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Investigatio n of wettin g hydrodynamic s usin g numerica | simulations

David E. Finlow, Prakash R. Kota,® and Arijit Bose®
Departmen of Chemicé Engineering University of Rhock Island, Kingston Rhock Island 02881

(Receivel 25 July 1995 acceptd 27 Octobe 1995

Meniscis shaps from a simulation of a plate immersirg into an infinitely deep liquid bath for a
rancge of oute lengh scales hawe been obtainel numericaly. Thes hawe been compare with the
leading-orde predictian from athree-regio asymptott analyss dore in the doubk limit, Capillary
numbe, Ca—0, L¢/L-—0, with Caln(L/Lg) of O(1), where Lg ard L representhe slip length
ard an oute macroscop length respectivel. For Ca<0.01, the numericaly computel and the
perturbatim solutiors shov excellent agreementWithin this range of Ca the meniscis slope at a
distane 10L g from the dynamt contad line is geomety independenttha is, does not vary with
changsin the outer lengh L. The interface slope at this point can sene as an appropria¢ material
bounday condition for the oute problem For 0.01<Ca<0.], the intermedia¢ region solution
continues to closey fit the numericaly generatd solution while the matd in the oute region
begirs to degrade By monitoring the pressue differene betwea the surroundilg inviscid gas
pha® ard arbitrarily chose point in the liquid, we attribute this breakdown to infiltration of viscous
effects into the oute region so tha static capillarity does not adequatsl descrile meniscis shapes
in this regime For Ca>0.1, ther is no matd betwea the numericd ard perturbatio solutiors in
both the intermedia¢ arnd oute regions indicating tha highe-orde contributiors mug be

accountd for
[S1070-663(196)02302-]

I. INTRODUCTION

In both natue ard in industrid processesmoving con-
tad lines are ubiquitous and they occu over awide range of
length scales—fron microns for the movemehn of oil ganglia
throuch porous rocks to metes in a variety of coatirg pro-
cessesA prope geometry-fre characterizatin of the dy-
namc wetting proces is therefoe crucid if predictive mod-
els of thee phenomea are to be developed Howeve,
severé complicatiors arise when sud a god is attempted,
largely becaus of the dispariy betwe@ the submicroscopic
lengh scales at which wetting occuss and the macroscopic
lengh scales at which typicd experimenthobservatios are
made A further complicatio is tha differert locd models
yield the sane dynamis at macroscopical observable
levels! Therefore in orde to verify refined models mea-
suremerg mug necessanl be made on a submicroscopic
lengh scak over which this physics remairs important This
is aformidabk challenge partly becaus rapid changs in
interface curvatue occu nea the three-phas juncture and
sophisticatd experimenthtechniqus becone necessar to
produe adequat resolution of data in tha region.

Challengs alo exig from a continuum modelirg per-
spective For a pure liquid, the customay hydrodynamic
analysebresut in amultivalued velocity field at the dynamic
contad line. If the liquid is Newtonian a stres field is pro-
ducel that is nonintegral® as the dynamt contad line is
approachedOne consequereof this stres divergen@ is an
unboundd interfae curvatue at the dynamc contad line,
resultirg in the inability to specify a true dynamtc contact
angle Becaus this angk serves as a bounday condition for
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the differentid equation governirg the shag of the liquid—
fluid interface an ill-posed problem results This difficulty is
often resolvel by breakirg the flow doman into two regions.
An inner ong in the vicinity of the dynamt contac line,
whete slip is permitted (therely removirg the soure of the
double-valud velocity at the dynamt contad line), has di-
mensios characterizé by a slip lengh Lg. An oute region,
characterizé by a mud larger geometry-dependémacro-
scopt lengh scak L, utilizes the no-slip dynamt bound-
ary at the solid surfaces Singula perturbatio solutiors to
the field equatiors in ead region (ignoring inertid effecty
are matchel in the overlg region to produe a uniformly
valid solution over the entire domain In the doubk limit
Ca—0, e—0, with Ca e 1) of O(1), wher Cais the Cap-
illary numberuU/vy, u is the liquid viscosity, andy is its
surfae tension U is acharacteristi speedande=Lg/L,
there is no overlg of the inner ard oute regions®® ard a
third, intermediae region mud exig betwee the inner and
oute regiors of expansionin cylindricd polar coordinates,
the inner, intermediate and oute regiors are characterized
by dimensionles lengtts r'/Lg, Caln(r'/Ls) and r'/L,
respective). [Variables with a prime (') superscrip are di-
mensionall Analyse$™ of the resultig bounday value
problam to O(1) yield a solutian for the interfae shag in
the intermediat region of the form (assumig that the dis-
placel fluid has zerm viscosity)

gintermediatér "= gil[g( 0r)+Ca In(r '/R)],—! 1)
where
0 p—cC )sin( ¢)
gw):fo ¢ Zozr‘i@w dg. @

Here 6(r') is the angle between the moving solid and
the tangen to the liquid free surfa® at adistaner’ from the
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dynamt contag¢ line, the subscrip indicating the value of
this angk in the indexal region In addition, 6 represents
this angk at sone distane R locatal within the intermediate
region As see in Eqg. (1), the slope of the interface within
the intermedia¢ region is independenof macroscop geom-
etry, tha is, it does not deperl upan the oute lengh scale
L. Although the exa¢ magnitue of 6z depend upan the
specift inner model the form of Eq. (1) isindependenof it.

If the geomety independene of Eq. (1) could be con-
firmed tha is, if for a certan Ca asingle value of 6y can be
usel to correcty predid complee meniscs shaps for a
range of oute lengh scales then 6y could be usal as a
materid bounday condition for the oute problem replacing
the true dynamt conta¢ angk bounday condition Cutting
off the doman at r’ =R and providing this slope characte
ization would permt a solution for all the field variables and
the free-surfae shag in the oute region without resortirg to
specifyirg ary of the detaik of the fluid physics in the inner
region (which are currently not well known). Clearly, this
would represeha powerfu advane in our ability to predict
wetting behavia.

Two approachse can be taken to determire if Eq. (1) is
valid. The first is to compae experimental} obtainel menis-
cus shaps in the vicinity of the dynamt contadc line, tha is,
in the intermedia¢ region with predictiors from the pertu-
bation analysis For a given geomety ard Capillaly numbe,
0r can be chos@& by minimizing the difference in a least
square sense betwea the experimenth and analytically
predictal meniscis shapesThis approab has been utilized
by a numbe of differert investigators~’ The geometry-free
natue of this expressia for the shape of the interface in the
intermedia¢ region for Ca<10 2 has bee established.
Howeve, sone systematt deviatiors were observe for
Ca>10"2, which could be attributabé eithe to the difficulty
in obtainirg accuraé meniscis shaps in the proximity of the
dynamt contac¢ line or to a possibé failure of the O(1)
asymptott analyss in this Capillaty numbe regime Clearly,
to resole this issue more accura¢ experimenth meniscus
shag measuremestare requira in the vicinity of the dy-
namc contad line. Sud experiments using rods entering
liquid batls at variousimmersia angles (as amears of vary-
ing geometry hawe now been completed’® Viscows defar-
mation has been observe at distancs of the orde of a cap-
illary lengh scak from the dynamtc conta¢ line at
Ca=10 2, an observatia tha has direa implicatiors for the
measuremenof “apparent dynamtc conta¢ angles in cap-
illary tubes’ Experimens conductel at Ca~0.45 indicate
tha the breakdown of the modéd is causé by the inadequacy
of the lowest-orde perturbatiom solution in the geometry-
free region or becaus of contributiors to the sha of the
interfae from the inner region®

Alternatively, numericd simulatiors of the boundary
value problen can be usal to obtan complee meniscus
shapeswhich can be compare with predictiors from the
perturbatio analyses—tls approab is usel here Because
calculatel meniscs shaps are nat tainted by experimental
errors interfae slopes accurag to a specifial tolerane can
be obtainal over the whole domain including the immediate
vicinity of the dynamt contad line (at the expense of
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FIG. 1. The modé systemA plate immerse into a containel bah of liquid
of infinite deph at spee U. The right wall is stationay. The dynamic
contat angk is 6y ard the statc contat¢ angk is 6. The hypothetical
lower bounday restrics the computationedomain.

course of computatio time). Eliminating gravity in the
mode| the oute lengh scak becoms the containe length,
which can be changé easiy. Thus the geomety indepen-
dene of Eq. (1) can be convenieny and rigorousy tested.
Furthermorethe simulatian can be readily extendd to high
Ca wher experimentameasuremestmight becone diffi-
cult, clearly identifying the range of validity of the perturba-
tion analysesThes simulatiors can alo be usal to dete-
mine the limiting Ca value beyord which viscows effects
stat infiltrating the oute region and statc capillarity be-
comes inadequat for describirg the outa meniscis shape.

The finite element™ ard finite differencé®*® methods
hawe bee usal for simulation of the steag motion of an
interface betwea viscots liquids in a capillaty tube Com-
parisors of the simulatiors with experimerg hawe bee re-
stricted to predictiors of “‘apparent contad¢ angles The goal
of our work is to showv tha numericé simulatiors are a valid
tod for understandig fluid physic in the vicinity of moving
contac lines Therefore its scoge is very differert from pre-
vious numericé studies of wetting hydrodynamics.

Il. THE MODEL

A prototype problem tha capture the essentibfeatures
of a dynamt wetting proces is chosa for the numerical
simulation ard is illustrated in Fig. 1. It is compris@ of an
incompressitd liquid of infinite deph in a containe of
lengh L, with the left sidewal moving into the liquid with
constamvelocity U. Gravity is ignored in the simulations so
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that L is the appropria¢ oute lengh scale The upper
bounday of the liquid, h’'(x"), is a free surface so tha its

location is nat known a priori, but is obtainal as patt of the
solution to the transpot equatios and applicabé boundary
conditions A hypothetica lower bounday (shown by the
dashd line, y' =0) restrics the computationh domain At

this bounday, the flow is assumd unidirectiona) with zero
net volumetric flow, and is sufficienty well removel from

the free surfa@ so that ary further displacemenhas no im-

pad on the shage of the free bounday. The volume/widh of

liquid within this computationadoman is A. The statc con-
tad angk is 6.

For a single componehNewtonian liquid, the field vari-
ables (velocities pressuresfree surfa@ heights ard gas
pressurg depemnl upan the Reynolds numbe, Re and the
Capillay numbe, Ca Inertid effects will be ignored in the
numeric simulatiors presentd (Re=0), conformirg to the
assumption usel in the perturbatio analyses.

The dimensionles steady-sta governirg equatiors and
bounday conditions including the slip model are provided
in Appendk A.

IIl. NUMERICAL SOLUTION TECHNIQUE

Following a well-developé procedurethe Galerkin Fi-
nite Elemen techniqee is usel to discretiz the continuity
ard conservatia of linear momentun equationsas well as
the kinematt condition*~1® The latter is distinguishe in
this schene as the equatia to be usel for computirg the free
surfa@ shape The detaik leadirg to the appropria¢ weak
forms of eath of the® equatiors are presentd elsewhere®
The contad angk conditiors replae the kinematt condition
for calculatirg free surfae heighs at the contac lines The
unknown pressue in the inviscid gas phase relative to a
datum pressue at the lower right corne in the liquid is ob-
tainad using the volume constraint.

The liquid doman is subdividel into N, XN, elements.

Verticd spines originating at the lower hypotheticé bound-
ary form elemen borders while the ends of thes spines are
useal to representhe free surface Elemen corng nodes are
locatal proportionaly along thes spines The velocity fields
within ead elemen are approximatd by nine-noe La-
grangian biquadratt bass functions while the pressue field
is approximatd by four-node bilinear bass functions The
free surfae location is expandd using one-dimensionagua-
dratic bass functions The® choices hawe proven convegent
for Newtonian flows, and provide C° continuity for all vari-
ables acros interelemeh boundariesAs is customay in fi-
nite elemen practice the bass functions are developé on a

squae parert elemen in an (7, Cartesian coordinate sys-

tem This parent elemet is transforme onto the deformed
quadrilaterb elemen in the red domah throudh the use of
isoparametd mapping With this mapping the free bound-

ary coincides with ¢é=+1 for each element bordering the

surface Isoparametd mappirg also facilitates evaluation of
the unit normd ard tangen vectors'* The residuas are cal-
culated using the four-point tensa@ produd¢ Gaussia quadra-
ture.

The discretization resuls in as mary nonlinea algebraic
equatiors as the numbe of unknowrs (the unknowrs consist

304~ Phys. Fluids, Vol. 8, No. 2, February 1996-

of values of the two componerg of the velocity, the pressure,
ard free surfa@ heighs at appropria¢ finite-elemen nodes,
ard the gas pressurg This algebra¢ equatian s¢ is solved

by Newtoris method The linear equatia sd to be solved at

the nth Newton iteration is

o J,= — Ry, = )
where
COM =811~ §.- 4

The elemens of vecta Iin are the residuas of the weak
forms of the equations the elemens of vecta §, are the
values of the unknowrs at the nth Newtan iteration and the
Jacobia matrix J,=dR,/d5,. The elemens of J, are ob-
tained numericaly using a one-side forward difference
schemé?®!® At eahh Newtm iteration Eq. (3) is solved by
frontd elimination!” The Newton iteratiors are stopped
when the L, nom ard the L., nom of R, are below 10°°.

All the unknowrs are updatel at ead Newtan iteration pro-
ducing nearly quadratt convegence Startirg from initial

guessewher only the known essentibbounday conditions
are specified along with a static meniscis shag ard zero
values for all variables at all othe nodes convegene is
achievel within nine iterations.

The convagene of numericaly generatd solutions
with grid size has bean carefuly monitored and detaik are
provided below. This is especial critical in moving contact
line problems becaus large changs in velocity occu over
dimensiors comparals to the slip length and an adequate
tessellatio mug be provided to captue thes features Fur-
thermore rounddf errors associaté with discretization of
the transpot equatiors and bounday conditiors automati-
cally produe slip, so tha the force singulariy referred to
earlig iseviden only when aplot of the force on the moving
plate versis mes size diverges as the mes size is reduced®
Therefoe the meh mug be highly refined in the region
arourd the dynamt contad line; we use aminimum of five
nodes within aslip length.

The lower hypothetich bounday is displacel succes-
sively larger distance from the free bounday (throudh ad-
justmen of the volume/width A) until the L, nom ard L.,
norms of the slopes of the free surfae from two successive
values of A are <10 ® (note becaus the piecewi® qua-
dratic expansio usel for the free surfae sha only gua-
antes C° continuity at interelemen boundariesslopes are
calculatel at Gaus points on the elemet surfaces Our re-
sults indicak tha this distan@ shoull be a minimum of
4L .. We hawe usal A=4L2 in all the simulations.

The algebrat grid generatio schemeusing proportion-
ally space spines proves adequag for generatig conveged
solutiors for e=10"* The requiremen tha at leas five
nodes be placed within a distane of one slip lengh from the
dynamt contad line implies a large dispariyy betwea ele-
mert sizes in differert pars of the computationh domain.
For <104 when the free surfa@ nodd locatiors are per-
turbel in preparatio for evaluation of the appropria¢ entry
in the Jacobia matrix, the smalle$ elemen$ borderirg the
free bounday get sufficiently distorted so that the mapping
to the isoparametd doman becoms singula. Furthermore,

Finlow, Kota, and Bose
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FIG. 2. The location ard values of vy maximum (*)s Ux minimum (X), and
Uy maximum (1) fOr successivel refined meshesHere v, minimum iS NCt shown
becausit isalways locate at (x,y) =(0,0) with amagnitue definel by the
slip model N, XN, =(a) 23x23, (b) 25X 25, and (c) 26X 26. In going from
(a) to (c), additiond elemens hawe been placal in the vicinity of the dy-
namt contat line. Here Ca=10 3, =103, 0,=0s=45", ad A=4L2.

the calculatiors presentd here are restrictel to surface
shaps tha are single valued in this simple representation
using spines Therefoe this simple discretizatim scheme
will certainyy be inadequag at “low’ or ‘“high” contact
angles or where viscows deformatian causs sorne patt of the

free surfa® to becone tangen to a verticd spine Alternate

mesh generatio schems will then be required but tha re-

mairs outsice the scope of this pape.

IV. RESULTS

As is customay in numericd simulatiors of transport
problems we demonstra first that the numericé solution
presentd is not dependen upan the med size Figure 2
illustrates the location and values of vy maximum: Ux minimums
and vy maximum fOr successivel refined meshe (23x23, 25
X 25, ard 26X26—the lag mesh is shown in Fig. 3). These
variables approab constanvalues as the mes is refined We
hawe usel the 26Xx26 nonuniform mesh shown in Fig. 3 for
the reg of our computationsThis resuls in 6401 unknowns.

Since the location of the intermedia¢ region is not
known a priori, the numericaly generatd solution is com-
pared with a composié solution from the perturbatio analy-
sis The outea solution to O(1), characterizé by a constant
curvature is given by

Ooutel ') = wo+ 2 sin" r’(coswy+cosbs)/2Lc], (5)
where
wo=0 g(br)+Caln(Lc/R)].

The uniformly valid composié solution is obtainel by
summirg Eqgs (1) ard (5) and subtractig the comman part
wg, and becomes

Phys. Fluids, Vol. 8, No. 2, February 1996-
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FIG. 3. The 26X26 nonunifom mes usa for all simulations Here
Ca=10"% e=10"% 0p=05=45", ard A=4L2.

acompositér = g_l[g( 6g)+Caln(r'rR)]
+2sin Y[r’(coswg+cos b)/2Lc]. (6)

For given inner modd parameters and 6, ard Capil-
lary numbe, the simulatiors hawe bee run for a rang of
oute lengh scales 100L <L ~<2000_¢. Choosimg R to be
10L ¢ (R mug be apoint within the intermediag region), the
value of g for eat L. is obtainal by a single parameter
leag squae minimization of the differen@ betwea the nu-
merically generatd solution and Eq. (6) for r;<r'<r,. The
uppe and lower boundsonr’ areintendel to limit the fitting
to the intermedia¢ region becausedy is an intermediag re-
gion paramete In our simulationsr;~5Lgand r,~0.28_
(we hawe varied r, by =20% and found no significant
change in the value of 6g). The quality of the fit, using the
L, nom of the numerich and composié solutions is usel to
establi® an uppe bourd for the Capillay numbe, above
which this fitting procedue is no longe meaningful.

Computel meniscis shape for awide range of Caard a
fixed value of containe length L-=2000 g, are shown in
Fig. 4. At low Ca the interfae sha is dominatel by su-
face tension and is markal by nea constan curvature As
Ca increasesviscols effects on the meniscis shag become
more apparent—a rapid chang in sha in the immediate
vicinity of the moving contac lineis followed by aregion of
low curvature In order to obtain a more detailed understand-
ing of the natue of thee shapesmeniscis slopes are calcu-
lated at Gaus points alorg the free surface and compared
with the predictiors from the perturbatio analyses.

Figures 5(a)—5(d) shav the numericé solution the best
fit composié solution as well as the oute and intermediate
solutiors for L-=2000 g ard arange of Ca Asillustrated in
Figs 5(a) and 5(b), the fit over the full containe lengh is
excellern for Ca<102. Figure 5(c) reveabs tha at Ca=10"1,
the fit within the intermedia¢ region is good while the nu-
merically generatd meniscis shape shows alower curvature
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FIG. 4. Free surfa@ shaps as a function of Capillay numbe. Here
€=5X10"% Op=0s=45, A=4L%, X=x'/Lg, h=h'/Lg. Here Ca=10"°
(—), 1072 (=—), 107! (=--), 2x107* (). Note the dramate amourt of
viscous bendirg in the vicinity of the dynamt contad line as the Capillary
numbe is increased.

140 T T T T

interface slope

in the oute region than tha predictal from the analysis The
leading-orde perturbatim analyss appeas to adequatsi de-
scribe the strorg viscous effects in the proximity of the con-
tad line, but viscows effects not accountd for in the
leading-orde solution are startirg to infiltrate the oute re-
gion. At Ca=3.5x10 "1, ther is a complet breakdow of
the fit betwee the numericaly generatd and the leading-
orde perturbatio solution over the entire domain as shown
in Fig. 5(d). At this Ca highea-orde correctiors to both the
intermedia¢ ard oute solutiors mug be included in orde to
adequatel descrile meniscis shapes.

The quality of the fit for the numericd and beg fit com-
posite solutiors (fitted in the intermediag¢ region for both
the intermediat and oute regiors at ea Ca, is assesskby
calculatirg the L, norms using

m 2
Ejzl( ej numerical ej compositg
L, norm= - ,

where m is the numbe of data points used in eat region.
The resuls are shown in Fig. 6. For Ca<102, the difference

140 T T T T

-
Q
k=

interface slope
©
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r r

FIG. 5. Interfae slope 6(f) versus radial distance (f=r'/Lg) from dynamt contad line. Here 6, = §s=45", e=5x104 ard A=4LZ2. Plotted are the
numericé (—), composie (——), oute (O) ard intermediaé regian (—-—) solutions For (a) Ca=10"° ard (b) Ca=10"2, the composie solution provides an
excellen fit to the numericé data For (c) Ca=10"*, the composié solution matche the numerica solution in the vicinity of the dynamt contac line, the
intermediag¢ region but deviates systematicajl from the numerica solution in the oute region For (d) Ca=3.5x107%, there is no match betwea the

calculatel and composie solutiors in both the intermedia¢ ard oute regions.
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FIG. 6. Variation with Ca of the L, nom betwee the numericaly gene-
ated and composie solutions The plot for the intermedia¢ region includes
datfor 5Lg<r’'=<0.29_., while the plot for the oute regian contairs data
forr'>0.28¢.

betwea the numerich and composie solutiors remain small
for the intermedia¢ as well as the oute regions For
10 ?<Ca<10"!, agoad matd is maintainl in the interme-
diate while the fit deteriorate in the oute region For
Ca>10"1, the fit becoms poa for both regions.

The infiltration of viscous effects into the oute region is
further illustrated in Fig. 7, where the pressue in the inviscid
gas phag Py, relative to adatun pressue in the liquid at the

log(Ca)

FIG. 7. Variation of the pressue in the inviscid surroundig phag (—),
relative to an arbitray datum pressue of 100 at the lower right corne of the
domain with Capillaly numbe. The low Ca asymptote shown as the in-
clined dashé line, is given by Py~Ca—1(cosfs+cosfp), while the high
Ca asymptote shown as the horizontd dashe line, is given by
Pg~—6A/L%. The smal constan differene betwea the simulatel and
asymptott resuls at high Cais the end effect cause by the presene of the
boundirg liquid surface Both asymptote are independenof L. The cal-
culated Py values are also independenof L, indicating tha thes results
are independenof macroscop geomety. Viscous effects infiltrate into the
oute region for Ca=10"1.
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FIG. 8. Variation of the angle 6 as a function of Capillaty numbe for

variows oute lengh scales L . The geomety independeneof 6y is main-

tained up to Ca~10"1. No red significan@ can be attache to the apparent
geomety dependenefor Ca>10"1, becaus the leading-orde perturbation
solution becoms inadequae for this range of Ca.

lower right corne of the domain is plotted as afunction of
Ca Our calculatiors hawe reveale tha this pressue is in-
variart with the outea lengh scak L for all Ca At low Ca,
surfa@ tension dominate the sha of the meniscus Our
scalirg then requires tha Pg~Ca’l(cos 0p+cosdg) for
Ca<1, where 6 and 8¢ represehthe contad¢ angles at the
moving and stationay plates respectivg). In our simula-
tions, 8= 0s=45°. At large Ca viscots effects dictake the
shape of the free bounday ard P4 becoms independenof
the Capillary numbe. The limiting value is Py~ —6y for
Ca>1, where y=A/LZ. Both the low ard high Ca asymp-
totes are shown alorng with the resuls from the numerical
simulatian (the constan differen@ betwea the numerically
calculatél values of Py, and the asymptog at high Ca is of
the orde of —2, ard represerd the pressue drop cause by
the presene of a boundirg liquid surface. Viscols stresses
stat becomiry importart beyord Ca~10"2, producirg the
observe lack of fit with the leading-orde solution in the
oute region Note that becaus A=4L2 (A will always be
sone multiple of L2), thew resuls are independenof L.,
implying that this limiting value of Ca is independen of
macroscopi geomety.

To assesthe geomety independenreof Eq. (1), we have
plotted in Fig. 8, the beg fit values of # vs Ca for arange
of oute lengh scales betwee 100Lg ard 2000 . Here 6,
appeas to be independenof the oute lengh scak L. for
Ca<10L. Within this range of Ca, the first term in Eq,. (6) is
a leag ore orde of magnitue larger than the secoml at
r=10Lg, confirming tha the meniscs sha at this poirnt is
dominatel by the geometry-fre viscows contribution For
Ca>10"1, this plot shows an apparehgeomety dependence.
Howeva, as discussd above the fit has also degradd sub-
stantialy, so tha those g values may no longe be mean-
ingful.

The geometry-independémeniscs shag in the inter-
mediat region shoutl be independenof the specifics of the
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inner model In orde to ted this directly, we havwe completed
a sd of simulatiors for Lo=200Lg ard 200Q.g using an
entirely differert slip behavio,'® where the liquid velocity
along- the- plate- is— given by
vy=—U[h(0)—Yy)/€e]?/{[1+{h(0)—y)/€]?}. Up to Ca
=0.1, the values of 6g using this modd are geomety inde-
pendentand are within £1° of those using the exponential
slip modé with the samee.

The geomety independene of 6 for Ca<0.1 implies
tha it can be usd to replae the true dynamt conta¢ angle
as a materid bounday condition when modelirg fluid flow
problens containirg dynamt contad lines within this range
of Ca Essentialy, the troublesone region containirg the dy-
namic contad line can be eliminated and the modelirg can
proceel on a truncatel domain to which geometry-free
bounday conditiors along with the usud hydrodynamé con-
ditions can be applied.

V. CONCLUSIONS

Numericd simulatiors of a modd problam containirg a
dynamt conta¢ line hawe bee utilized to establig the
geometry-independématue of the slope of the free surface
in the immediag vicinity of the moving contactlire for
Ca<10"1. Within this region locd viscos effects hawe a
strorg impad on the shape of the free surface so tha the
macroscopi geomety does not play arole. The slope of the
interface a any point within this region can be usel as a
materid bounday condition for simulatin of dynamt wet-
ting problems For 10 2<Ca<10"1, viscots effects infiltrate
into the oute region significantly diminishing the quality of
fit betwea the numericaly compute and lowest-orde per-
turbatian solutiors in this region For Ca>10"1, higha-order
correctiors to the perturbatia solutiors appea necessar for
both the intermedia¢ and oute regiors to adequatgl de-
scribal meniscs shapes.
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APPENDIX: DIMENSIONLESS GOVERNING
EQUATIONS

All lengtts are scalael with L., velocities with the plate
spee U, and the pressue and viscous stressewith wU/L.
All variables presentd here are dimensionless.

Continuity,

V.v=0- (Al)

Here v=v,e,+v €, , wher e, and e, are unit vectos in the
x and y directions.
Conservatio of momentm (creepirg flow, no gravity):

~VP+V.7=0, (A2)

7=VVv+(VVv)" is the viscous stres tensa.
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1. Boundar y conditions

No slip and no penetratia of liquid on all stationary
solid walls,

v=0. (A3)
At the free surfae y=h(x),

n-T=Ca '2Hn—nPg = (A4)

n-v=0- (A5)

Equatiors (A4) ard (A5) represehthe stres balane and
kinematt conditions respectivel. Here T=—PIl+ 7, | is the
identity tensa@, n is the unit outwad pointing normd from
the free liquid surface H is the locd mean curvatue of the
interface 2H=-V,;-n, wher V|, is the surfa@ divergence
operato (I—nn)-V, and P is the unknown pressue in the
surroundiig inviscid phase relative to an arbitrarily chosen
datum pressue at the lower right-hard corne of the domain.

At the contac lines

Nsolig*N=COS( 6). (A6)

At the dynamt contac line, the microscopt dynamic
contat angk is 6= 0 ard at the statc contac line, 6= 6.
Slip model The liquid speel along the moving plate is

vy=—1+exp —[h(0)—y]/e}, (A7)

wherre h(x) is the dimensionles height of the free surface
ande=Lg/L.
At the hypotheticé lower surface y=0,

v X: 01_' (A8)

vy=—Vyo[ (L =X)(1—3X)].= (A9)

Here v, is the dimensionles liquid spee at (x,y)=(0,0),
ard is definal using the slip modé (A7). Note tha the im-
position of Eqs (A8) ard (A9) is equivalet to using the
bounday conditiondv,/dy=0 at that location.

The mas of liquid within the computationh domain
mug be conservedFor aliquid of constam densiy, this re-
duces to the volume contraint,

flh(x)dx:A/Lz,—' (A10)
0

whetre A is the liquid volume/widh within the computational
domain.
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