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Determination of scattering angle ..

Orbital integral: o = / tfmo?
ViV

Periapsis: H(rmim) =% = 2¢+60=rm.

2mr2 ]

= V=

dr/r? B /°° sdr [r?
Tmin 2m E V( )] —2 Tmin 1 — m — ﬁ

r E 72

Substitute u = 1/7:

u
max Sdu
== / (1/u) '
0 V@A u) 9,2
\/ 1 = S°U
Use energy conservation to determine t,q;:

1 2 2

2mrmm+V(rmm) ESQUfnax + V(1 /tmaz)-

= s2u? + V(1 tupaz)/JE=1 = Unar = Umaz (s, E).

tmaz sdu
0 V1=V u)/E — s2u?

Scattering angle: 0(s, F) =1 — 2

Total scattering cross section:

T s
UT—/U(H)dQ—27r/O 7

Note: In quantum mechanics or can be finite even if s,,,, is infinite.

ds
do

81n9d9—27r/ sds.
0



[mex58] Total cross section for shower of meteorites

A uniform beam of small particles with mass m; and velocity vy is directed toward a planet of
mass my and radius R. Calculate the total cross section op for the particles to be absorbed by the

planet.

Solution:



[mex56] Rutherford scattering formula

Derive the scattering cross section

o) ( K )2 1 Z7'e?
c)=(—=) —/——, K=—"+—
4E) sin*(6/2) 4reg
for elastic scattering of particles with electric charge Ze and energy E from stationary atomic

nuclei with charge Z’e. Note that o(6) does not depend on whether the beam is positively or
negatively charged.

Solution:



[mex55] Scattering from hard spheres

(a) Calculate the scattering cross section o (6) for elastic scattering from hard spheres of radius a.
(b) Calculate the total scattering cross section op = [ d?Q o(6).

Solution:



[mex60] Elastic scattering from a hard ellipsoid

Show that the cross section for elastic scattering from a hard ellipsoid described by the equation
2?/a? + (y* + 22)/b* = 1 with the incident beam along the z-axis is

o 1b2 a’b?
o0 =3 [a2 sin®(0/2) + b2 cos?(6/2)]

Solution:



[mex59] Scattering cross section for inverse square potential
Show that the cross section for scattering from the stationary potential V(r) = x/r? with x > 0 is

K2 T—0

) S —
°O) = F sar —o)zend

Solution:



[mex10] Particle experiencing soft Coulomb kick

A particle with charge @; and mass m; moves at very high velocity v; along a (nearly) straight
line that passes at a distance b from a particle with charge Q2 and mass ms, which is initially at
rest. The assumptions are that the two particles interact via a Coulomb central force and that the
second particle does not change its position significantly during the encounter.

(a) Find the direction in which the second particle will move after the encounter.

(b) Find the energy AE transferrred from the first to the second particle during the encounter.

Solution:



Scattering angle in the laboratory frame ..

The scattering experiment is performed in the laboratory frame.
e observed scattering angle: 6,
e observed scattering cross section: (),
e projectile of mass m; and target of mass ms.

The theoretical analysis is performed in the center-of-mass frame:
e problem reduced to one degree of freedom,
e total mass M = my + ma,

reduced mass m = mymsy/(my + ms),

calculated scattering angle: 6,

calculated scattering cross section: o(#).

_ _ _ mi _ m
mivo = (M1 +m2)Vey = Ve = ———— Vg = — V.
mi + mo meo

U1 8inf = wvysinf, vy cosf = vy cosl + Ve,



Relative velocity after collision: v = vy — v; = vy — vy (frame-independent).

Linear momentum in center-of-mass frame: m;vy + movy = 0.

meo ma
= Vi=E————V, Vo=——V = mu; = mu.
Y
my + Mo mi + Mo
vy sin 6 sin 6 m Uy my o

= tanf = — = , p=——= .
vy €080 + Ve, coOsO + p MoV, My v

= cosf = —p(1 — cos?h) + cos 9_\/1 — p2(1 — cos2 ).
: : L, 1 5
Elastic scattering: T = gMUg = 5mu (in center-of-mass frame)
= Vo=V = p:ml/mg.

Task #2: establish the relation between ¢ and .

Number of particles scattered into infinitesimal solid angle:

2l (6) sin6|df| = 2w 15(0) sin 6|d6)|.

_ sm@‘ ‘dcos@‘

7(0) | .
= () sin 0 dcost

V1 —p?sin?0
Special case: elastic scattering between particles of equal mass:

m; =my = cosf =cos(20) = 6’:2, 0(6’):4cosga(9).

= d(0) =0(0) [2pcos@—|— Lty COS(29)] :



[mex57] Loss of kinetic energy in elastic collision

Consider a particle of mass my and incident velocity v¢ undergoing an elastic collision via central
force with a target of mass mo that is initially at rest. The particle emerges with velocity v; from
the collision as viewed in the laboratory frame. The figure shows this velocity in relation to the
center-of-mass velocity v, and the final velocity v; of the particle in the center-of-mass frame.
Also shown are the scattering angles @ (center-of mass frame) and @ (laboratory frame). Show that
the ratio of the final and initial kinetic energies in the laboratory frame is

Ty, 1+2pcosf + p?

my

)

T, (1+p)? Py

Vem

Solution:



[mex240] Elastic collision: angle between scattered particles

A particle of mass m; and incident velocity v undergoes an elastic collision via central force with
a particle of mass mo that is initially at rest. Given the scattering angles 6,, 62 = m — 67 in the
center-of-mass frame, find the sum 6, + 6, of the scattering angles in the laboratory frame as a
function of ; and m;/my. Show that if m; = mgy then we have 01 + 05 = w/2 for 0 < 01 < 7.

Solution:



[mex241] Elastic collision: velocities of scattered particles

A particle of mass m; and incident velocity v undergoes an elastic collision via central force with
a particle of mass mso that is initially at rest. Show that the velocities of the scattered particles
depend on the scattering angles in the laboratory frmae as follows:

Vo m — . mime
— =2—cosfy, Mm=——""—,
Vo ma my + ma

5 2

(%1 m — m . _

— = — [ cosb; £ —3—8111201 ,
Vo mo m3y

where two solutions (4) exist for my > ms and one solution (+) for m; < meo.

Solution:



[mex167] Mechanical refraction

A particle of mass m moving in the xy-plane is subject to a potential energy which assumes the
constant value V; at y > 0 and the constant value V5 at y < 0. Let us assume that V5 < Vi. Use
conversation laws to show that if the particle approaches the x-axis with speed v; at an angle 6,
as shown, it will proceed with a different speed vo at a different angle 65 after crossing the line
where the potential energy changes abruptly. Show in particular that the relation

sin 01 2
=—— =,/1+ — (V1 = V5),
" \/+mvf(1 2)

o sin 92
between the two angles holds, where n plays the role of index of refraction.

y

Solution:



[mex168] Scattering from a spherical potential well

Consider a spherical potential well of depth U and radius a, decribed by the potential energy
V(r) = =UB(a — r). According to [mex167], the path of an incident particle with energy E
encountering this potential will then be that of a ray of light refracted from a sphere with refractive
index n = /1 + U/E. (a) Calculate the maximum scattering angle as a function of n. (b) Show
that the scattering cross section has the form

a’n?

B 4 cos(0/2)

- (0) [ncos(0/2) — 1][n — cos(8/2)] ‘ '

[n? + 1 — 2ncos(0/2))?

Solution:



[mex219] Grazing collison between flat surfaces

Consider a cube of mass m in translational motion with velocity v on a frictionless airtrack. The
cube is approaching a wall at a grazing angle « with one of its sides parallel to the wall. The
coefficient of kinetic friction between the cube and the wall is p. Determine the angle § describing
the direction of the velocity v’ the cube has after the collison. Assume that the recoil motion of

the wall is negligible.

s

v

\

Solution:



[mex242] Absorption cross section of power-law potential

A uniform beam of particles of mass m and velocity vg is directed toward an attractive power-law
potential V(r) = —k/r®* with a > 2. Depending on the energy E and the angular momentum ¢
the orbit of the particle leads to the center of force or it passes by at a nonvanishing minimum
distance. Assume that all particles that arrive at the center of force are absorbed whereas all other
particles are scattered elastically. Calculate the total cross section o for particle absorption as a
function of o, E, k.

Solution:



Small-Angle Scattering ...

Scattering angle from transverse momentum: sinf = Py o g= v +...
p UL
Impact parameter: s.
+00
Impulse and transverse momentum: p, = / dt F,.
—00

oV dV or dVy
T force: F,=—o =" _ OV S p Rt
ransverse force: I, oy dr 0y ar r TE+ Y+ z

dV's
Amount of transverse motion during collision assumed negligible: F; = i
rr

Change in speed of particle during collision assumed negligible:

_dr N s T4V dx
_’U() py_ Vo J-_—0o dr 7"

dt

. dx r
Eliminate dz: z =Vr?2 —s2 = — =

ir -2
% /+oo d—V d’f’
. Ao

Transverse momentum: p, = —

Vo
. s [tedv o dr 1,
Scattering angle: 6(s) = ~z - T E = 5Mp.
s r\r2—s
s(0) |ds

Scattering cross section: o(f) = —= with s(#) from inversion of (s).

0 |do

Application to power-law potential: [mex246]

y V

- |

m
31F




[mex246] Small-angle scattering from power-law potential

Consider small-angle scattering from a repulsive power-law potential V' (r) = k/r® using the rela-
tions derived in [mln105].

(a) Find the scattering cross section 6(s).

(b) Find the scattering cross section o ().

(c) Show that the small-angle results of o() for « = 1 and o = 2 are consistent with the general
results from [mex56] and [mex59], respectively.

Solution:



Classical inverse scattering ..

Goal: reconstruction of potential V' (r) from cross section o(#).
Assumptions: dV/dr < 0 (repulsive force), V(0) > E, V(c0) = 0.

Consequence: 0(s1) > 0(s2) if 51 < so.
Calculate s(#) from o(6): 27r/ dfsinfo(h) = 27?/ ds's' = ms*.
0 0

Orbital integral from [mln20] with v = 1/r:

2u? + V(1 um)/E = 1.

s)_/“m sdu
0 \/1—%—3%2’

Transformation with z = 1/s%, 8(z) = (s), and w(u) = /1 — V(1/u)/E

du

Transformation: % /0 ) d$ﬂ;—\/ia;) _ /0 " da /0 " N —

N ﬁ\/a—/oadxé’(x)\/m:ﬂ/oum(a)%. mex243]

Set a = u?/w?, implying u,,(a) — u, take d/du, and multiply by du:

u? Jw? N’
Tw=—d <2> / dIL. [mex244]
w7 Jo

w /u2/w2 —

Integrate differentials dw and d(u/w) with consistent boundary values:

1 [~ 6(s)
= w(u) = exp ( /w/u R 2/u2) : [mex245|

The solution w(u) of this integral equation for given 6(s) thus determines

V(r) from o(6).

[Landau and Lifshitz 1976]



[mex243] Classical inverse scattering problem I

The reconstruction of the (central force) scattering potential V' (r) from the observed scattering
cross section o(6) as outlined in [mIn104] involves the transformation of the orbital integral

| sdu S 4 V(L fun) [E = 1,
2 0 \/1 _ % _s2q2

where u = 1/r and 6(s) is the scattering angle as a function of the impact parameter, into the
relation

« 5 U, (¥)
W\/E—/ dm&’(x)\/a—x:ﬂ/ d—u, u?, = afw(un))?,
0 0 w(u)
for the unknown function w(u) = /1 — V(1/u)/E, where z = 1/s* and (z) = 6(s). Carry out

the initial steps as indicated in [mln104]. Integrate by parts on the left and interchange the order
of integrations on the right.

Solution:



[mex244] Classical inverse scattering problem II

The reconstruction of the (central force) scattering potential V' (r) from the observed scattering
cross section o(6) as outlined in [mIn104] involves the conversion of the relation

du 9
w(u)’

a B Um (@)
m/&—/ dx@’(x)\/oz—x:ﬂ/
0 0

as derived in [mex243] into the differential relation

dw uy [ 0'(x)
it e dp——t )
" ( >/0 Jﬂ\/u2/wz -

by setting o = u?/w?, taking the derivative with respect to uon both sides and multiplying back
by du. Show that the boundary value wu,,(«) becomes the unrestricted w in the process.

Solution:



[mex245] Classical inverse scattering problem IIT

The final step in the reconstruction of the (central force) scattering potential V' (r) from the observed
scattering cross section o(f) as outlined in [mlnl04] involves the integration of the differential
relation

v u ut/w 0' ()
w0 = (E)/O dxa/uz/wz_x

into the integral equation

1 [ 6(s)
= w(u) = exp <7T /w/u s 52 — [w(u)P/“2>

for the quantity w(u) = /1 — V(1/u)/E with u = 1/r. Carry out this step by interchanging the
order of integration on the right.

Solution:



Decay of Particle I .0

Particle at rest decays into two particles:
Decay energy: € = Ei(r?t) — Ei(it) — Ei(jt) (change in internal energy).

Masses of decay products: mq, meo.

Momentum conservation: p; +p2 =0, p; =ps =p.

2 2
Energy conservation: Ei(r?g = Ei(r}t) + 2y Ei(ri) +
2m1 2m2
2
= €= p— = Tl —+ Tg.
2m
Reduced mass m = M.
mi + Mo
2 €My p2 €My

Kinetic energies: T) = = ’
2my mq + mo

e Decay products move in opposite directions.
e All directions of p; equally likely.

e Kinetic energies 17,75 determined by conservation laws alone.

Particle at rest decays into three particles:

Decay energy: € = pO _pW _ p@ _ p®

int int int int *
Masses of decay products: mq, mo, ms.

Momentum conservation: p; + p2 + ps = 0.

2 2 2
Energy conservation: E}fg = Ei(nlt) + Ei(ft) + 2y Ei(jt) 5
2my 2my 2msg

e Relative directions between decay products constrained but not deter-
mined by conservation laws.

e Kinetic energies 17, T5, T3 constrained but not determined by conserva-
tion laws.

e Maximum kinetic energy 7; limited by €, m;. —[mex237|



Decay of Particle II ...

Particle in motion decays into two particles.
View from center-of-mass frame:
Momenta: m;v; = —maVs.

Directions of decay products: 6; + 6, = .

View from laboratory frame:
Momentum of particle before decay: (mq + ms)vo.

Directions of decay products: 6, 0s.

Task #1: Find the relation between 6; and 6.

—~ (1 sin 91
tant) = ———
v1 cos By + vy

/ 2
Vo . 27 = vy . 95
= cosf, = ——sin?f, £ cosb, 1——25111291.
Ul Ul

Task #2: Find the relation between #; and 5. —[mex238]

Task #3: Find the range of the angle § = 0; + . —[mex239]



[mex237] Decay of particle: maximum kinetic energy.

A particle of mass M at rest decays into three particles of masses m1,mo, ms by releasing a total
decay energy e. Assume that mass-energy conversion is negligible (M = mj + mq + mg3) and that
the resulting momenta of the decay products are nonrelativistic. What is the maximum kinetic

energy 17* of the emerging particle with mass mq?

Solution:



[mex238] Decay of particle: directions in lab frame I

A particle of mass M and velocity vy (in the lab frame) decays into two particles of masses
my,mo by releasing a total decay energy e. Assume that mass-energy conversion is negligible
(M = my 4+ mg) and that the resulting momenta of the decay products are nonrelativistic. Show
that the angles of the directions of the decay products relative to the forward direction of the
original particle satisfy the following relation:

2e Sil’l2 (él =+ ég) mq mo

T = sin2f, + p— sin® 0, — 2sin 0; sin 0 cos(f; + 02).

Explain what this relation implies in the two limits vg — 0 and vy — oo.

Solution:



[mex239] Decay of particle: directions in lab frame II

A particle of mass M and velocity vy (in the lab frame) decays into two particles of masses
my,mo by releasing a total decay energy e. Assume that mass-energy conversion is negligible
(M = mj + ms2) and that the resulting momenta of the decay products are nonrelativistic.

(a) Calculate the angle § = f; +65 between the two emerging particles in the lab frame as a function
of vy, v1,v9 and 601, where 61,05 = m — 01 are the corresponding angles in the center-of-mass frame.
(b) Determine the range of 6 as a function of vy under the assumption that v; < ve on a map as
follows:

0
L T H
7% S S S
0 1 : Vv,
0 v, v, 0

Solution:
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