cosay%{j- —'COS2Q’y%%§ -(1- coszo.fy)%%'éi €08 (x5 COS Oy (‘%{--— %%)
»(z1,31) | — cos a,,%{j— COS Oz, COS (%@ - %d—f;-) — cos? az%g — (1 = cos? ax)}—r%

Table 5: Same as the last table except that F' is assumed to be a Gaussian function here,
P(w2, ¥2) u(Z2, ¥2) v(z3, ¥2)

Yz, 1) | F(y) = Vypexp(=Ay?) 7 cos ay - 2AF(7) ~4 cosayg - 2AF ()
wz ) | —ycosay c2AF(y) (1 -2xy%cos?ay) - 2AF(y) 2Ay%cosaycosay - 2AF(Y)
2(21,%) 7 cos &y + 22K (%) 2My%cosazcosay - 2AF(y) (1 — 22y cos®a,) - 2AF(Y)

From (31) and (32), we see that the stream function 1 can be chosen in such a way that

pressure p is proportional to 4, namely,

p = fopy. (33)

Therefore, all the cross-covariance functions between pressure and current are the same as
those between stream function and current except for a constant factor and thus can be

readily obtained from Table 4.

In particular, we will assume that the pressure covariance function is a Gaussian function

F(v) = E{lpi - E(p)llp; - E(p)}} = Vyexp (-M77) (34)
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where v = \/(3;, — ;)2 + (4 — y;)? is the distance between site ¢ and site j, and A =

. 1 . . . '
(Correlation Tengehy? ' 2 constant to be fitted by the data, and V is the signal variance.
By Equation (33), the covariance function of the stream function ¢ is also a Gaussian
function, Asshown in Appendix B, the resulting cross covariance functions between current

and stream function will be of the forms listed in Table 5,
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3 Mapping the pressure fields

This section describes the data processing procedures involved in mapping pressure fields,
The major work of objective mapping consists in estimating the noise variance in measure-
ments, modeling the covariance functions and estimating the mean fields based on measured
fields. We discuss these problems in the following two subsections. Then the final subsec-
tion describes the processing procedures that were applied to the measured pressures and

currents and eventually led to a time series of pressure maps,

3.1 Estimating covariance functions

The noise variance in both pressure and current measurements is chosen to be ten percent of
the signal variance (Table 6) by the following considerations. The typical standard deviation
of all the pressure records is about 0.06 decibar. The error in residual pressure is negligible
compared to the error in the reference pressure {see section 3.3.2). The error standard
deviation of the reference pressure is estimated to be 0.02 decibar. Thus for pressure,
Vo = (%)2 a2 0.10. The typical standard deviation of the deep current records is about
0.1 meter per second while the error standard deviation is estimated to be 0.03 meter per

2
second. Thus for current record, V,, ~ (%‘-_912) 2 0.10.

Table 6: Noise variance and correlation length used

Fields Noise Variance/Signal Variance Correlation length
Pressure or current 0.10 90 km
Mean pressure or current 0.05 150 km

The cross-covariance functions between pressures (or stream functions) and currents
are assumed to be of the forms listed in Table 5. In doing so, we have made following
assumptions as discussed in section 2.6, These assumptions are only approximations to
reality and they are made to facilitate the data processing and/or make full use of existing

measurements in improving the mapped pressure fields.

o geostrophy. The current measurements are typically on the order of 0.2 m/sec with
a length scale of about 100 km. Combining these values with the value of Coriolis
parameter given below Equation (31) gives a Rossby number of about 0.02. Thus, we

expect that geostrophy is a good approximation.

e no vertical shear in currents between 3500m depth where currents were measured and
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top of the bottom friction layer; no change in geostrophic pressure through the bottom
friction layer to the ocean bottom. Hence the PIES measurement of pressure at the
bottom is the same as at the 3500 m horizon except for a dynamically unimportant

constant hydrostatic reference offset,

¢ homogeneity. From our measurements, the fields on the northern part of the array
typically have less variance but more high frequency components than their southern
counterparts. Although nonhomogeneity of other spectral characteristics often has no
simple solution, variation in variance in the measured fields can usually be remedied
by normalizing the measurement fields by their standard deviations, then mapping
the normalized fields using a homogeneous covariance functions and finally scaling
the estimated fields back to the real fields. Nevertheless, we did not scale measured
pressure and currents for two reasons. Firstly, non-uniformly scaled pressure and
current data will no longer be in geostrophic balance, resulting in much more complex
cross-covariance functions between pressure and current. Secondly, in contrast to the
near-surface Gulf Stream data, the deep pressures and currents have only small spatial

changes in eddy variance; thus scaling by the variance should not be necessary,

¢ isotropy. Anisotropy of the correlation functions in this region is not justified from

our previous experience with mapping the thermocline depth fields {8].

e stationarity. From the time series plots of measured pressures and currents (see Fig-
ure 9, 10 and 11 in Appendix C), we see that overall the time series are approximately

stationary.

The assumptions above have reduced the problem of estimating covariance functions to
one of estimating the correlation length of the pressure field, Fitting a Gaussian function to
data covariance estimates in Figure 3 results in a correlation length of about 90 kilometers.
In doing the least square fitting, the contribution of each pair of measurement sites is
weighted by the length of the concomitant pressure records on both sites; the noise variance
in the data cross-covariance is assumed to be 10 percent. Also shown in Figure 3 is the bin

averages of the estimated data cross-covariance. Only data cross-covariance estimated by
two pressure records longer than 30 days are used in bin averages. The length of each error

bar is twice as big as the standard deviation of the bin average.
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Figure 3: Spatial correlation function of the pressure fields.

In addition, the choice for the values of the noise variance and correlation length in
Table 6 were also based on the following experiment. We objectively estimated the currents
on each site, first using all available current measurements and then using only measure-
ments other than the site chosen. In both cases, all combinations of noise variance (0.05,
0.10) and correlation lengths from 50 km through 130 km (at 10 km interval) were tried in
the OA procedure. The estimated currents were compared with the measured ones and the
resulting root mean square errors were compared with OA predicted errors. The parameter
values listed in Table 6 produced best overall performance.

The covariance matrices A and € in (14) and (15) are calculated from (18) and (19).
In the last two equations, the estimated signal covariance functions are used to calculate
the elements of matrices Ag and Cp; the noise variance estimates are used for the diagonal

elements of F.

3.2 Estimating the mean fields

Both measured and estimated fields in OA formulae (14) — (17) are assumed to have
zero mean. Accordingly, the measured field should be demeaned before applying the DA
procedure, and the estimated perturbation field should have mean fields restored afterwards.

This subsection describes how we determine those mean fields.
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In essence, we estimate the mean pressure flelds from temporally averaged current mea-
surements by objectively mapping the stream function. Thus we need to know the noise
variance in the averaged measurements and the covariance functions of the average fields.
In this case, our best choice is that the noise variance is five percent of the signal variance
for both averaged pressure and averaged currents and the correlation length of the averaged
pressure fields is 150 kilometers (Table 6). The choice was guided by the experiment that
we mentioned near the end of section 3.1, in which we found that our choice is ‘best’ in the
sense that it minimizes the difference between the mean estimated currents and the mean

measured ones.

3.3 Data flow diagrams

The following subsections describe the processing procedures that were applied to the mea-
sured pressures and currents to obtain a time series of pressure maps. Figure 4 summarizes

the processing steps.

3.3.1 Dedrifting

Several bottom residual pressure records, H3 in year 1, and G2, H2, H3, Il in year 2,
appeared to have trends of about 0.1-0.2 decibar in one year. ‘These records were dedrifted
by fitting an exponential-plus-constant curves or straight lines to the residual pressure
records by least squares method and subtracting these curves from the records. In addition,
there was a slight offset between the two G2 records during the overlapping period of the
two deployment years, This offset was removed, at least partly, by adding half the average
difference (about 0.01 dbar) to the record for year 2 and subtracting the same amount from
the record for year 1. Plots in Figure 5 and 6 show all the relevant PIES records before and
after dedrifting.

3.3.2 Reference pressure levels

In order to use residual pressure records from PIES pressure measurements in making the
absolute pressure maps (relative to an overall constant independent of time and space),
we need to determine the reference levels for the residual pressure records. Although the
residual pressure records themselves are resolved to 0.001 decibars, the directly measured

reference levels for these records are only accurate to 1.5 decibar (page 11 in [3]) due to the
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Figure 5: Some PIES records to be dedrifted.
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absolute calibration accuracy. This uncertainty is much larger than the standard deviations
of these pressure records, which are less than 0.1 decibars, Therefore, we develop in this
section a better way of determining these reference levels.

In essence, the mean pressure field mapped from current records was used as reference
level for the PIES measured pressure records. The following scheme was used to ensure
that the mean reference level calculated for a site has the correct average period consis-
tent with measurement period of that site. In the first step, diagrammed at the top of
Figure 4, objective analysis was used on the current measurements alone to map pressure
fields (“u2p”). In particular, they were interpolated to the PIES instrument sites. Note,
however, that while the pressure fields objectively mapped from (u,v) alone are spatially
consistent, the reference pressures vary temporally from map to map. On the other hand,
the bottom pressure record each has a temporally consistent reference but the reference can
vary from site to site. Let P(t,3) and Py(t) denote the interpolated pressure time series at
site s from current meters and its unknown offset from the absolute pressure. Let p(i,s)
and po(s) represent the measured residual pressure from PIES at site s and its unknown

reference level. Since the absolute pressure at a given time and site is unique, we have
p(t,8) + po(s) = P(t, ) + Fo(2).

The unknown Fy(f) may be eliminated by subtracting the above equation for any one site

{we used G2) from the equations for all other sites, giving
A,po(s) = A P(t,8) — A,p(t, s),

where A, is the spatial difference operator with respect to G2; for example, A,p(t,s) =
p(t, s) — p(t, G2).

The left hand term, A,po(s), of the above equation should net be a function of time.
However, the right hand side, estimated from real data, varies with time due to errors
(principally'those in mapping P(t,s) each day and from vertical shear changes in p(%, s)
above each PIES). In the light of this, the reference level for each site s on the left hand

side of the above equation was calculated by the time average of the right hand side.

3.3.3 Multivariate mapping

The next step, midway down Figure 4, is to combine the absolute pressure records (Pb)

and current measurement records (u,v) in mutivariate objective analysis, to obtain pres-
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sure maps. With (Pb, u,v) inputs, mapping errors are reduced because pressure and its
gradient are both specified. We designate these maps “preliminary” because of an iterative
refinement that we describe next.

The objective analysis procedure requires that the input data have the mean removed
first. Accordingly, we calculated the 26 month temporal mean pressure field and the corre-
sponding geostrophic mean current field. The bottom of Figure 4 shows (a) we subtracted
these mean fields from the absolute pressure records and the current records to get “de-
meaned” records, (b) re-ran the multivariate OA program on the demeaned records, and

(c) restored the mean pressure field to obtain final absolute pressure maps.
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4 Evaluation of the maps

This section assesses the precision of the objective pressure maps obtained in section 3 by
comparing the time series derived from the maps and their statistics with those from the

measurements.

4.1 Comparison of mapped fields with measured fields

In this section, the objectively estimated pressure time series at the PIES sites are com-
pared with the “measured” absolute pressures as determined in section 3.3.2. Likewise, the
objectively estimated current time series at the current meter sites are compared with the
current measurements. The comparison plots are shown in Appendix C and the comparison
statistics are tabulated in Tables 7, 8 and 9.

The comparison plots in Appendix C show good agreement between measured and
mapped pressure and currents.

In Tables 7, P, Pmeas and poq denote respectively the true (that is, error free) pressure,
the PIES measured pressure and objectively mapped pressure. On most sites, the correla-
tion coefficients p, between ppeas and po, are above 90 percent. In carrying out the OA
procedure, we assumed that the std(p) is a constant independent of sites. If we choose
std(p) to be a typical value of 0.7 decibar, the OA estimated std(p,, — p) agree well with
“measured” rms(Pos — Pmeas). The magnitude of the difference §,q — Pmeqs 18 in most cases
less than 10 percent of std(pymeqs) as shown in the bias column in Tables 7. Note the bias is
defined here as gﬁ—%}% instead of the more widely used &‘%—;{—T“—“’- because some Pmeqs’s
are effectively zero for the given averaging periods.

In Table 8 and 9, (#,v), (Ymeas; Vmeas) and (Ugo, Voa) denote respectively the true (that
is, error free) current, the measured current and objectively mapped current. the correlation
coefficients between measured and mapped currents are all 90 percent or over. It appears,
however, that the OA procedure ‘smoothed’ out some variance in small scale motion such

that when std(umeqs) is large std(u,q) tends to underestimate it and %l tends to
underestimate r—ﬁit%‘(’:—:ﬁi)‘ﬂl
4.2 Comparison of pri ':cted fields with measured fields

In this section, we examine how well the percentage error predicted by OA procedure reflects

the real one, To do this, we pick one pressure measurement site at a time and remove the
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Table 7: Comparison between measured pressure and mapped pressure. (The pressure is in
decibar unit and Len denotes record length in days)

Site  Len fmeas Foo  5td(Pmeas) Std(poa) bias  p, Milpepmead  SiClroocp)
yig2 472 -0.01 -0.01 0.04 0.04 0.08 0.93 0.37 0.23
ylgd 365 -0.02 -002 0.4 004  -0.08 0.95 0.30 0.23
ylh2 369 001 001  0.03 003  -0.01 0.3 0.37 0.24
ylh3 427 -0.02 -0.02 0.4 003  -0.06 0.92 0.40 0.18
ylhd 424 -0.04 -0.04 0.04 0.04 -0.13 091 0.41 0.19
ylh5 430 -0.08 -0.08  0.08 0.06  -0.04 0.2 0.41 0.19
ylh6 374 -0.08 -0.07  0.06 0.05  -0.05 091 0.42 0.22
ylil 250 000 000  0.04 0.03 005 0.73 0.69 0.21
yli2 352 -0.03 -0.03 0.4 0.03  -0.02 0.84 0.54 0.22
yli4 370 -0.08 -0.08 0.0 0.08  -0.04 0.95 0.35 0.20
ylis 373 -0.06 -0.07  0.09 0.08 002 0.8 0.24 0.24
y2g2 438 001 001  0.04 0.04  -0.05 092 0.38 0.23
y2g3 445 002 002 0.5 0.05  0.03 0.8 0.23 0.24
y2h2 358 0.04 004 0.3 0.03 002 090 0.46 0.21
y2h3 362 001 001  0.03 003 003 0.87 0.49 0.18
y2h4 365 0.00 0.00 0.06 0.05 0.04 0.95 0.30 0.15
y2h5 366 -0.01 -0.02  0.09 009 008 0.9 0.16 0.18
y2h6 420 -0.03 -0.03 0.8 0.08  0.0L 0.99 0.17 0.25
y2il 441 003 003  0.04 0.03  0.05 0.90 0.43 0.21
y2i2 438  0.00 000  0.04 0.03  0.05 0.87 0.49 0.18
y23 428 002 -002 0.8 0.07  0.00 0.7 0.26 0.17
y2id 424 -0.04 -004 0.1 0.0 0.01 0.99 0.1 0.17

429 005 -005  0.10 0.09  0.00  0.99 0.17 0.23

y2i5
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Table 8: Comparison between measured currents and mapped currents (u component) (The
current is in meter/sec. Len denotes record length in days, bias is defined as —fa—“m and

pu denotes correlation coefficient between u,eq, and uy,.)

(umeaa

)

Site  Len Tmeas Uoa  5td(Upmeqs) Std(uoe) bias p, L msség‘(";;:‘:;“’) Stcslé"é"("u;“)
ylg2 371 0.01 0.00 0.06 0.05 0.10  0.97 0.26 0.27
ylgd 137 -0.01 -0.02 0.05 0.05 0.14 0.96 0.28 0.26
ylh4 354 -0.06 -0.05 0.10 0.08 -0.04 0.96 0.32 0.23
“ylhd 370 -0.03 -0.04 0.08 0.06 0.07 0.90 0.44 0.23
y1i2 352 -0.06 -0.06 0.09 0.08 0.01 0.96 0.30 0.26
y1i3 146 0.00 -0.01 0.09 0.07 0.09 0.92 0.40 0.22
ylid 87 0.04 0.05 0.04 (.04 -0.36 0.93 0.38 0.23
y2g2 438 002 0.02 0.09 0.08 0.01 0.98 0.23 0.27
y2h2 805 -0.07 -0.07 0.08 0.06 -0.01 0.98 0.24 0.27
y2hd 437 -0.03 -0.03 0.10 0.08 0.05 0.94 0.37 0.23
y2h5 427 -0.03 -0.03 0.11 0.10 -0.02 0.97 0.26 0.22
y2h6 365 0.01 0.01 0.06 0.06 0.00 0.97 0.23 0.28
y2il 806 -0.06 -0.06 0.08 0.07 0.00 0.97 0.26 0.28
v2i2 440 -0.05 -0.05 0.11 0.09 -0.01 0.95 0.33 0.23
y2i3 348  -0.04 -0.03 0.13 0.14 -0.05 0.97 0.24 0.21
y2i4 383 0.00 0.00 . 0.10 0.09 0.00 094 0.33 0.22
y2i5 805 0.04 004 0.10 0.10 0.01 0.99 0.16 0.28
y2mld 354 -0.01 -0.01 6.13 0.11  0.02 097 0.26 0.20

Table 9: Comparison between measured currents and mapped currents (v component). (See

caption of Table 8 for notational convention)

Site Len Tmeas Tos  Std(VUmeas) std{vps) Dbias  p, rmsst(s?:;::‘;'") Stg&"&;”)
ylg2 371 0.00 0.60 0.06 0.05 -0.01 0.97 0.25 0.27
ylgd 137 -0.04 -0.06 0.08 0.07 0.15 0.97 0.24 0.26
ylihd 354 -0.05 -0.05 0.08 0.07 -0.01 0.96 0.30 0.23
ylhé 370 -0.05 -0.05 0.10 0.10 0.05 0.97 0.26 0.23
yl1i2 352 -0.01 -0.01 0.05 0.04 -0.02 0.95 0.40 0.26
yli3 146 0.03 0.04 0.08 0.068 -0.12 097 0.25 0.25
yli4 87 0.11  0.12 0.09 0.09 -0.09 0.98 0.19 0.25
y2g2 438 0.01 0.01 0.08 0.07 -0.01 0.98 0.25 0.28
y2h2 805 -0.01 -0.01 0.05 0.04 -0.06 0.93 0.39 0.26
y2h3 437 -0.01 -0.01 0.07 0.05 -0.03 0.91 0.45 0.21
y2h5 427 -0.056 -0.05 0.11 0.11 0.00 0.98 0.20 0.24
y2k6 365 -0.06 -0.05 0.09 0.09 -0.04 098 0.18 0.27
y2il 806 -0.01 -0.01 0.05 0.04 -0.02 091 0.43 0.27
y2i2 440 -0.02 -0.02 0.06 0.04 0.00 091 0.42 0.25
y2i3 348 -0.056 -0.04 0.09 0.08 -0.06  0.94 0.33 0.22
y2id 353 -0.03 -0.03 0.10 0.09 0.04 0.99 0.18 0.26
y2i5 805 0.04 0.04 0.12 0.12 0.00 .99 0.13 0.28
y2mld 354 -0.04 -0.05 0.10 0.10 0.08 0.98 0.22 0.21
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pressure measurement record on the site and run the OA procedure as if that pressure
record did not exist. As a result, we obtain an interpolated pressure record and a predicted
percentage error on the measurement site. Then we compare the observed pressure record
with the interpolated one and calculate an observed percentage error, The results, along
with other comparison statistics, are displayed in Table 10. Similar results for currents are
shown in Table 11 and Table 12.

It may be worth pointing out that this is an extreme test since it leaves such a big hole
in the array. Most places were surrounded by closer measurements than in such a case. The
predicted errors (last column) in Tables 10, 11 and Table 12 tend to be smaller than the
measured errors {second to the last column), Specifically, the discrepancy seems worst on
array edges, less in the interior and least at site M13. So the fewer nearby measurements
the worse discrepancy. This may be due to the approximate nature of the assumptions
in section 3.1, There may be, however, another cause for the discrepancy. In the case of
pressure estimate, this can be seen as follows. In estimating p,; on a site, pmeqs on the
site was taken out. Thus the measurement error in pmeqs should be uncorrelated to the

mapping error in poq. Accordingly, we have

rmS(Poa - Pmeas) _ rms(pou —-p+p- pmeas) ~ rms(poa - p) rms(p - pmeas)
std(pmeas) Std(pmeas) Std(pmeas) Std(pmeaa)

The first and second terms on the right can measure respectively the mapping and measure-

ment errors, Therefore, %”"‘%‘l may overestimate the mapping error in p,, given by
Std Poa—D

std(p) -
4.3 Checking pressure maps against measured currents

The geostrophic currents from pressure maps are compared with current measurements in
section 5.2 by overlaying the observed current vectors on the daily pressure maps. Like-
wise; the mean geostrophic currents from pressure maps are compared with mean current
measurements in section 5.1 by overlaying the mean observed current vectors on the mean
pressure maps. From visiual inspection, the current vectors in these plots almost always

run parallel with the pressure contour lines.
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Table 10: Comparison between measured pressure and predicted pressure. (See caption of
Table 7 for notational convention)

Site  Len Pmeas Pos  Std(Pmeas) Std(poa) bias  pp %ﬁ’:—;"‘l %’éﬂ(‘;}ﬁl
ylg2 472 -0.01 -0.01 0.04 0.04 -0.13  0.71 0.78 0.34
ylgd 3656 -0.02 -0.01 0.04 0.04 0.15 0.78 0.64 0.34
ylh2 369  0.01 0.01 0.03 0.03 0.04 0.59 0.92 0.38
ylh3 427 -0.02 -0.02 0.04 0.03 0.08 0.81 0.59 0.22
ylhd 424 -0.04 -0.03 0.04 0.04 0.20 0.79 0.63 0.24
ylh5 430 -0.08  -0.08 0.08 0.06 0.06 0.78 0.63 0.26
ylh6 374 -0.08 -0.07 0.06 0.06 0,09 0.58 0.87 0.31
ylil 250 (.00 0.00 0.04 0.04 -0.11  0.17 1.24 0.30
yli2 352 -0.03 -0.03 0.04 0.04 0.08 047 0.96 0.31
ylid 370 -0.08 -0.08 0.10 0.07 0.08 0.84 0.55 0.27
ylis5 373 -0.06 -0.06 0.09 0.06 0.01 0.86 0.54 0.36
y2g2 438 0.01 0.01 0.04 0.04 0.13 0.64 0.89 0.35
y2g3 445  0.02 0.01 0.05 0.05 009 0.83 0.56 0.39
y2h2 358 0.04 0.04 0.03 0.04 004 0.74 0.82 (.28
y2h3 362 0.01 .01 0.03 0.03 -0.05 0.71 0.75 0.23
y2h4 365  0.00 0.00 0.06 0.05 -0.05 0.92 0.40 0.18
y2h5 366 -0.01 -0.02 0.09 0.09 -0.11  0.96 0.27 0.23
y2h6é 429 -0.03 -0.04 0.08 0.07 004 0.88 0.47 0.42
y2il 441  0.03 0.03 0.04 0.04 -0.10 0.67 0.80 0.28
y2i2 438 0.00 0.00 0.04 0.04 -0.07  0.72 0.73 0.23
y2i3 428 -0.02 -0.02 0.08 0.07 -0.02  0.93 0.38 0.20
y2id 424 -0.04 -0.04 0.11 0.10 -0.02 0.99 0.17 0.21

y2i5 429 -0.05 -0.05 0.10 0.09 -0.01 0.94 0.35 0.34
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Table 11: Comparison between measured currents and predicted currents (u component).
(See caption of Table 8 for notational convention)

Site  Len iimess Hos  Std(Umeas) Std(uoa) bias  py rmsst(;i,(,z ;:‘::;“‘) Stgg&"(‘;}")
ylg2 371 0.01 -0.01 0.06 (.05 -0.35 0.52 0.90 0.51
ylgd 137 -0.01 -0.03 .05 .05 -0.31 0.58 0.87 0.49
ylh4 354 -0.06 -0.05 0.10 0.07 010 0.76 0.65 0.32
ylhs 370 -0.03 -0.04 0.08 0.07 -0.09 0.46 0.98 0.34
yli2 352 -0.06 -0.06 0.09 0.07 0.02 0.60 0.81 0.48
y1i3 146 0,00 -0.01 0.09 0.07 -0.13 0.63 0.80 0.31
ylid 87 0.04 0.07 0.04 0.04 0.76 0.63 0.84 0.35
y2g2 438 0.02 0.01 0.09 0.07 -0.04 0.66 0.76 0.52
y2h2 805 -0.07 -0.06 0.08 0.05 0.09 0.48 0.91 0.56
y2h3d 437 -0.03 -0.04 0.10 0.08 -0.13 0.63 0.78 0.34
y2h5 427 -0.03 -0.03 0.11 0.09 0.0v 0.85 0.53 0.33
y2h6 365 0.01 0.00 0.06 0.08 -0.08 0.68 0.98 0.58
y2il 806 -0.06 -0.07 0.08 0.06 -0.04 0.28 1.08 0.59
y2i2 440 -0.05 -0.05 0.11 0.09 0.04 0.72 0.71 0.34
y2i3 348 -0.04 -0.03 0.13 0.15 0.08 0.92 0.44 0.28
y2i4 353 0.00 0.00 0.10 0.09 0.00 0.77 0.66 0.32
y2ib {05 0.04 0.03 0.10 0.10 -0.04 0.76 0.68 0.59
y2ml13 354 -0.01 -0.01 0.13 0.11 -0.03 0.90 0.43 0.26

Table 12: Comparison between measured currents and

(See caption of Table 8 for notational convention)

predicted currents (v component).

Site  Len Bpmeas  Tos  Std(Umeas) $td(vea) bias  py rmsst(g‘(’:;:’z;“) Stg&"(“u;”)
ylgz 371 0.00 0.00 0.06 0.06 -0.01  0.47 1.02 © 0.56
ylgd 137 -0.04 -0.08 0.08 0.07 -0.46 0.65 0.80 0.51
ylh4 354 -0.05 -0.05 0.08 0.06 06.04 0.78 0.63 0.34
ylh5 370 -0.056 -0.06 0.10 0.12 -0.15 0.87 0.58 0.34
y1i2 352 -0.01 -0.01 0.05 0.04 007 0.12 1.13 0.47
y1i3 146 0.03 0.06 0.08 0.09 033 0.86 0.61 0.40
yli4 87 0.11 013 0.09 0.09 0.23 0.87 0.50 0.41
y2g2 438 0.01 0.01 0.08 0.07 0.04 0.29 1.10 0.60
y2h2 805 -0.01 0.00 0.05 0.05 0.22 0.17 1.24 0.50
y2h3 437 -0.01 -0.01 0.07 0.05 0.04 0.55 0.85 0.29
y2hd 427 -0.056 -0.05 0.11 0.10 0.03 0.87 0.49 0.38
y2h6 3656 -0.06 -0.04 0.09 0.11 0.16 0.84 0.67 0.54
y2il 806 -0.01 0.00 0.05 0.06 0.10 0.02 1.56 0.52
y2i2 440 -0.02 -0.01 0.06 0.05 0.03 031 1.11 0.42
y2i3 348 -0.05 -0.04 0.09 0.08 0.12 0,76 0.66 0.31
y2i4 353 -0.03 -0.04 0.10 0.08 -0.12 0.86 0.52 0.43
y2i5 805 0.04 0.04 0.12 0.11 0.01 0.80 0.60 0.58
y2m13 354 -0.04 -0.05 0.10 0.10 -0.14 0.93 0.39 0.27
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5 Bottom Pressure Maps

This section displays the mean and daily pressure maps.

5.1 Mean pressure maps

Figure 7 shows mean bottom pressure maps with measured (solid line vectors) and mapped
(dash line vectors) mean currents. Contour levels are in decibars. The scale of the currents
is 3 kilometer in the maps corresponding to 1 centimeter per second. The mean is taken over
the period from June 16, 1988 through May 24, 1989 for year 1, and from August 29, 1989
through August 7, 1990 for year 2. Both pressure and current are averaged over same period.
Sites with measured pressure and current records contributing to the maps are respectively
indicated by o’s and x’s, However, mean current vectors are not shown on three current
measurement sites in year 1 because the measurements spanned only part of the averaging

period shown. A description of the coordinate system is contained in section 5.2.
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5.2 Daily pressure maps overlaid with current measurements

Bottom pressure maps from June 13, 1988 through August 7, 1990 are shown at daily
interval in this section. The original maps were produced at six hour interval but only the
ones at 1200 UT are displayed.

The overall format of the pressure maps is designed to facilitate comparison with the
thermocline depth maps in the Central Array for the same time period [8]. To this end, the
border of the thermocline depth maps in [8] is shown here with each pressure map. The
region of the pressure maps corresponds to the boxed area in Figure 1. The latitude and
longitude of the four corners of the box are listed in Table 1. The coordinate system used
here is the same as that used for the thermocline depth maps in [8]. The origin is located
at 38°N, 68°W. The scaling factors converting latitude and longitude to kilometers are 111
km per degree latitude and 82.263 km per degree longitude. The grid is then rotated 15°
so that the horizontal axis is directed 075°T and vertical axis 345°T.

Shown in each map are the bottom pressure contours, percentage error contours, ob-
served current vectors, current meter mooring positions and PIES sites. The pressure field
is contoured at 0.015 decibar intervals. The negative and positive contour lines are denoted
respectively by dashed and solid lines to tell troughs from crests, The estimated errors
are represented as percentage of the standard deviation of the pressure field, which is 0.6
decibar on average. Errors are contoured at 3% interval with those over 48% shown by solid
contours and those between 30% and 48% by dashed contours. Errors lower than 30% are
not contouréd. The current vectors are shown by solid lines with 3 kilometer in the maps
corresponding to 1 centimeter per second. Small squares and ‘4’ marks denote respectively

current meter positions and PIES sites.

Figure 8: Daily pressure maps overlaid with current measurements (pages 33 — 163). See
paragraphs above for description.
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Appendices

A OA Program List
A.1 ‘1 to 1 OA program

function [pi,eil=oall(xi,yi,xm,ym,pm,Vn,CLENGTH)
Yfunction [pi,eil=oall(xi,yi,xm,ym,pm,Vn,CLENGTH)
% scalar objective analysis

4pi : interpolated values with columns being the time and
% rows being the interpolation points (NI by NT);
4 el : estimated error in percentage of signal variance (NI by 1);

Y xi, yi: x-y coordinates of interpolation points (NI by 1);
% xm, ym: x-y coordinates of measurement sites (NM by 1);

4 pm : array of measured values with columns being the time
4 and rows being the measurement sites (NM by NT);
% Vn . noise variance in percentage of signal variance (scalar or 1 by NK);

%, CLENGTH: correlation length (scalar);
Y% units: xi,yi,xm,ym and CLENGTH should have the same units;

% input pm and output pi should have the same units,

%

NH = length(xm}; Ynumber of measurement sites.

NI = length(xi); : Ynumber of -interpolation points.

% construct correlation matrices
sqrt( ( xm*ones(1,NM) - ones(NM,1)*xm’ )."2 +,.
( ym¥ones(1,NM) - ones(NH,1)xym’ }.72 );
CFUNpp(r,CLENGTH) ; % pick correlation function here.
% CFUNpp(r,L) = exp(-(r/L)."2);
ACL:NM+1:NM"2)=A(1:NM+1:NM~2) .%(1 + Vn); | taking care of measurement errors.

H
n

-
18

r = sqrt( ( xi*ones(1,NM) - ones(NI,1)*xm’ ). 2 +...

( yi*ones(1,NM) - ones(NI,1)*ym’ ). 2 );
¢ = CFUNpp{(r,CLENGTH); % pick correlation function hers.
% mapping

pi = Cx(A\pm);
ei = 1 - diag((C/A)Y*C’)/CFUNpp(0,CLENGTH); 4 pick correlation function here.
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A.2 ‘2 to 1’ OA program

function [pi,eil=0a21(xi,yi,xm,ym,um,vm,Vn,CLENGTH)
“function [pi,ei)=o0a21(xi,yi,xm,ym,um,vm,Vn,CLENGTH)
% "2 to 1" objective analysis

4 pi ! interpolated values with columns being the time and
A rows being the interpolation points (NI by NT);
4 el : estimated error in percentage of signal variance (NI by 1);

4 xi, yi: x-y coordinates of interpolation points (NI by 1);

A xm, ym: x-y coordinates of measurement sites (NM by 1);

% um, vm: array of measured values with columns being the time

% and rows being the measurement sites (NM by NT);

% Vn : noise variance in percentage of signal variance (scalar or 1 by 2*NM);
% CLENGTH: correlation length (scalar);

% units: xi,yi,xm,ym and CLENGTH should have the same units;

A units of inputs um,vm and output pi should have CONSISTENT units
% with each other and with correlation functions CFUN?7.

N¥ = length(xm); /number of current moorings.

NI = length(xi); /number of interpolation points.

% construct correlation matrices

dx = - xm*onea{1,NM) + cnes(NM,1)*xn’; hdx{r,c)=xm_c - xm_T;
dy = - ym*ones(1,NM) + ones(NM,1i)*ym’;

Auu = CFUNuu(dx,dy,CLENGTH); fpick correlation fun here.
Avv = CFUNvv(dx,dy,CLENGTH); %pick correlation fun hers.
Auv = CFUNuv{dx,dy,CLENGTH); %ipick correlation fun hers.
A=[Auu, Auv; Auv’, Avv];

L = 2%}M;

ACL:L+1:L72) = ACL:L+1:L72) .% (1 + Vn); “take care of measurement errors.
dx = -~ xi*ones(1,NM) + ones(NI,1)*xm’; Ydx(r,c)=xm_c - xi_r
dy = - yixones(1,NM) + ones(NI,1)*ym’;

Cpu = CFUNpu(dx,dy,CLENGTH); %pick correlation fun here,
Cpv = CFUNpv(dx,dy,CLENGTH) ; fipick correlation fun here.

C={Cpu, Cpvl;

% mapping
pl = Cx(A\[um;vm]);
ei = 1 - diag((C/A)*C’)/CFUNpp(0,CLENGTH); '/pick correlation fun here.
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A.3 ‘2 to 2" OA program

function [ui,vi,eu,evl=ca22(xi,yi,xm,ym,um,vm,Vn,CLENGTH)

%function [ui,vi,eu,ev]=0a22(xi,yi,xm,ym,um,vm,Vn,CLENGTH)

% "2 to 2" objective analysis

% ui,vi : interpolated values with columns being the time and

pA rows being the interpolation points (NI by NT);

% eu,ev : estimated error in percentage of signal variance (NI by 1);
Y% xi, yi: x-y coordinates of interpolation points (NI by 1};

Y% xm, ym: x-y coordinates of measurement sites (NM by 1);

% um, vm: array of measured values with columns being the time

% and rows being the measurement sites (NM by NT);

4 Vn : noise variance in percentage of signal variance (scalar or 1 by 2xNH);
%/ CLENGTH: correlation length (scalar};

% units: xi,yi,xm,ym and CLENGTH should have the same units;

A units of inputs um,vm and output ui,vi should have CONSISTENT units
A with each other and with correlation functions CFUN77?,

NM = length(xm); Ynumber of current moorings.

NI = length(xi); ) Ynumber of interpolation points.

Y construct correlation matrices

dx = - xm*ones(i,NM) + ones(NM,L)*xm’; ¥ dx(r,c) = xm_c - xm.r
dy = - ymkones(1,NM) + ones(NM,1)*ym’;

Auu = CFUNuu(dx,dy,CLENGTH) ; Ypick correlation fun here.
Avv = CFUNvv{dx,dy,CLENGTH); Ypick correlation fun here.
Auv = CFUNuv(dx,dy,CLENGTH); %pick correlation fun here.
A=TAuu, Auv; Auv’, Avv];

L = 2%NN;

ACL:L+1:L°2) = AQ1:L+1:L"2) .x (1 + Vn); Ytake care of measurement errors.

dx = - xi*ones(1,NM) + ones(NI,1)*xnm’; Ydx(r,c)sxm_¢c - xi_r
dy = - yixones(1,NH) + ones(NI,1)*ym’;

Cuu = CFUNuu(dx,dy,CLENGTH); “ipick correlation fun here.
Cuv = CFUNuv(dx,dy,CLENGTH); %ipick correlation fun here.
Cvu = CFUNvu(dx,dy,CLENGTH); %ipick correlation fun hers.
Cvv = CFUNvv{dx,dy,CLENGTH); %pick correlation fun here.

Cu=[Cuu, Cuv];
Cy={Cvu, Cvv];

% mapping
= Cux(A\ [um;vm]);
vi = Cvx(A\[um;vm]);
au = 1 - diag((Cu/A)*Cu’)/CFUNuu(0,0,CLENGTH); Ypick correlation fun here.

ov = 1 - diag((Cv/A)*Cv’)/CFUNvv(0,0,CLENGTH); Ypick correlation fun here.
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‘3 to 1’ OA program

function [pi,eil=0a31(xi,yi,xp,yp,p,xv,yv,u,v,Vn,CLENGTH)
%function [pi,eil=oa31(xi,yi,xp,yp,p,xv,yv,u,v,Vn,CLENGTH)

"3
4 pi
A

% oei
% xi
h xp
“p

% xv
% ou,

% Vn

% CL

to 1" objective analysis

: interpolated values with columng being the time and
rows being the interpolation points (NI by NT);
: estimated error in percentage of signal variance (NI by 1);
, yi: x~-y coordinates of interpolation points (NI by 1);
, ¥Yp: X-y coordinates of pressure measurement sites (NP by 1);
: measured pressures with columns being the time
and rows being the measurement sites (NP by NT);
, yv: x-y coordinates of current measurement sites (NV by 1)
v : measured currents with columns being the time
and rows being the measurement sites (NV by NT);
: noise variance in percentage of signal variance

(scalar or 1 by NP+2xNV);
ENGTH: correlation length (scalar);

% units: xi,yi,xp,yp,xv,yv and CLENGTH should have the same units;
units of inputs p,u,v and output pi should be CONSISTENT
with each other and with the correlation functions CFUNT?7.

= = =
L B |
h n nu

% co

length{xp); Ynumber of pressure gauges.
length(xv); Ynumber of current moorings.
length(xi); Ynumber of interpolation points.

nstruct correlation matrices

Rpp = sqrt( ( xpr*ones(i,NP) - ones(NP,1)*xp’ )."2 +...
( yp*ones(1,NP) - ones(NP,1)*yp’ )."2 );

dxpv
dypv
dxvv
dyvv
App

Apu

= - ypxones(1,NV) + ones(NP,1)*yv’;
= - xvxones{1,NV) + ones(NV,1)*xv’;
= - yvkonea(1,NV) + ones(NV,1)*yv’;
= CFUNpp (Rpp,CLENGTH) ; h
= CFUNpu(dxpv,dypv,CLENGTH); A
= CFUNpv(dxpv,dypv,CLENGTH) ; %
= CFUNuu(dxvv,dyvv,CLENGTH); 4
= CFUNvv(dxvv,dyvv,CLENGTH) ; /
= CFUNuv(dxvv,dyvv,CLENGTH); h
App, Apu, Apv;...

Apu’ ,Auu, Auv;...
Apv’ ,Auv’ ,Avv];
NP+2%NV;

pick
pick
pick
pick
pick
pick

correlation fun
correlation fun
correlation fun
correlation fun
correlation fun
correlation fun

xp*ones(1,NV) + ones(NP,1)*xv’; ¥ dxpv(r,c) = xv_c - xp_r

here.
here.
here.
here.
here,
here.
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tL+41:L°2) = A(1:L+#1:L"2).%(1 + Vn); Ytaking care of measurement errors.
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Rip = sqrt( ( xi*ones(1,NP) - ones(NI,1)*xp’ )."2 +...

( yixones(1,NP) - ones(NI,i)*yp* )."2 );
dxiv = - xi*ones(1,NV) + ones(NI,1)*xv’; %dx(r,c)=xv_c - xi_.r
dyiv = - yixones(1,NV) + ones(NI,1)xyv’;
Cpp = CFUNpp(Rip,CLENGTH); % pick correlation fun here.
Cpu = CFUNpu(dxiv,dyiv,CLENGTH); % pick correlation fun here,
Cpv = CFUNpv(dxiv,dyiv,CLENGTH); % pick correlation fun here,
C=[Cpp, Cpu, Cpvl;

% mapping
pi = Cx(A\[p;u;v]);
ei = 1 - diag((C/A)*C?)/CFUNpp(O,CLENGTH); Ypick correlation fun here.
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A.5 ‘3 to 2’ OA program

function [ui,vi,eu,ev]=0a32(xi,yi,xp,yp,p,xv,yv,u,v,Vn,CLENGTH)

% [ui,vi,eu,evl=ca32(xi,yi,xp,yp,p,xv,yv,u,v,Vn,CLENGTH)

% "3 to 2" objective analysis

“ ui,vi : interpolated values with columns being the time and

h rows being the intarpolation points (NI by NT);

% eu,ev : estimated error in percentage of signal variance (NI by 1);
% xi, yi: x-y coordinates of interpolation points (NI by 1);

% xp, yp: x~y coordinates of pressure measurement sites (NP by 1);

%p : measured pressures with columns being ths time

% and rows being the measurement sites (NP by NT);

% xv, yv: x-y coordinates of current measurement sites (NV by 1);
% u, v : measured currents with columns being the time

% and rovs being the measurement sites (NV by NT);

% Vn ! noise variance in percentage of signal variance

% (scalar or 1 by NP+2#NV);

% CLENGTH: correlation length (scalar);
% units: xi,yi,xp,yp.xv,yv and CLENGTH should have the same units;

4 units of inputs p,u,v and output ui,vi should be CONSISTENT
A with each other and with the correlation functions CFUNT??.
NP = length(xp); Ynumber of pressure gauges.

NV = length{xv); Ynumber of current moorings.

NI = length(xi); Ynumber of interpolation points.

% construct correlation matrices
Rpp = sqrt{ ( xp*ones(1,NP) - ones(NP,1)¥xp’ }."2 +...
- { yprones(1,NP) - onea(NP,1)*yp’ )."2 );

dxpv = - xp¥ones(1,NV) + ones(NP,1)%*xv’; | dxpv(r,c) = xv_c - xp_r
dypv = - yp*ones(1,NV) + ones(NP,i)xyv’;

dxvvy = - xv¥ones{1,NV)} + ones(NV,1)*xv’;

dyvv = - yvkones(1,NV) + ones(NV,i)*yv’;

App = CFUNpp(Rpp,CLENGTH); % pick correlation fun hers.
Apu .= CFUNpu(dxpv,dypv,CLENGTH}; % pick correlation fun here.
Apv = CFUNpv(dxpv,dypv,CLENGTH); % pick correlation fun here.
Auu = CFUNuu(dxvv,dyvv,CLENGTH); % pick correlation fun here.
Avy = CFUNvv(dxvv,dyvv,CLENGTH); % pick correlation fun here.
Auv = CFUNuv(dxvv,dyvv,CLENGTH); % pick correlation fun here.

A=[ App, Apu, Apv;...
Apu’,Auu, Auv;...
Apv’,Auv’ ,Avv];
L = NP+2%NV;
A(1:L+1:L"2) = A(1:L+1:L"°2).%(1 + Vn); Ytaking care of measurement errors.
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dxip
dyip
dxiv
dyiv
Cup
Cuu
Cuv
Cvp
Cvu
Cvv
Cu=[
Cv=[

% ma
ui
vi

i

eu
av

[}
]

xixones(1,NP) + ones(NI,1)*xp’;
yi*ones(1,NP) + ones(NI,1)*yp’;
xi*ones{1,NV) + ones{NI,1)*xv’;
yi*xones(1,NV) + ones(NI,1)*yv’;
CFUNup{dxip,dyip,CLENGTH);
CFUNuu(dxiv,dyiv,CLENGTH);
CFUNuv(dxiv,dyiv,CLENGTH) ;
CFUNvp(dxip,dyip,CLENGTH) ;
CFUNvu(dxiv,dyiv,CLENGTH) ;
CFUNvv(dxiv,dyiv,CLENGTH) ;

Cup, Cuu, Cuvl;

Cvp, Cvu, Cvv];

[}
]

n
t

L]

1

pping
Cux(A\[p;u;v]);
Cvx(A\[p;u;v]);

]
)
[
A
[
%

pick
pick
pick
pick
pick
pick

1 - diag((Cu/A)*Cu’)/CFUNuu(0,CLENGTH);
1 - diag((Cv/A)*Cv’)/CFUNvv(0,CLENGTH);

%dx(r,c)=xp_c - xi.r
fdx(r,c)=xv_c - xi_r

correlation fun here.
correlation fun here.
correlation fun hers.
correlation fun hers.
correlation fun herse.
correlation fun here.

Yipick correlation fun here.
%pick correlation fun hers.
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=m2)

Craoss-correlation Functions

function y = CFUNpp(x,L)
y = exp(-(x/L)."2);

function Cpu = CFUNpu{dx,dy,CLENGTH)

lambda = 1/CLENGTH"2;

r = sqrt( dx."2 + dy."2 );

Cpu = dy .* (2%lambda * CFUNpp(r,CLENGTH));

function Cpv = CFUNpv(dx,dy,CLENGTH)

lambda = 1/CLENGTH"2;

r = sqrt{ dx."2 + dy."2 );

Cpv = - dx .* (2+lambda * CFUNpp(xr,CLENGTH));

function Cup = CFUNup(dx,dy,CLENGTH)
Cup = -CFUNpu(dx,dy,CLENGTH);

function Cuu = CFUNuu(dx,dy,CLENGTH)

lambda = 1/CLENGTH"2;

r = sqrt( dx."2 + dy."2 );

Cuu = (1 - 2xlambdaxdy,"2) .* (2*lambda * CFUNpp(xr,CLENGTH));

function Cuv = CFUNuv(dx,dy,CLENGTH)

lambda = 1/CLENGTH"2;

r = sqri( dx."2 + dy."2 );

Cuv = 2+lambdaxdx .* dy .* (2+lambda * CFUNpp(r,CLENGTH));

function Cvp = CFUNvp(dx,dy,CLENGTH)
Cvp = -CFUNpv(dx,dy,CLENGTH);

function Cvu = CFUNvu(dx,dy,CLENGTH)
Cvu = CFUNUV(dx,dy,CLENGTH);

function Cvv = CFUNvv(dx,dy,CLENGTH)

* lambda = 1/CLENGTH"2;

r = sqrt( dx.”2 + dy."2 );
Cvv = (1 - 2%lambda*dx."2) .* (2*lambda * CFUNpp(r,CLENGTH));
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B Deriving cross-correlation functions

The relations in Table 4 and 5 are derived in this appendix. First recall the definitions of

v, ay and ay:

y= 21 —z2)* + (11 - Y2)?; Ta— T =YCOSQz, Y2 — Y1 =Y COSQy.

From these definitions follow these identities:

Oy - s R < N . By .
3;7; = — 080t} o = COSQg) g~ = — COSQy; @27- = COS Oy}
and
deosay 1 2 , Ocosa dcosaz . 1 , dcoser _ 1 2
et = —2 (1 —cos?ay); Tt = TG = 5 cosag cosay; Caox = L (1 - cos’ag) .

By these identities and Equation (32), Fy, and Fy, can be derived:

310(2?2,!!2) _OF(y) _ Oy dF _ X
o Dys | Oy dy Oy

Brb(mz,yz) 3F(7) oy dF dF
}__ 92y~ 9oy d7 cosazw.

Fyy = E{y(21, 11)u(z2,%2)} = -E{w(:vl,y y—5

wo = E{Pp(zy, 11)v(22, 12)} = E{P(z1,1)

Similarly, we have
dF dF
= e d = — _—
Fuy = cosay & and Fyy oS O &

The remaining four relations in Table 4 follow from the above two equations and the iden-

tities before:

_ g O¥(z1, 1) __OF

Fa = E{u(wlsyl)ﬂ(m%y?)}— E{ ayl u(w2;y2)}_‘ 8?}1
dcos ay 4 sz ldF

O(zy, dFy,

Fa = E{u(o1,31)o(s3,9)} = —E{—‘”—%;l—i‘)v(m,yz)}= -

]

Bcosam%g_cosa cos o ﬁl—p— id—lj- = F,
dy, o Y\dyr ydy) T

and

Foo = E{v(:chyl)v(;gz,yg)} B{8¢( lsyl)v(:v % )} - 6F:,11u

Beos oy ‘%— 5 d*F 1dF

2
A —cos azd_-,ﬂ“(l cos a,,)—-—t-ﬁ
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The results in Table 5 are obtained by substituting F(v) in Table 4 by a Gaussian

function:
F(7) = Vyexp (~Ay?).
Thus we have
Fl(y) = =20vF, F'(y) = —(1 - 2243 . 2)F

and then
Fyy =ycosoy  2AF(y) = = Fyy,  Fyy = —ycosay - 2AF(y) = — Fyy;
Fuu = [cos? ay(1 = 229%) +sin? o) - 22 F = (1 — 2292 cos? o) - 2AF(v);

Fuy = cosag cosay [—(1 227D + 1] C2AF = 207% cosag cosay - 2AF(7) = Fu;
Fop = [cos? ap(1 — 2A9%) +sinZ a,] - 2AF = (1 — 2A7% cos? o) - 2AF (7).
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C Time series plots

Two sets of time series plots are collected in this appendix. The first set plots (Figure 9)
the pressure time series which are interpolated to the PIES sites from the final pressure
maps (dashed lines) and the absolute pressure on the PIES sites determined in section 3.3.2
(solid lines). The second set (Figures 10 and 11) displays the time series of geostrophic
current on current meter sites derived from the pressure maps (dashed lines) and the current

measurements on the corresponding sites (solid lines).
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Figure 9: Measured pressure (solid) with mapped pressure (dashed)
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Figure 10: Measured (solid) and mapped currents (dashed) (u component)
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