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Central Force Motion: Two-Body Problem ..

Mechanical system with six degrees of freedom:
Consider two masses my, mo interacting via a central force.

Central-force potential: V(ry,re) = V(|r; — rol).

1 1
Lagrangian of two-body problem: L = émlif + §m21"§ — V(|r1 —ral).

Conservation laws inferred from translational and rotational symmetries:

1 . 1 .
e Energy: E = §m1r% + §m2r§ + V(|ry — o).
e Linear momentum: P = p; 4 po = myT1 + mals.

e Angular momentum: L =r; X p; +ry X ps.

Reduction to three degrees of freedom:
" . myry + mer
Center-of-mass position vector: R = ST e
my + Mo
Distance vector: r =rg — ry.
Total mass: M = m; + ms.

. Mmims
Reduced mass: m = ———.
mi + my

Lagrangian (after point transformation):

: 1., 1
L= Ly(R) + Ly(r,#) = gMR? + omi® =V (|r]).

. 1 .
Center-of-mass motion: Ly (R) = §M R?.

e I, Ry, R, are cyclic coordinates.

e Conserved center-of-mass momentum: P = MR = const.

e Uniform rectilinear center-of-mass motion: R(t) = Rg + i t.
. N T
Effective one-body problem: L,,(r, 1) = gmi” = V(r|).

e Three degrees of freedom.

e Particle of mass m moving in a stationary central potential V' (|r|).



Central Force Motion: One-Body Problem ...

Reduction to one degree of freedom:

Consider a particle of mass m moving in a central potential:
1
Lagrangian: L(r,T) = 5m1"2 —V(|r]).

Conservation of angular momentum: L = r x mi = const.

e Case L =0: One degree of freedom.

— Purely radial motion: r ||t = L(rr) = §m7*2 V().

1
— Energy conservation: E(r,7) = §m7‘“2 +V(r).

— Reduction to quadrature (see [mln4]).

e Case L # 0: Two separable degrees of freedom.
— Motion in plane perpendicular to L.

— Transformation to polar coordinates: x = rcosv, y = rsin.
) 1 .
— Lagrangian: L(r,7,9) = §m(7"2 +729%) — V().

— Cyclic coordinate: 1.

— Conserved angular momentum: ¢ = — = mr>J = const.
Routhian: R(r,7;¢) = L — (0 Lz~ L V(r)
— Routhian: r.rl) =L — 09 = —mi? — —V(r).
o 2 2mr?
- Y2
— Effective potential for radial motion: V(r;€) =V (r) + Syt
mr

1 -
— Conserved energy: E(r, 7 () = §m7'“2 +V(r;0).

— Reduction to quadrature (see [mln4]).

¢t dt
— Integral for angular motion: ¥(t) = Jg + — Y
m Jo mr3(t)




Central Force Problem: Formal Solution ..

1 :
Lagrangian: L = g™ (7”2 + 7‘2792> —V(r).

Lagrange equations (coupled 2" order ODEs):

19)% d
2 —_— — 2 f—
mi = mrd 9 lt (mr 19) =0.

Integrals of the motion (angular momentum and energy):

. 1 62
— 29 _ -2
[A] ¢ =mr<Y = const, [B] E= Smr + Sy

+ V(r) = const.

Motion in time (solution by quadrature):

1Bl %:i\/% {E_V(T)_Q:;} ~ t:i/r: \/z [E—ir('r’)—

2:121“2}
= r(t)=
dv l ¢ [t dt
A G =me T 0= mp T

Integration constants: E, ¢, rq, .

Orbital integral: eliminate ¢t from r(¢),9(t) to obtain r(¢) or ¥(r).

2 2 dr  drdd dr ¢
¢5F‘Wﬁﬁwﬂ—a—@a—@%3

/¢ 9
. /dr /m?“ :/dﬁ:ﬁ—ﬁo = J(r)=19+...
il
m 2mr?
Orbital integral for power-law potentials V' (r) = T setu=1 Jr.
700(
2mE 277;% ue — 2

For the cases a = 6,4,3,2,1, —1,—2,—4, —6, the orbit can be expressed in
terms of elementary functions.



Orbits of Power-Law Potentials ..,

1 1 ~ ~ /2 -
E = —mo? — S? _  E .
5 + V(r) 5 +V(r), V(r)=V(r)+ Syt > Vi(r) > V(r)
L o y L o Lo 240
E—-V(r)= 5mv’, E—-V(r)= Mm%, Vi(r)=V(r)= gmr (Va

particle speed: v x vV E — V.

radial speed: |7f| x VE —V.

angular speed: r[J| oc V'V — V.

m‘wm:—%,0<a<2:

has minimum at ro = (£2/arxm)'/(@=2),

~
=
SN—

1%

E = E;: unbounded orbit, turning point (7 = 0) at V(rpim) =

E = E5: bounded orbit, turning points at f/(rmm) = ‘N/(rmax) = Fjs.
E

= Fj: circular orbit at rg: 7 =0, ¥ = const.

(ii) wm:—%,a>2;

V(r) has maximum at ro = (arm/¢?)"/ (@2,

E < V() and large 7: unbounded orbit at r > ry, where V(ry) = E.

V' (rg) and small 71 bounded orbit at r < ry, where V(r) = E.

E > V(ry): Unbounded orbit with particle spiraling through center.
(ro):

Unstable circular orbit exists.

/

(i) V(r)=&7r", K=-k>0, o/ =—-a>0:
V(r) has minimum at 7o = (£2/a/x'm)"/(@'+2),
All orbits are bounded: r; < r < ry, where 17(7"1) = f/(rz) =F

E =V (ry): circular orbit exists.



(i) a =1 (gravitation):

(i) a=3:

(iii) o = 2 (harmonic oscillator):

[Goldstein 1981]
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[mex51] Unstable circular orbit

The central force potential V (r) = —&/r* has an unstable circular orbit of radius R centered at the
center of force. (a) Find the angular momentum ¢, the energy E, and the period 7 of this circular
orbit. (b) Find a second orbit r(«#) for the same values of E and ¢ which starts at the center of

force and approaches the circular orbit of radius R asymptotically.

Solution:



[mex46] Orbit of the inverse-square potential at large angular momentum

Consider the central force potential V(r) = —r/r2. If k < £2/2m, all orbits are unbounded and
have energies E > 0. (a) Show that the orbits can be expressed in the form

1 2mE o1 2mk
— =4/ —=——cos —— .
r 2 —2mk 2
(b) Determine the total angle an orbit describes between the incoming and outgoing asymptotes.

Solution:



[mex47] Orbit of the inverse-square potential at small angular momentum

Consider the central force potential V (r) = —x/r?. If K > £2/2m, all orbits at E > 0 are unbounded
and all orbits at F < 0 are bounded. (a) Show that these orbits can be expressed in the form

1 2mE . [2mk 1 [ 2m|E)| 2mk
E i —=4/=———=sinh | N/ —— —1 E : —=4/=———=cosh [ -1 ].
>0 r o — 02 ( £2 ) ’ <0 r Imm — 2 O ( 2 )

(b) Determine the time it takes the particle to move along the bounded orbit from 7,4, to the
center of force (r = 0).

Solution:



[mex41] In search of some hyperbolic orbit

A particle of unit mass (m = 1) moves from infinity along a straight line which, if continued, would
allow it to pass a distance d = by/2 from a point P. Instead, the particle is attracted toward P by
the central force F(r) = —k/r°. If the angular momentum of the particle relative to P is £ = v/k/b,

show that the orbit is r(8) = bcoth(8/v/2).

Solution:



Virial Theorem .o

Consider a system of interacting particles in bounded motion.
Newton’s equations of motion: p; =m;¥; =F;, i=1,... N.

F;: sum of external and interaction forces acting on particle i.

Definition: G(t) = Z pi - I

For bounded motion G(t) is finite.

aG
Time derivative: — = Z (pz . I.'l -+ I.)Z : I‘i) = Zml‘i'lﬁ + ZFl .

dt

(2

1
Kinetic energy: T = Z §mz|rl|2

_ aG 1 7 dG 1 .
Time average: o= ;/0 dt o == [G(T) — G(0)] — 0.

.. o 1
Virial: T = —3 ZFZ i

Application to particle in bounded orbit of central-force motion.

Power-law central force potential: V(r) = .
TOL
— 1 av 1 =
Al L I
5 ( e ) aV
: P 1=
e Gravity (a =1): T = _QV'

e Harmonic oscillator (@ = —2): T =V.



[mex163] Changing orbit by brief rocket boost

A satellite orbits the Earth in a circular orbit of radius 7, traveling with velocity vo. Then a
rocket on the satellite fires such that it acquires an additional velocity v; of the same magnitude
as vo in a very short time. Give a detailed description of the nature of the subsequent orbit of the
satellite for the four cases with different directions of v; as shown.

Vi T (a)
VO L (b)

S B

Vi l (d)

Solution:



[mex40] Discounted gravity: 50% off
A particle of mass m moves in a circular orbit of radius r¢ in a central force potential V(r) = —x/r.
Suddenly the value of x decreases to half its original value and the particle changes its orbit as a

result of the reduced attractive force. Give a detailed description of the new orbit.

Solution:



Bounded Orbits Open or Closed ...

Consider an effective potential V(1) = V(r) + 2/(2mr?) for the radial part
of a central force motion as shown.

The radial coordinate r oscillates between rp (periapsis) and r4 (apsis).

Between successive instances of r = rp and r = r4 the angular coordinate 9
always advances the same amount Ad.

Apsidal vectors: position vectors r with |r| = rp or |r| = r4.

Orbits are reflection symmetric at apsidal vectors. Hence the complete orbit
can be constructed from one segment between successive apsidal vectors.

{/mr?

E—V(r)— 25

2mr2

rA
Apsidal angle: Ay = / dr
rp 2|
Vi

Condition for closed orbit: AY/27 must be a rational number.

~

A%

>

£
o V(r):—E = U -y =arccos FE—e= = AV=rm.
r 1 4 282

4

1 1
o V(r)= 5/{;7’2 = -1 = 5 arceos mr?
E
=

|

™
AY = —.
~ 2

N&MH
3=

Bertrand’s theorem [mln44] proves that only for these two potentials are all
bounded orbits closed.



Bertrand’s Theorem ...

The only central force potentials V(1) for which all bounded orbits are closed
are the following:

e Kepler system: V(r) = . (ellipses with r = 0 at one focus)
T

e Harmonic oscillator: V(r) = x'r* (ellipses with 7 = 0 at center)

J. Bertrand’s proof of 1873 is based on a 2"¢ order perturbation calculation
about stable circular orbits. The following derivation follows Arnold [1989]
and rests on five lemmas:

1. The central force potential V' (r) has a circular orbit at r = Rif V/(R) =
¢?/mR3. This circular orbit is stable if V”(R) + (3/R)V'(R) > 0.
[mexb3] [mex125]

2. For a central force potential V' (r) with a circular orbit at r = R, the
apsidal angle for orbits in the vicinity of this circular orbit is Ad =
m/V'(R)/[3V'(R) + RV"(R)]. [mex126]

3. The only central force potentials for which the apsidal angle of nearly
circular orbits is independent of the radius are the power-law potentials
V(r) = —k/r* a < 2,a # 0 and the logarithmic potential V(r) =
kInr. The value of the apsidal angle is AY = 7/y/2 — «, where the
value oo = 0 pertains to the logarithmic potential. [mex127]

4. For central force potentials with lim,_ ., V(r) = oo, the apsidal angle
has the property limpg o, AY = 7/2. [mex128] [mex129]

5. For power-law central force potentials V(r) = —x/r*,0 < a < 2, the
apsidal angle has the property limg ., o AY = 7/(2 — «). [mex130]

Proof of Bertrand’s theorem:

e Closed orbits require Ay = 27(m/n) for integer m, n.

e Lemma 3 restricts the class of potentials with no open bounded orbits
to potentials (a) V(r) = k'r %, a <0, (b) V(r) = —k/r*,0 < a < 2,
(¢) V(r) = klnr (representing o = 0).

e For the cases a < 0, lemma 4 requires 7/v/2 — a = 7/2, which rules

out all exponents except & = —2 (harmonic oscillator). The apsidal
angle is AY = 7/2 for all orbits of this system.

e For the cases 0 < « < 2, lemma 5 requires 7/v/2 —a = 7/(2 — «),
which rules out all exponents except o = 1 (Kepler system). The
apsidal angle is AY = 7 for all orbits of this system.



[mex53] Stability of circular orbits

Consider a particle of mass m and angular momentum ¢ subject to a central force F(r) = —=V'(r).
(a) Show that the condition for the existence of a circular orbit at radius R is F(R) + ¢?/mR3 = 0.
(b) Show that the stability condition of this circular orbit is F'(R) 4 (3/R)F(R) < 0.

Solution:



[mex125] Small oscillations of radial coordinate about circular orbit

Consider a particle of mass m and angular momentum ¢ subject to a central force F(r) = —=V'(r).
Under the conditions stated in [mex53] that a stable orbit at radius r = R exists, show that on
an orbit starting at radius r = R + x with |z| < R next to a stable circular orbit of radius R, the
radial coordinate oscillates about R with angular frequency w3 = —3F(R)/mR — F'(R)/m.

Solution:



[mex126] Angle between apsidal vectors for nearly circular orbits

Consider a particle of mass m and angular momentum ¢ subject to a central force F(r) = —V'(r)
and moving in a stable circular orbit of radius » = R. Show that nearly circular orbits in the
immediate vicinity have an apsidal angle

_ V'(R)
A= 7T\/3\//(1{) + RV"(R)’

Solution:



[mex127] Robustness of apsidal angles

(a) Given the result of [mex126], namely that nearly circular orbits at radius » = R of a central
force potential V(1) have apsidal angle AY = w+/V'(R)/[3V'(R) + RV"(R)], show that the only
cases for which this apsidal angle is independent of the radius are the power-law potentials V' (r) =
—K/T% a < 2,a # 0 and the logarithmic potential V(r) = xlnr. (b) Show that the value of the
apsidal angle is A = 7/4/2 — «, where the value a = 0 pertains to the logarithmic potential.

Solution:



[mex128] Apsidal angle reinterpreted

Consider a particle of mass m in a bounded orbit with energy F and angular momentum ¢ of a
central force potential V' (r). Show that the angle AY between successive apsidal vectors (between
pericenter and apocenter) is related to the period T of the oscillatory motion of a fictitious particle
in a 1D potential W (z) as investigated in [mex5]:

Tmax

f'max dr £/mr? T T 2/ dx
Fmin \/% [E—V(r)— 2, 2Vm Tnin /2 [E — W ()]

Find the relation between the variables r and x and determine the function W (x).

AV =

Solution:



[mex129] Apsidal angle at very high energies

Use the result of [mex128] to show that for a central force potential with the property lim, o, V(r)
00, the apsidal angle of orbits with given angular momentum approaches a universal value at very
high energy:
lim A9 = g

E—oo

Solution:



[mex130] Apsidal angle at very low energies

Use the result of [mex128] to show that for a power-law central force potential V(r) = —x/r®, 0 <
a < 2 the apsidal angle of orbits with given angular momentum ¢ approaches an ¢-independent

value at very low energy:
7

lim AY= .
E——o00 2—«

Hint: Consider first the case o = 1.

Solution:
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