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Fundamental equation of thermodynamics .

The first and second laws of thermodynamics imply that

dU = TdS +YdX + pudN (1)

oU oU oU
(aS)X,N ’ (aX)S,N ’ (wv)s,x :

is the exact differential of a function U(S, X, N).

with

Here X stands for V, M, ... and Y stands for —p, H, .. ..
Note: for irreversible processes dU < T'dS + Y dX + pdN holds.

U,S, X, N are extensive state variables.

U(S, X, N)isa 1** order homogeneous function: U(AS, A\X,AN) = \U(S, X, N).

ou ou ou
Ull+e)S,(1+e)X,(14+¢)N|=U+ %ES“— 8_X€X + 8_NEN =(1+¢€)U.

Euler equation:
U=TS+YX + uN. (2)

Total differential of (2):

dU =TdS + SdT + YdX + XdY + pdN + Ndu (3)

Subtract (1) from (3):
Gibbs-Duhem equation: SdT + XdY + Ndu = 0.

The Gibbs-Duhem equation expresses a relationship between the intensive
variables T, Y, . It can be integrated, for example, into a function u(7,Y).

Note: a system specified by m independent extensive variables possesses
m — 1 independent intensive variables.

Example for m = 3: S,V, N (extensive); S/N,V/N or p,T (intensive).

Complete specification of a thermodynamic system must involve at least one
extensive variable.



Free energy i

Mechanical system:

Consider a mechanical system in the form of a massive particle moving in a
potential (e.g. harmonic oscillator, simple pendulum).

e Energy can be stored in a mechanical system when some agent does
work on it.

e If the work involves exclusively conservative forces, then all energy
added can be retrieved as work performed by the system.

e If the work done also involves dissipative forces, then only part of the
energy added is retrievable as work performed by the system.

e The energy stored in and retrievable from the system is called mechan-
ical energy (kinetic energy plus potential energy).

Thermodynamic system:

Consider a thermodynamic system in contact with a work source and (op-
tionally) also with a heat reservoir and/or a particle reservoir.

e Energy can be stored in a thermodynamic system when some agent
does work on it.

e If the work is done reversibly, then all the energy added can be retrieved
as work performed by the system.

e If the work is done irreversibly, then only part of the energy added is
retrievable as work performed by the system.

e The energy stored and retrievable as work is called free energy.

e The free energy stored in or retrieved from a thermodynamic system is
expressed by some thermodynamic potential.

e The form of thermodynamic potential depends on the constraints im-
posed on the system during storage and retrieval of free energy.



[tex6] Retrievable and irretrievable energy put in heat reservoir

Consider the amount n = 1mol of a monatomic classical ideal gas inside a cylinder with a piston
on one side. This system is in thermal contact with a heat bath at temperature Ty = 293K. An
external work source pushes the piston from position 1 (V4 = 5m?) in to position 2 (Vo = 3m?)
and then back out to position 1. Calculate the work AWj, done by the source during step
1 — 2 and the (negative) work AWs; done during step 2 — 1 under three different circumstances:
Compression and expansion of the gas take place (a) quasi-statically, i.e. isothermally; (b) rapidly,
i.e. adiabatically, and in quick succession; (c) adiabatically again, but with a long waiting time
between the two steps.

For each case calculate also the energy Ey, wasted in the heat bath after one full cycle. Find the
highest temperature T and the lowest temperature 77, reached by the gas in case (c).

The equation of state is pV = nRT, and the heat capacity is Cy = %nR. During the adiabatic
process: pV? = const with y = 2.

Solution:



Legendre transform ..

Given is a function f(z) with monotonic derivative f’(z). The goal is to
replace the independent variable x by p = f/(z) with no loss of information.

Note: The function G(p) = f(x) with p = f'(x) is, in general, not invertible.

The Legendre transform solves this task elegantly.

e Forward direction: g(p) = f(x) — zp with p = f'(z).
e Reverse direction: f(x) = g(p) + px with x = —¢'(p)

Example 1: f(z) = 2* + 1.

2
o flz)=2*+1 = fl(z)=22 :>ng :>g(p):1—%.
P’ p
cgp)=1-7 =g =-35 =p=20 = fl@)=2"+1
Example 2: f(z) = e**
2x / 2z 1 p
o f(z)=¢e = fl(v) =2 =p :>x:§1n§
p b, P
_D_ Dy D
= g(p) =5~ 5Ing
p p,. D / 1. p
cy9lp)=5-55 = 40 ng
= p=2" = f(z)=¢"



Thermodynamic potentials .4

e All thermodynamic potentials of a system are related to each other via
Legendre transform. Therefore, every thermodynamic potential has its
distinct set of natural independent variables.

e All thermodynamic properties of a system can be inferred from any
of the thermodynamic potentials. Any thermodynamic potential thus
yields a complete macroscopic description of a thermodynamic system.

e Any quantity U, F, A, G, ) which is not expressed as a function of its
natural independent variables is not a thermodynamic potential and
thus contains only partial thermodynamic information on the system.

e In thermodynamics, we determine thermodynamic potentials from em-
pirical macroscopic information such as equations of state and response
functions.

e In statistical mechanics, we determine thermodynamic potentials via
partition functions from the microscopic specification (Hamiltonian) of
the thermodynamic system.

e Any spontaneous i.e. irreversible process at constant values of the natu-
ral independent variables is accompanied by a decrease of the associated
thermodynamic potential.

e The equilibrium state for fixed values of a set of natural independent
variables is the state where the associated thermodynamic potential is
a mInimum.

e In the total differentials below, “=" holds for reversible processes and
“<” for irreversible processes.

Internal energy: (set X =V, M and Y = —p, H)

US,X,N)=TS+YX + uN, dU = TdS +YdX + pdN.
Enthalpy:

ES,)Y,N)=U-YX =TS+ uN, dE = TdS — XdY + udN.
Helmholtz free energy:

AT, X,N)=U -TS =YX + uN, dA = —-SdT +YdX + pdN.
Gibbs free energy:

G(T,Y,N)=U-TS -YX = uN, dG = —=SdT — XdY + udN.
Grand potential:

UT, X, u)=U—-TS —uN =YX, dQ) = =5SdT'+YdX — Ndp.



Alternative set of thermodynamic potentials .

1
Intensive variables: « = —ﬁ, ==, 7=

P
T T T

The following four thermodynamic potentials are related to each other via
Legendre transform.

Entropy (microcanonical potential):

S(U,V,N)=aN + U ++V, dS = adN + BdU + dV

Massieu function (canonical potential):

®(8,V,N) =S — U = —A(T,V,N)/T, d® = adN —UdB +~dV

Kramers function (grandcanonical potential):

V(p,V,a)=8—pU —aN = -QT,V,u)/T, dV =—Nda—UdB+ vdV

Planck function:

I(G,v,N) =8 —-pU —~V = —-G(T,p,N)/T, dll =adN —UdB — Vdy

Gibbs-Duhem relation: Nda + UdS + Vdy =0

Distinct properties:

e Any spontaneous i.e. irreversible process at constant values of the
natural independent variables is accompanied by an increase of the
associated thermodynamic potential.

e The equilibrium state for fixed values of a set of natural independent
variables is the state where the associated thermodynamic potential is
a marimum.



Entropy of mixing .

Consider two dilute gases in a rigid and insulat-
ing box separated by a mobile conducting wall:

: : p T p T
ny = xin (helium) and ny = zon (neon) with
21 + 29 = 1. Thermal equilibrium: p, T, Vi =
T V, ‘/2 = .Z'QV

nl Vl n2 V2

When the interior wall is removed, the gases mix spontaneously (irreversible
process). By how much does the entropy increase?

To calculate AS, consider a reversible mixing process involving an isothermal
expansion of semipermeable walls:

;RT , .
pi = n are the partial pressures exerted on the semipermeable walls.
Di n R dv;
= dS; = =dV; = —dV; = nRx;—.
T V. Y
\% d‘/;
Entropy of mixing: AS =nR EZ T; /a:iV v =-—-nR EZ z;lnxz; > 0.

Gibbs paradox: No entropy increase should result if the two gases happen
to be of the same kind. This distinction is not reflected in the above deriva-
tion. The paradox is resolved by quantum mechanics, which requires that
distinguishable and indistinguishable particles are counted differently.

To calculate the change in Gibbs free energy during mixing, we use the
result for G(T,p, N) of an ideal gas (see [tex15]) rewritten as G(T,p,n) =

—nRT [In(T/Tp)**" — In(p/po)].
T a+1 D

T a+1 ]
In <—> —In P .
Ty Po

Change in Gibbs free energy: AG = nRT sz In z;.

Finally: p;, = px; = G = — Z nx; RT

0G
Use S = — (a—T)p to recover AS = —nRzi:xi In z;.

Change in chemical potential: use G = Z nip; = Ap; = RT Inx;.

2



Thermodynamic functions .

First partial derivatives of thermodynamic potentials with respect to natural
independent variables

Entropy:

G (A _ (o) __ (o2
a oT X,N_ oT Y,N— T ) x,

Temperature:
ou oF
T = — = [ =
08 XN 08 YN

Volume/magnetization (X =V, M):
oFE oG
= ().,
Y ) gn )
Pressure/magnetic field (Y = —p, H):
yo (U) (24 _ (00
C\OX gy \OX /)y \OX ),

Number of particles:

Chemical potential:

(U _(0BY (04 (oG
o aN S,X_ aN S,Y_ aN T,X_ 8N TY



Osmotic pressure .

Consider a dilute solution. It consists of a sol-

vent (e.g. water) and a solute (e.g. sugar). Sys- B

tem A (pure solvent) is separated from system h

B (solution) by a membrane that is permeable Wi'_ter

to the solvent only. At thermal equilibrium, this sugar

causes an excess pressure in system B, which is A e

called osmotic pressure. water \/\ membrane

System A: pressure pg, concentrations rg =0, xw = 1.
System B: pressure p = py + m, concentrations xrg =1 — oy < 1.

Observed osmotic pressure: m = pggh, where pp is the mass density of B.

The osmotic pressure is a consequence of the requirement that the solvent
on either side of the membrane must be in chemical equilibrium:

MW(T,Z?, xw) = MW(T> Po, 1)-

(1) Effect of solute concentration on chemical potential:

Auw = pw (T, p,zw) — pw (T, p,1) = RT' lnxy = RT In(1 — xg) ~ —RTxg.
(2) Effect of pressure on chemical potential: (use ny = nxw, ng = nxg)

9 ov
T nw Top

8nW
V Vv
= T Ap~ L
nw n
d A (D) (2 _ Vr _
At thermal equilibrium: Apy, + Apyy/ =0 = — — RT'zg = 0.

n
RT?”LS

Van’t Hoft’s law for osmotic pressure: m = .

Vv



Maxwell’s relations .

inferred from second partial derivatives of thermodynamic potentials with
respect to two different natural independent variables

Fluid system:

oT dp

dU =TdS — pdV P — _ =z
pav = (aV)S (aS)V

oT oV

F=1Td il N
J StV = (am)s (as)p

dA = —SdT — pdV = (8—5 — (@)
T or \4

ov
oS ov
dG = -SdT +Vdp = — ) =—(=
= (&) (@),

Magnetic system:

w=risvanr = (50) =(5)
S M

oM as

oT oM
dE =TdS — MdH = (a_H)S__(ﬁ)H

oS OH
A= —SdT + HdM R I (e
d SdT + HdM = <8M)T (aT)M

83 oM
— —SdT — MdH =) = (==
dG = —Sd dH = <8H>T <6T)H



Free energy stored and retrieved .

Consider a classical ideal gas confined to a cylinder with walls in thermal
equilibrium with a heat reservoir at temperature 7.

Reversible cyclic process:

1. Push the piston in from position 1 to position 2 quasi-statically.
The work on the system is done reversibly.

2 2 2
AW,y = / Fdz = / dA = / (—=SdT — pdV') with dT = 0, dV < 0.
1 1 1

= AngzAQ—Al >O
The work done is equal to the excess Helmholtz potential (free energy).

2. Move the piston out from position 2 to position 1 quasi-statically.
1 1
AWy = / dA = / (=SdT — pdV') with dT' =0, dV > 0.
2 2

= AWQl = Al — AQ = —Ang < 0.
All the energy stored (in the form free energy) is converted back into
work done by the system.

Irreversible cyclic process:

1. Push the piston in from position 1 to position 2 rapidly.
The initial and final equilibrium states are the same as previously, but
the process requires more work. The gas heats up, which produces a
larger pressure than in the quasi-static process.
= AW12>A2—A1 > 0.
Only part of the work done on the system is stored as free energy.

2. (a) Move the piston out from position 2 to position 1 quasi-statically.
= |AW21| = |A1 — A2| < |AW12|
All the free energy is converted back into work but that amount is
smaller than the work previously done on the system.
(b) Move the piston out from position 2 to position 1 rapidly.
= |AW21| < |A1 — A2| < |AW12|
Only part of the available free energy is converted back into work, where
the full amount of free energy is only part of the work previously done
on the system.



Useful relations between partial derivatives .,

Consider state variables x, y, z, w. Only two of the variables are independent.

Proof:

Start with total differential of z(y, z): dzr = (@) dy + (@> dz.

0
Substitute total differential of y(z, z): dy = (_y) dr +

(5).2).- 1 [(5).2), - (3) )

Expressions in brackets must vanish independently = #1 and #2.

Introduce parameter w: z(y, z) with y = y(w) and z = z(w).

d—%d_i_@djd_x—a_xﬁ_kﬁﬁ
T 8yzy 8zyz dw  \9y ), dw 0z ), dw’

Specify path: z =const i.e. dz =0: = #3.

Introduce parameter y: z(y, w) with w = w(y) and z = z(y).

B 8ywy ow/, dy \oy/, ow/, dy

Specify path: z =const i.e. dz =0: = #4.



Response functions .-

Second partial derivatives of thermodynamic potentials with respect to nat-
ural independent variables. Response functions describe how one thermo-
dynamic function responds to a change of another thermodynamic function
under controlled conditions. Response functions are important because of
their experimental accessibility. Consider a system with N = const.

0Q

Thermal response functions (heat capacities): C = 5T

oS aS

5Q = TdS =

oS oS

oS %A oS 0*G
= o=t (g) =1 (Gm) o=t (r), =T (5m),
where X =V, M and Y = —p, H.

Equivalent expressions of C'x, Cy are derived from 0Q) = dU — YdX:

ou ou
0Q = (8_T>XdT+ [(a—X>T—Y] dX for U(T,X)

Q| [oU
“X:ﬁx—(ﬁk

Q| oU 0X
- a=5| =+ ((5%), 7] (57),

Also, from 6Q) = dE + XdY we infer Cy = oF
or /.

Note that U(T, X) and E(T,Y’) are not thermodynamic potentials.



Mechanical response functions

Isothermal compressibility: rp = _Lfovy L 62_G
P AN s VvV \apr),
1 1 (O°E
Adiabatic compressibility: kg = —v (63_‘;)3 T <({;7>S

1 [foV
Thermal expansivity: «, = v (8_T>
p

Relations with thermal response functions C,,, Cy:

C, kr TVa TVagks
- = —, Op — , CV e ———
CV Rs RT — Rg KT(HT — /<Ls)
TVa?
= C,—Cy = £>0
RT
Magnetic response functions
Isothermal Ghilit oM >*G AN
sothermal susceptibility: =(—| =-— =
PRbEs X =\on ), om? ), \oarz ),
oM 0*E
Adiabatic susceptibility: xgs = (ﬁ) . = — (W)g
oM
“You name it": ag = — <6_T)H
Relations with thermal response functions Cy, C)y:
G _xr o _ Tay . Tohxs
Cv  Xxs’ X — XS xr(xr — Xxs)
T 2
= CH — CM = n
XT



Isothermal and adiabatic processes .
Fluid system:

Start from 7'dS = dU + pdV with U = U(T,V)

oU oU () 1
_ (%2 9 @) (O
rds (8 )le + [<8V)T —i—p} dv = CydT + apV(Cp Cy)dV

® AT

1
Isotherm: dT'=0 = TdS = —V(C'p — Cy)dV = (C, — Cv)dp

Qp Qp
1 Cp—CVdV(é)@Cp—CV

apV CV ay CV

o = [(39) ] (35 (),

(b) Use dV = ov dp = —Vkrdp
op )

Adiabate: dS =0 = dT = — dp

(¢) Use dV = —Vkgdp

Magnetic system:

Start from T'dS = dU — HdM with U = U(T, M).

ou ou 1
TdS = <8_T)MdT + [(G_M)T — H} dM = CpdT — £<CH — Cy)dM

1
Isotherm: dT =0 = TdS = ——(Cpr — Car)dM = —2L(Cy — Chr)dH

(033 oy

LCH_CMdM:ﬁCH_CM

dH
ag Cu g Cu

Adiabate: dS =0 = dT =



Conditions for thermal equilibrium .

Consider a fluid system in a rigid and isolated container that is divided into
two compartments A and B by a fictitious partition.

Conserved extensive quantities:
U=Us+Ug=const, V=V4+Vg=const, N = Ny+ Np=const.

Fluctuations in internal energy: AU, = —AUp
Fluctuations in volume: AV, = —AVp
Fluctuations in number of particles: ANy = —ANp

. 1 p Iz
Entropy: S(U,V,N), dS = T au + T av T dN

98, S, 0S,
AS = Z {(aUa>VaNaAUa+( ava)U&NaAVaJr(—aNa)UQVQANa}

a=A,B
1 1 PA DB Ha KB

= (=——-—)AU A _ B AV PA_FBYAN
(TA TB) A+<TA TB) A+<TA Ts A

At thermal equilibrium, the entropy is a maximum. Hence the entropy change
due to fluctuations in U, V, N must vanish.

= TA:TB7 PA = PB, Ha = UB

If the fictitious wall is replaced by a real, mobile, conducting wall, then
particle fluctuations in the two compartments are suppressed: AN4 = 0. In
this case, 4 # pp is possible at equilibrium.

If the mobile, conducting wall is replaced by a rigid, conducting wall, then
volume fluctuations in the two compartments are also suppressed: AV, = 0.
In this case, also p4 # pp is possible at equilibrium.

If the conducting wall is replaced by an insulating wall, then energy fluctu-
ations in the two compartments are also suppressed: AU, = 0. In this case,
also Ty # T'p is possible at equilibrium.



Stability of thermal equilibrium .

Consider a fluid system with N = const in thermal equilibrium at tempera-
ture Ty and pressure pg. Any deviation from that state must cause an increase
in Gibbs free energy:

G(Ty, po) = U(S,V) =TS + poV.

Effects of fluctuations in entropy and volume:

o - (), -] [(59), o]

[(gs) 57 +2 o ) osov + (52 ) v

ou ou
Equilibrium condition: (%) y — Ty =0, (W) . +po=0

. .. [(0U 0*U 0*U 5
Stability condition: (852) (69)% + (85(5V) SOV + (8V2) (0V)* >0

Condition for positive definite quadratic form:

6)2—U>0 82—U>0 62U82U_ s 2>O
052 ToV?2 0820V 056V ’

((352) ( > :—>O:Cv>0
—p :—>0:>/€3>0
(9‘/2 oV VKJS

0*U LT (0T
05> av2 asav VisCy ~ \0V )

Implications:




Jacobi transformations ..

Change of independent variables in a state function. Unlike in a Legendre

transform, the state variable in question remains the same.

Task: Calculate C, =T (g—?) from entropy function S(U, V).
p

Use (S—g)v = %, (g—‘i)[] = % and solve for T(V,U),p(V,U).

Solving T'(V, U), p(V,U) for V(T, p), U(T, p) to obtain S(T, p) amounts to the

simultaneous solution of two nonlinear equations for two variables.

oT orT
I’ = (W)Udv+(@>vdU

B dp dp
W= (aV)UdV+ (8U>vdU

v = gvm |(a), 7 (o), @)= 5wy
d

- J(V.0)
with Jacobian determinants

Solving

for

Bl )
), (@), ]

or or
L(V,U) = Z E%%i L B(V,U) EZ%%Z Z |

amounts to the solution of two linear equations for two variables.

1 P
= dS = TdUJerV

< mr(2) -2 b(2), - (2)

R CON R O

or
ov

)]
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