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Á�ÂNÃ<Ä\ÅTÆ¦ÇtÈ1É³Å�ÊNËCÌ+Í\ÎJÎ�ÏRÐPÑ
Ò¨ÑCÓ�Ô�ÕRÑHÖCÎ�Ô³×ÙØpÒL×�ÐPÑ�Ú�×ªÐÙÛPÏ�×ÙÜ>Ý�Þ�ÏtÚ³Í-ßªÏ�àißªÔRÐ¹ÐPÑpÐ

ai mod Mi i =
1, . . . , k

Ý§Ó�ÑPÜ�ÝÙÓ>ÑiØ�ÑwÑ�áJ×�ÐpÝeÐ
Ml,Mj â 1 ≤ j < l ≤ k

ÐpÍ>à¹Ó~ÝÙÓ>Ô³Ý
gcd(Ml,Mj) ≥ k ãÁ�ÂNÃ<Ä\ÅTÆ¦ÇtÈ1É³Å�äUËCå=×ÙÕ³ÑiÜ

k > 0
ÝÙÓ>ÑiØ�ÑwÑ�áJ×�Ð¹ÝeÐ

Nk

Þ�ÏtÚ�Í-ß�ÏCàPß�Ô³Ð�ÐPÑiÐ
ai mod Mi i = 1, . . . , Nk âÐ¹Í>à¹Ó~Ý§Ó�Ô�Ý

Mi ≥ k æ Ï³Ø i = 1, . . . , Nk â Ô³ÜfÚ�Ý§Ó�ÑiÐPÑ Nk

Þ�ÏtÚ³Í-ß�ÏHàiß�Ô³Ð¹ÐiÑiÐ�à¹Ï³Õ³ÑPØ@Ý§Ó�Ñ�×ÙÜ>ÝçÑ`èTÑiØpÐ ã2�������©�«�������¡i�J���¹¢��@��¥"������¢$®�����¿4�t¡i�67��J©³¿4�t¡i��������é·�>�¦¢$°N�P�P©
�\¢4�¹��°��ª��¢����\�C¥§�¦��¢�� �¦���UÀ>©������
¡P�¦¢��t¢tºf©>��� �t��£~¥§�¦�

k ≤ 7
*� ��>�������P��� �¦���·�����w¥§�¦�ª���³¬���©>«u�����P�J���t�~º.�W¬��t��´¦�t©���©>«W�¦¥=7��¦©�¿ç�\¡p¯
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ê·ë Å<Â+É³Å<ì Ê+Ë�ÌNÍ\Î¦Î>ÏRÐPÑ�Ò¨Ñ»Ó�Ô³Õ³Ñ¶Ö�Î>Ô³×ÙØpÒL×�ÐPÑ¾Ú³×�ÐÙÛPÏ³×ÙÜ+Ý~Þ Ï\Ú³Í-ß�Ï�àPß�Ô³Ð�ÐPÑiÐ

ai mod Mi i =
1, . . . , k

Ý§Ó�ÑPÜ�ÝÙÓ>ÑiØ�ÑwÑ�áJ×�ÐpÝeÐ
Ml,Mj â 1 ≤ j < l ≤ k

ÐpÍ>à¹Ó~ÝÙÓ>Ô³Ý
gcd(Ml,Mj) ≥

√
k ãE
£
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: ["G atO\�"mlh VNX�Q�V0m"�"q`KNM�K+M\^eO\["Q�GJOR^e_¶^`a�K
X4�"S"mLK+Q]GJSUO³K+q�KNM\GTK�VNX atO\�"mlh)^eS)S0�lQ<;¨GJM�OR[lGTVfMPhf�
YZKNS.h
VNX6OR[lG�^eQ]I¨VfMPO³K+SUO�O\["GTVfMtGTQ�aW_TVfSl_TGTMtS"^`Sls Q�V0m"�"qeV�_Tq`KNa\atGTaC[LK<dfG=;¨GTGJS?>�GTq`q��"S"m"GJM\aPORV0V0m
X4VfMB_TGJSUOR�lM\^`GJaTbU["V@>wGJdfGJM·OR["GJM\GuaPOR^eq`q1M\GJQ KN^eS"a@K
SU�"QA;¨GTM@VNX�m"^CB]_J�"qgO@VfI¨GTSEDU�"GJatOR^eVfS"a·_JVfS"_TGJM\S"^eS"s
d+K+M\^`VN�"a�I"M\VfI¨GJMtOR^eGTauV+X6Q�V0m"�"qeV¶_Tq`KNa\atGTaT�

�
FHG9I0JLK�JLM�ION$PRQ*S8T�U�VWS8V$XYU[Z\U�]_^
`ba=c�aed fgS8X8h
M > 0 ikj UR^ `�lmX8h�`�Xn`oS�^qpsrbV\Z�]ut$U�V$XvXwrxc

y r z�t|{}rAdqa~`�V�zRf~U�fg]�S8XwU
a ≡ b(modM) , � z��S ��d�z�S8T@S�z\Us^�X8h$U�z�S �vU�]_U�V�psU

a− b i�� h$U,V$t y c�U�]�d�S�^�p.`�{8{�U.zAX8h$U y r z�t\{�t�^�rY��X8h$UnpsrbV\Z�]ut$U�V�psU i� h$UApsrbV\Z�]ut�U�V�psU�p�{C`b^s^
a mod M

S�^�XLh$Uv^@U�X�rY��S8V$XYU[Z\U�]_^E�W^@rEX8h�`�X
a ≡ b(modM) , � x����rb]=`�{8{

b ∈ C i
npS OR["^ea»ILKNI¨GJM¶n�aPOR�"mlh atGJdfGJMRKNq�_JVfSb�tGJ_JO\�"M\GJa�MtGTq`K+OR^eS"s�ORV�Q�V0m"�"qeV _Jq�KNata\GTaJ�)n�I"M\GJa\GJSUO�O\["^`a

M\GJI¨VfMtO¾KNajK at�"Q�Q KNMPh VNXoQ�h hfG<K+MP{pqeVfS"s�>wVNM.� K+S"m ORV mlV0_T�"Q�GTS.O¾Q�h I"KNMtOR^`KNq��"S"m"^`Slsfa ^`S
a\�lI"I¨VfMtO�V+X O\["G]sfGJS"GTM\KNq�_TVNSb�tGT_¦OR�"MtGTaJ��:�["G Q]KN^eS sfVfKNq·VNXwO\["^`a�>wVNM.� ^eaoORV�m"GJQ]VNS"atO\MRK+O\G]Q�h
^`Sla\^`sN[UORa�^`S.ORVZOR["G¾sNGTS"GJMRKNq _JVfSb�tGJ_JO\�"M\GJa]KNS"m ORV�I"M\GJa\GJSUO�M\GJq`G¦d+KNS.O�;LKN_s�UsfM\VN�"S"m ^eSlX4VfMtQ K>OR^gVfS=�
npS OR[l^`a�>wK-h
nw[lVfI¨GoORV�^eS"a\I"^eM\G
^`S.ORGJM\GTaPOCMtGTs.KNMtm"^`Sls�O\["GTatG�VfI¨GJS�I"M\V�;lq`GTQ�a�^`S
O\["G�Q�^`Slm V+X�OR["G
M\GTKNm"GJMT��:�["G�_JVfSb�tGJ_JOR�lM\GTaWatOR�lm"^`GJm�KNM\G
O\["G
X4Vfqeq`V@>u^eS"s"�
�=M�I|� F\��K��"��F�N$P<��t��H�$r@^@Uxf~Uoh�`�T�Uo o��`�S8]ufgS�^@U�z�S�^L¡�rbS8V$X y r z�t\{�r¢p�{C`b^s^@Us^

ai mod Mi i =
1, . . . , k

X8h$U�VoX8h$U�]sUAU¤£�S�^�XL^
Ml,Mj

a
1 ≤ j < l ≤ k

^�t$psh�X8h�`�X
gcd(Ml,Mj) ≥ k i

�=M�I|� F\��K��"��FW¥�P�Q*S8T�U�V
k > 0

X8h$U�]_U
U¤£�S�^�X8^
Nk

y r z�t\{�rmp�{C`b^s^@Us^
ai mod Mi i = 1, . . . , Nk

a^�t$psh�X8h�`�X
Mi ≥ k

��rb]
i = 1, . . . , Nk

a~`�V�zRX8h$Us^@U
Nk

y r z�t\{�r¦p�{C`b^s^@Us^�psrbT�U�]�X8h$UnS8V$XwU[Z\U�]_^ i
npS¤O\["^`a�ILK+I¨GTM�nv>u^`qeq·^eS"_Tqe�"m"G K�I"M\V0V+XuV+X,§wVfS��tGT_¦OR�"M\G z]X4VfM

k ≤ 7
���Hq`atV KZIlM\V0VNX�VNX OR["G

X4Vfqeq`V@>u^eS"s�OR["GJVfMtGTQ b­KA>wG<K��NGTS"^eS"s]V+Xg§wVfSb�tGJ_JO\�"M\G�zfb�>u^eq`q�;¨GoI"M\GJa\GJSUORGJm=�
��¨"F�M��bF\© N$P&��t��H�$r@^@U�f~U*h�`�T�U* ���`�S8]ufgS�^@U,z�S�^L¡�rbS8V$X y r z�t\{�rAp�{C`b^s^@Us^

ai mod Mi i = 1, . . . , kX8h$U�VoX8h$U�]sUAU¤£�S�^�XL^
Ml,Mj

a
1 ≤ j < l ≤ k

^�t�psh�XLh�`�X
gcd(Ml,Mj) ≥

√
k i

n¹Owat["Vf�"qemª;�GCS"VNO\GTm O\[LK+O�O\["GTatG~I"MtV�;"qeGTQ�awK+M\GC["^`sN["qeh¶S"VNS1{¹O\M\^ed0^`KNq���npSm«­¬�®°¯6KN�"q°±@M\m(²fawV�³�GJM\a´�µ vNvl��vfv�X4VfM I"M\V0V+X�VfM m"^`atI"M\V0V+X�V+X9§wVfSb�tGJ_JO\�"M\G�x1�¶§wVfSb�tGJ_JO\�"M\G�zo^`a I"MtVfI¨Vfa\GJm�;Uh
}1�"S�bL_JXi��«�xb®��
x1�v·*1"¸�¹\78º�78-"»41H¼¾½�¿�À�¸�1�Á\»�/"7829-0À

Â�GJX4VfMtG�>wGHK+O\O\GTQ�IlO�ORV�I"MtV�dfGWOR["GCQ]KN^eS�M\GJa\�"qgORa�VNX�OR["GCILK+I¨GTMTb�>wG,>u^eq`qL^eSUO\M\V0m"�"_JGHK�S0�"QA;¨GJM
VNX$I"MtGTqe^`Q�^eSLK+Mth�V�;la\GTMPd+K+O\^`VfSla~>u["^e_�[j["GTqeIjO\V»a\^eQ]I"qe^gX�h�O\["G~MtGTat�"qeO\a I"MtGTa\GJSUO\GTm ^eS O\["GHX4VfqeqeV�>u^eS"s
a\GJ_JO\^`VfS"aJ�kÃ6^eM\atOR>wG a\["KNq`qCIlM\GTatGTS.O
O\["Gx§w["^eS"GTatG�M\GJQ K+^`S"m"GJM]O\["GTVNM\GTQ �Ä:�["^ea OR[lGTVfMtGTQ ^eajK
atORKNS"mLK+M\m�ORGuÅ0O_;¨V0V��oMtGTat�"qeOTbNKNS"m�at[LKNqeqUI"q`K-hoKNS�^`Q�I¨VfMtORKNS.O$M\VfqeG�^eS�O\["G�X4VfqeqeV�>u^eS"s�V�;¨GTa\GJMtd>K+OR^eVfS"aT�
��¨"F�M��bF\©Æ¥�P � h$U��Çh\S8V�Us^@U~]sU y `�S8V�z\U�]&XLh$Usrb]_U yEÈ�É ^s^�t y U

m1, . . . ,mr

`�]_U4�$r@^�S8X�S8T�U*S8V$XYU[Z\U�]_^sa]_U�{C`�XÊS8T�U�{�l���]uS y U�S8VR��`�S8]_^ È
gcd(mi,mk) = 1; i 6= k. � ¬H�



� �%)�����
����������|���(� ���%����� )������������(����� ����� �
� U�X

b1, . . . , br

c�U�`�]�c S8X�].`�]ulES8V$XYU[Z\U�]_^ iE� h$U�VmX8h$U�^�l@^�XYU y rY�ApsrbV\Z�]ut$U�V�psUs^
x ≡ b1 mod m1

iii
x ≡ br mod mr �
	 �h�`b^AU¤£�`\p�XÊ{�l
rbV�Uv^@rb{�t\X�S[r�V y r z�t|{}r�XLh$U���]_r z�t$p�X

m1 . . . mr i
� ]_r�rY� i
� G¦O M = m1 . . . mr

K+S"m
q`G¦O
Mk = M/mk

�g:�["GJS
gcd(Mk,mk) = 1

a\V�G<K+_�[
Mk

[LKNa
K��lS"^�DU�"GoM\GJ_T^eI"M\V0_TKNq

M ′

k

Q�V0m"�"qeV
mk

���CV@> qeGJO

x = b1M1M
′

1 + b2M2M
′

2 + · · · + brMrM
′

r. � µ �§wVfS"at^`m"GJMuG<KN_³[ O\GTMtQ ^`S¾O\["^`a�a\�lQ Q�V0m"�"qeV
mk

��}1^eS"_TG
Mi ≡ 0 mod mk

^eX
i 6= k

>wG�[LK<dfG
x ≡ bkMkM

′

k ≡ bk mod mk. � |H�
�CGJS"_TG�Å�aRK+O\^`a¤�"GTa�GJdfGJMth]_TVNS"sfM\�lGTS"_JG~^eS�OR["GCaPh0atORGJQ���Âw�1Ow^eO�^`a�GTKNath�ORV�a\[lV�> OR["K+O�OR["GCath0aPORGTQ
[LKNa�VNS"qeh¶VfS"GCatVfq`�1OR^`VNS�Q]V0m Y)�0npS]X�KN_¦O<b0^eX�Å KNSlm]h]KNMtGWOw>wV�atVfq`�1OR^`VNS"a·VNX=O\["GCath0aPORGTQ >wGC[LK<dfG
x ≡ y mod mk

X4VfMHG<K+_�[o�ZKNS"m=b=at^`S"_JG»O\["G
mk

KNMtG»M\GTq`K+OR^gdfGTqgh I"Mt^`Q�G�^eS ILKN^eM\aTb°>wG¶KNq`atVj[LK<dfG
x ≡ y mod M

�g:�["^eau_TVfQ�I"qeGJORGJa�O\["GoI"M\V0V+Xi�
�

: ["G?�LM\aPOjV�;"a\GJMtd>K+OR^eVfS >wGZa\[LK+q`qWm"^ea\_J�"a\a X4Vfqeq`V@>ua�m"^`MtGT_¦ORqeh X4M\VfQ OR["Go§w["^eS"GTatG M\GTQ]KN^eS"m"GJM
OR[lGTVfMtGTQ �
����� F�������K@J�M�I N$P=��t��H�$r@^@U�XLh$U y r z�t\{�r p�{C`b^s^@Us^

ai mod Mi

`�V�z
aj mod Mj

`�]sU?z�S�^L¡�rbS8V$X8aX8h$U�V
gcd(Mi,Mj) ≥ 2 i

� ]_r�rY� i }0�"I"I¨VfatG gcd(Mi,Mj) < 2
b1OR["GJS

gcd(Mi,Mj) = 1
�9:�[0�"a

Mi

K+S"m
Mj

KNMtG~MtGTq`K+OR^gdfGTqgh
I"Mt^`Q�GN�RÂ�h OR["Gª§w["^eS"GJa\G]M\GJQ]KN^`S"mlGTM~OR["GJVfM\GJQ OR["G�aPh1aPORGTQ VNXw_TVNS"sfM\�lGTS"_JGTa�[LK+a�G�ÅlKN_JO\qeh�VfS"G
a\VNq`�lO\^`VfS
Q]V0ml�"q`V¶OR["G�I"MtV0m"�"_JO

MiMj

�~:�[0�"aWOR["G�Q]V0m"�lq`V�_Tq`KNa\atGTaHKNM\G�S"V+OCm"^`a8�tVf^`S.O<b"["V�>�GJdfGTM
OR[l^`a�_TVfS.ORM\KNm"^`_¦ORa�Vf�"M�VfM\^esf^eSLKNq�KNata\�"Q�IlOR^eVfS=�

�

�WVNO\^`_TG�OR[LK+O¶;Uh��v;"a\GJMtd+K>OR^`VNSZzWO\["GCatI¨GT_J^�KNq­_<K+a\G,����xoVNX"§wVNSb�tGT_¦OR�"MtG�zC^ea�GTaPO³K�;lq`^`at["GTm��9:�["G
X4Vfqeq`V@>u^eS"s
sfGJS"GTM\KNq`^��<K+O\^eVfS VNX��v;la\GTMPd+K+O\^`VfS zª;¨GJ_TVfQ�GTa�K
d0^eO³K+q@ORV0VNq·^`S dfGTM\^gXçh0^`S"s
OR["G�X4�lMtOR["GJM
_<K+a\GTaWVNX9§wVfSb�tGJ_JO\�"M\G�zf�
����� F�������K@J�M�I ¥�P � h$U y r z�t\{�r
p�{C`b^s^@Us^

ai mod Mi

`�V�z
aj mod Mj

`�]_U=V�rbX*z�S�^L¡�rbS8V$X¶S ��`�V�zrbV${�lES �
ai ≡ aj mod gcd(Mi,Mj) i

� ]_r�rY� i :�[lGuQ�V0m"�"qeV~_Jq�KNata\GJa ai mod Mi

KNS"m
aj mod Mj

KNM\G S"V+O·ml^`aL�tVN^`S.OB^gX�K+S"m�VNS"qeh�^eXLOR[lGTM\G
G�Å1^eatO�^eSUO\GTsfGJM\a

N1, N2

atVoOR[LK>O
ai +N1Mi = aj +N2Mj

��� ["^e_�[�[LKNI"I¨GJS"a�^eX�KNS"m�VfS"qgh»^gX¨OR[lGTM\G
G�Å1^eatO�^`S.ORGTsNGTM\a

N1, N2

atV O\[LK+O
ai + N1Mi

gcd(Mi,Mj)
gcd(Mi,Mj) = aj +

N2Mj

gcd(Mi,Mj)
gcd(Mi,Mj)

�
:�["^ea�^`a�ORM\�"G ^gXuKNS"m VfS"qgh ^eX OR["GJM\G G�Å1^`aPO¶^eSUO\GTsfGJM\a

N1, N2

a\VZOR["K+O ai−aj

gcd(Mi,Mj)
=

N2Mj−N1Mi

gcd(Mi,Mj)

�
�CV@> >wG��0SlV�>�X4M\VfQ O\["G»IlM\VfI¨GJMtOR^eGTaHVNX@O\["G�sfM\GTK+ORGJatO~_TVfQ�Q]VNSZm"^gd0^`a\VNMTb¨VfMHQ�VfM\G�atI¨GT_J^}�L_TKNq`qgh
X4M\VNQ�:�["GJVfMtGTQ zf�ªxZ^`S¢«gz�®�bBOR[LK>O

gcd(Mi,Mj)|(N2Mj − N1Mi)
O\["^`a�^`a�ORMt�"G¾^gXWKNS"m VfS"qeh)^gX

gcd(Mi,Mj)|(ai − aj)
��:�[0�"a

ai mod Mi

KNSlm
aj mod Mj

K+M\G]S"VNO�m"^`a8�tVf^`S.O�^gX�KNS"m¤VfS"qeh ^gX
ai ≡ aj mod gcd(Mi,Mj)

�
�
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	���
���������������������������������
������ ���"!�����#$�%�&�('��%)*�
: ["G�SlG�Å0OWOY>wV�V�;la\GTMPd+K+O\^`VfS"a�X4Vfqeq`V@>¾DU�"^e_u�UqghjX4M\VfQ OR["Gom"G��"S"^eO\^`VfS
VNX�O\["G�sNM\G<K>ORGTaPOC_JVfQ]Q�VfS

m"^gd1^ea\VfMJbl[lV�>wG¦dfGTMWKNa O\["GJh¾KNMtG
S"GJGTm"GJm X4VfM�OR["G
I"MtV0VNX&VNX �v;"atGTMPd+K+O\^`VfS µ b�>u[l^`_³[
^`a GJa\a\GJSUOR^`KNq�ORV
Vf�"M�atO\�"mlh
n¶>u^eq`q�aPO³K+ORG
O\["GTQ [lGTM\G+�
����� F�������K@J�M�I���P � U�X4�oc�U�`���V$S8XwU,^@U�X&rY�,V�`�X�t|]¤`�{�V$t y c�U�]_^sag`�V�z<{�U�X ��� ���<c�U�`e�$U�] y t|X[`�XÊS[rbVrY�v� i,� h$U�V�Z\p.z � ���
	~Z\p.z � ��� ����� i
� ]_r�rY� i �v;.d1^eVf�"a�X4MtVfQ O\["Gom"G��"S"^eO\^`VfS
V+X�O\["GosfM\GTK+ORGJatOW_TVNQ]Q�VfS¾m"^ed0^ea\VfMJ�

�

����� F�������K@J�M�I�
"P � U�X É a��*a¤� c�U���V$S8XwU�^@U�X8^�rY��V�`�XÊt\]¤`�{�V$t y c�U�]s^Ef4h$U�]_U
A = B ∪ C

aeXLh$U�VZ\p.z � É �
	~Z\p.z � Z\p_z � ���@a�Z\p.z � ����� i
� ]_r�rY� i Â�hjOR["Gom"G��LS"^gOR^`VNS
VNX�sf_Tm � ����b

gcd(A)|gcd(B)
b­K+S"m

gcd(A)|gcd(C)
b

OR[U�"a
gcd(A)|gcd(gcd(B), gcd(C))

��Â�h¾mlG��LS"^gOR^eVfS
gcd(gcd(B), gcd(C))|gcd(B)

b­K+S"m
gcd(gcd(B), gcd(C))|gcd(C)

�g:�[0�la
gcd(gcd(B), gcd(C))|x X4VfM

x ∈ B
KNS"m

gcd(gcd(B), gcd(C))|y X4VfM
y ∈ C

� :�[0�"a�X4VfM
z ∈ B ∪ C = A

b
gcd(gcd(B), gcd(C))|z �:�["GJM\GJX4VNM\G

gcd(gcd(B), gcd(C))|gcd(A)
blOR[0�laWsf_Jm � �v� �~sf_Jm � sf_Jm � Â*�¦b�sf_Tm � §��.���

�

�WV�> n9>u^`qeqLI"M\GJa\GTS.O��v;"atGTMtd>K+OR^eVfS µ �9:�["^eawV�;"a\GJMtd+K+O\^`VfS ^ea��la\GJX4�lq°>u[lGTS
K>O\ORGJQ�IlOR^eS"s�K�I"M\V0VNX;Uh¾_JVfS.ORMRK+m"^`_¦OR^`VNS¾X4VNM�a\��B�_J^`GTS.ORqgh¾a\Q]KNqeq�a\I¨GT_J^�K+q�_<KNatGTaWVNXg§wVNSb�tGT_¦OR�"MtG�zf�
����� F�������K@J�M�I��%P��$t��H�$r@^@Uqf~U�h�`�T�U
 ���`�S8]ufgS�^@U?z�S�^L¡�rbS8V$X y r z�t|{�r p�{C`b^s^@Us^

ai mod Mi i =
1, . . . , k

^�t�psh X8h�`�Xe��rb]WU�T�U�]ul ��`�S ]
Ml,Mj

a
1 ≤ j < l ≤ k gcd(Ml,Mj) ≤ 6

a?X8h$U�V
gcd(M1, . . . ,Mk) ≥ 2 i
� ]_r�rY� i ÃLMtVfQ ��;la\GTMPd+K+O\^`VfS]z�a\^eS"_TG·OR["G�Q�V0m"�"qeVu_Tq�K+a\a\GJaBK+M\G�ILKN^eM¤>u^ea\G·m"^`a8�tVf^`S.O">wG�["K-dfG�OR["K+O&X4VfM
GJdfGJMth
ILKN^eM

Ml,Mj

b
1 ≤ j < l ≤ k

b
gcd(Ml,Mj) ≥ 2

�B}0�"I"I¨VfatG·OR[lGTM\G@G�Å1^`aPORa
1 ≤ j < d < i <

l ≤ k
a\�"_³[�OR[LK+O

gcd(Mi,Mj,Ml,Md) = 1
b�OR[lGTS=;.h �v;"a\GJMtd+K>OR^eVfS"a0¬WK+S"m 	 K+q`VfS"s*>u^gOR[oVf�"M$KNai{

a\�lQ]IlO\^`VfSlaTb-O\["G@^`S.ORGJsfGTMta
gcd(Mi,Mj)

b
gcd(Mi,Md)

b
gcd(Mk,Mj)

b
gcd(Md,Mk)

b
gcd(Md,Mj)

b
KNS"m

gcd(Mi,Mk)
Q»�latO�KNq`qg;¨G]^eS OR[lG]MRKNSlsfG

2 ≤ n ≤ 6
K+S"m¤Q»�"atO=;¨G]ILK+^`M >u^`a\G�M\GJq�K+O\^edfGJqeh

I"Mt^`Q�GN� �CV@>wG¦dfGTM»O\["^`a�^`a�^`Q�I¨Vfa\at^�;"qeG�at^`S"_JG O\["GTMtG¾KNM\G VNS"qeh�¬�I"M\^eQ]GJa�^eS)OR["^ea�M\GJsf^`VNS=�q:�[0�"a
X4VfMoG¦dfGTMPh X4Vf�"M\atVfQ�G

Ml,Mj,Mi,Md

b
1 ≤ j < d < i < l ≤ k

b
gcd(Ml,Mj,Mi,Md) ≥ 2

�
�CV@> a\�"I"I¨VfatG

gcd(Mj1 ,Mj2 , . . . ,MjL−2
) ≥ 2

b"KNS"m¾OR[lGTM\G
G�Å1^eatORa
1 ≤ j1 < j2 < · · · < jL ≤ ka\�l_�[ O\[LK+O

gcd(Mj1 ,Mj2 , . . . ,MjL
) = 1

b�O\["GTS ;.h �v;"a\GJMtd+K>OR^`VNS"aR¬ KNS"m 	 K+q`VfS"sm>u^eOR[ VN�"M
KNata\�"Q�IlOR^eVfS"aJb"O\["Go^`S.ORGTsNGTMta

gcd(MjL
,MjL−1

)
b
gcd(MjL

,MjL−2
)
b
gcd(MjL−1

,MjL−2
)
b

gcd(MjL
, gcd(Mj1 ,Mj2 , . . . ,MjL−3

))
b
gcd(MjL−1

, gcd(Mj1 ,Mj2 , . . . ,MjL−3
))
b

KNS"m
gcd(MjL−2

, gcd(Mj1 ,Mj2 , . . . ,MjL−3
))
Q»�"aPO&KNqeq�;¨G·^eS
OR[lG·MRK+S"sfG

2 ≤ n ≤ 6
KNSlm�Q»�"aPO";¨G

ILKN^eM¤>u^ea\GwMtGTq�K>OR^edfGJqehoI"M\^eQ]G+� �WV�>wG¦dfGTMBOR["^eaB^ea6^`Q�I¨Vfa\at^�;"qeG�at^`S"_JGwOR["GJM\GuK+M\G VfSlqeh�¬HI"M\^eQ]GJa6^`S�O\["^`a
^`S.ORGJMtd+K+q��0:�[0�"a9;Uh�^eS"m"�"_¦OR^eVfS�X4VfM6GJdNGTMth�a\GJO

Mj1 ,Mj2 , . . . ,MjL

b
gcd(Mj1 ,Mj2 , . . . ,MjL

) ≥ 2
b

OR[U�"a
gcd(M1, . . . ,Mk) ≥ 2

�
�: ["^`au_JVfS"_Jq`�"m"GJauOR[lG�IlM\GTqe^`Q�^eS"KNMth]V�;"atGTMPd+K+OR^eVfS"auMtG DU�"^`MtGTm=�

¬l������¸�6%7 »4¹��,»ÇÀ�¸�À
�WGTMtG n%>u^eq`qUI"M\GJa\GJSUO@O\["G GuÅ1I"q`^e_T^gO6I"MtV0VNXLX4VfM�G<K+_�[¶VNX"OR["Gwa\I¨GT_J^�KNq1_TKNa\GJa@VNX°§wVNSb�tGT_¦OR�"MtG
z~>u["GJM\G

k ≤ 7
�

����F\�HJ ���u� � � F! #" N$P���t��H�$r@^@U�f~Uvh�`�T�U=` y r�z�t\{�r¦p�{C`b^s^
a1 mod M1

X8h$U�V
gcd(M1) ≥ 1 i



� �%)�����
����������|���(� ���%����� )������������(����� ����� �

� ]_r�rY� i �v;.d1^eVf�"aJ�
�

����F\�HJ ���C� � � F  " ¥�P,��t@�H�$r@^@U=X8h$U y r z�t\{�r�p�{C`b^s^@Us^
a1 mod M1

`�V�z
a2 mod M2

`�]sUAz�S�^��¡�rbS8V$X8a¶X8h$U�V
gcd(M1,M2) ≥ 2 i

� ]_r�rY� i }0�"I"I¨VfatG gcd(M1,M2) < 2
bNO\["GTS

gcd(M1,M2) = 1
�4:�[U�"a

M1

KNS"m
M2

KNMtG MtGTq`K+OR^gdfGTqgh
I"Mt^`Q�GN�RÂ�h OR["Gª§w["^eS"GJa\G]M\GJQ]KN^`S"mlGTM~OR["GJVfM\GJQ OR["G�aPh1aPORGTQ VNXw_TVNS"sfM\�lGTS"_JGTa�[LK+a�G�ÅlKN_JO\qeh�VfS"G
a\VNq`�lO\^`VfS¾Q�V0m"�"q`V»O\["G�IlM\V0m"�"_¦O

M1M2

��:�[0�laWOR[lG�Q�V0m"�"qeV¶_Tq`KNa\a\GJaCKNM\G
S"VNOWm"^eaL�tVf^eSUOTbl["V�>�GJdfGTM
OR[l^`a�_TVfS.ORM\KNm"^`_¦ORa�Vf�"M�VfM\^esf^eSLKNq�KNata\�"Q�IlOR^eVfS=�

�

����F\�HJ ����� ��� F  �" ��P���t@�H�$r@^@U�f~UAh�`�T�U��R��`�S8]ufgS�^@UEz�S�^L¡�rbS8V$X y r�z�t\{�rmp�{C`b^s^@Us^
ai mod Mi

i = 1, . . . , 3
X8h$U�VoX8h$U�]sUAU¤£�S�^�XL^

Ml,Mj

a
1 ≤ j < l ≤ 3

^�t$psh�X8h�`�X
gcd(Ml,Mj) ≥ 3 i

� ]_r�rY� i }0�"I"I¨VfatG�S"VNOTb�OR[lGTS >wG ["K-dfGo¬¤ILK+^`M¤>u^ea\G�m"^eaL�tVf^eSUO]Q]V0ml�"q`V)_Tq`KNa\atGTa
ai mod Mi i =

1, . . . , 3
a\�l_�[ OR[LK>O�X4VfM�GJdfGJMth ILKN^eM

Ml,Mj

b
1 ≤ j < l ≤ 3 gcd(Ml,Mj) ≤ 2

� �Hqea\V ;Uh
�v;"a\GJMtd+K>OR^eVfS zfb�>wG»[LK-dfG�¬ ILKN^eM¤>u^`atG�m"^`a8�tVf^`S.OHQ]V0m"�lq`V _Tq`KNa\atGTa

ai mod Mi i = 1, . . . , 3
a\�"_³[

OR["K+O
X4VfM
GJdfGJMth ILKN^eM
Ml,Mj

b
1 ≤ j < l ≤ 3 gcd(Ml,Mj) ≥ 2

�<:�[0�lan>�G�[LK<dfGE¬
ILKN^eM¤>u^ea\G
m"^eaL�tVf^eSUO�Q�V0m"�"qeV _Tq`KNa\atGTa

ai mod Mi i = 1, . . . , 3
a\�"_³[ OR[LK+O�X4VfM�G¦dfGTMPh ILKN^`M

Ml,Mj

b
1 ≤

j < l ≤ 3 gcd(Ml,Mj) = 2
��:�["^`aCQ�G<K+S"aWOR["K+Oe;.h
OR["G�I"^em"sfGTVNSZ["VNq`G�I"M\^eS"_J^`I"qeG
OR["GJM\G�GuÅ1^`atO\a

al, aj

b
1 ≤ j < l ≤ 3

a\�l_�[ OR["K+O
al ≡ aj mod gcd(Ml,Mj)

�e:�[U�"av;Uh �v;"a\GJMtd>K+OR^eVfS x�O\["GA¬
Q�V0m"�"q`VW_Tq`KNa\atGTa6^`S�DU�"GJatOR^eVfS¶KNM\G�S"VNO6ILK+^`M¤>u^ea\G�m"^`a8�tVf^`S.O<b>["V�>�GJdfGJMBO\["^`a�_JVfSUO\MRKNml^`_JO\a6VN�"M�VfM\^esf^eSLKNq
KNata\�"Q�IlOR^eVfS"aJ�

�

����F\�HJ ����� ��� F  �" 
"P���t@�H�$r@^@U�f~UAh�`�T�U��?��`�S8]ufgS�^@UEz�S�^L¡�rbS8V$X y r�z�t\{�rmp�{C`b^s^@Us^
ai mod Mi

i = 1, . . . , 4
X8h$U�VoX8h$U�]sUAU¤£�S�^�XL^

Ml,Mj

a
1 ≤ j < l ≤ 4

^�t$psh�X8h�`�X
gcd(Ml,Mj) ≥ 4 i

� ]_r�rY� i }0�"I"I¨VfatG�S"VNOTb�OR[lGTS >wG ["K-dfG 	 ILK+^`M¤>u^ea\G�m"^eaL�tVf^eSUO]Q]V0ml�"q`V)_Tq`KNa\atGTa
ai mod Mi i =

1, . . . , 4
a\�"_³[�OR["K+OHX4VfMHG¦dfGTMPh ILKN^eM

Ml,Mj

b
1 ≤ j < l ≤ 4 gcd(Ml,Mj) ≤ 3

��Â�h �v;"a\GJMtd+K>{
OR^eVfS µ b

gcd(M1,M2,M3,M4) ≥ 2
b"OR[U�"aWGJ^eO\["GTMWx¶VNM�¬¶m"^ed0^em"GTa

Mi i = 1, . . . , 4
�

}1�"IlI¨Vfa\G ¬ m"^gd1^em"GTa
Mi i = 1, . . . , 4

b»O\["GTS�X4VfM�G¦dfGTMPh�ILKN^eM
Ml,Mj

b
1 ≤ j < l ≤ 4

gcd(Ml,Mj) = 3
� :�[l^`a]Q�G<KNS"a�O\[LK+Oª;.h OR["G�I"^`mlsfGTVfS ["VfqeG�IlM\^`Sl_T^eI"q`G¾OR[lGTM\G�G�Å1^`aPORa

al, aj

b
1 ≤ j < l ≤ 4

a\�l_�[�OR["K+O
al ≡ aj mod gcd(Ml,Mj)

��:�[U�"a�;Uh ��;la\GTMPd+K+O\^`VfS x]O\["G 	 Q�V0m1{�"qeVZ_Tq�K+a\a\GJa»^`S D0�lGTatO\^`VfS KNM\G S"V+O»ILKN^eM¤>u^`atG ml^`aL�tVN^`S.O<b6[lV�>wG¦dfGTM»O\["^`a�_TVfS.ORMRK+m"^`_¦ORa�Vf�lM�VfM\^esf^eSLKNq
KNata\�"Q�IlOR^eVfS"aJ�
}1�"IlI¨Vfa\G x m"^gd1^em"GTa

Mi i = 1, . . . , 4
b»O\["GTS�X4VfM�G¦dfGTMPh�ILKN^eM

Ml,Mj

b
1 ≤ j < l ≤ 4

gcd(Ml,Mj) = 2
� :�[l^`a]Q�G<KNS"a�O\[LK+Oª;.h OR["G�I"^`mlsfGTVfS ["VfqeG�IlM\^`Sl_T^eI"q`G¾OR[lGTM\G�G�Å1^`aPORa

al, aj

b
1 ≤ j < l ≤ 4

a\�l_�[�OR["K+O
al ≡ aj mod gcd(Ml,Mj)

��:�[U�"a�;Uh ��;la\GTMPd+K+O\^`VfS x]O\["G 	 Q�V0m1{�"qeVZ_Tq�K+a\a\GJa»^`S D0�lGTatO\^`VfS KNM\G S"V+O»ILKN^eM¤>u^`atG ml^`aL�tVN^`S.O<b6[lV�>wG¦dfGTM»O\["^`a�_TVfS.ORMRK+m"^`_¦ORa�Vf�lM�VfM\^esf^eSLKNq
KNata\�"Q�IlOR^eVfS"aJ�:�[0�laW^`S
GT^gOR["GJMu_TKNa\G�>wG�K+M\M\^gdfGoK+OWK�_JVfSUO\MRKNm"^e_JO\^`VfS��

�

����F\�HJ ����� ��� F  �" ��P���t@�H�$r@^@U�f~UAh�`�T�U��E��`�S8]ufgS�^@UEz�S�^L¡�rbS8V$X y r�z�t\{�rmp�{C`b^s^@Us^
ai mod Mi

i = 1, . . . , 5
X8h$U�VoX8h$U�]sUAU¤£�S�^�XL^

Ml,Mj

a
1 ≤ j < l ≤ 5

^�t$psh�X8h�`�X
gcd(Ml,Mj) ≥ 5 i

� ]_r�rY� i }0�"I"I¨VfatG�S"VNOTb�OR[lGTS >wG ["K-dfG µ ILK+^`M¤>u^ea\G�m"^eaL�tVf^eSUO]Q]V0ml�"q`V)_Tq`KNa\atGTa
ai mod Mi i =

1, . . . , 5
a\�"_³[�OR["K+OHX4VfMHG¦dfGTMPh ILKN^eM

Ml,Mj

b
1 ≤ j < l ≤ 5 gcd(Ml,Mj) ≤ 4

��Â�h �v;"a\GJMtd+K>{
OR^eVfS µ b

gcd(M1,M2,M3,M4,M5) ≥ 2
b"OR[U�"aWGJ^eO\["GTMWx¶VNM�¬¶m"^ed0^em"GTa

Mi i = 1, . . . , 5
�

}1�"IlI¨Vfa\G ¬ m"^gd1^em"GTa
Mi i = 1, . . . , 5

b»O\["GTS�X4VfM�G¦dfGTMPh�ILKN^eM
Ml,Mj

b
1 ≤ j < l ≤ 5



� ���������
	���
���������������������������������
������ ���"!�����#$�%�&�('��%)*�
gcd(Ml,Mj) = 3

� :�[l^`a]Q�G<KNS"a�O\[LK+Oª;.h OR["G�I"^`mlsfGTVfS ["VfqeG�IlM\^`Sl_T^eI"q`G¾OR[lGTM\G�G�Å1^`aPORa
al, aj

b
1 ≤ j < l ≤ 5

a\�l_�[�OR["K+O
al ≡ aj mod gcd(Ml,Mj)

��:�[U�"a�;Uh ��;la\GTMPd+K+O\^`VfS x]O\["G µ Q�V0m1{
�"qeVZ_Tq�K+a\a\GJa»^`S D0�lGTatO\^`VfS KNM\G S"V+O»ILKN^eM¤>u^`atG ml^`aL�tVN^`S.O<b6[lV�>wG¦dfGTM»O\["^`a�_TVfS.ORMRK+m"^`_¦ORa�Vf�lM�VfM\^esf^eSLKNq
KNata\�"Q�IlOR^eVfS"aJ�
}1�"IlI¨Vfa\G x m"^gd1^em"GTa

Mi i = 1, . . . , 5
b»O\["GTS�X4VfM�G¦dfGTMPh�ILKN^eM

Ml,Mj

b
1 ≤ j < l ≤ 5

gcd(Ml,Mj)|4
�4:�["^`a@Q�GTKNS"aBO\[LK+Og;Uh�OR["G�I"^em"sfGJVfS¶["Vfq`G IlM\^`Sl_T^eI"q`G�O\["GTMtGuGuÅl^eatO\a

al, aj

b
1 ≤ j <

l ≤ 5
a\�"_³[ZOR[LK>O

al ≡ aj mod gcd(Ml,Mj)
��:�[0�lav;.h �v;"a\GJMtd+K>OR^`VNS�x�O\["G µ Q�V0m"�"q`V�_Tq`KNa\a\GJa

^`S¦DU�"GTaPOR^`VNS KNM\G~S"VNO�ILK+^`M¤>u^ea\GHm"^`a8�tVf^`S.O<b1[lV�>wG¦dfGTM�O\["^`a _JVfSUO\MRKNml^`_¦ORa Vf�"M VfMt^`sf^eSLKNq¨KNa\at�"Q]I1OR^`VNS"aT�:�[0�laW^`S
GT^gOR["GJMu_TKNa\G�>wG�K+M\M\^gdfGoK+OWK�_JVfSUO\MRKNm"^e_JO\^`VfS��
�

����F\�HJ ����� ��� F  �" ��P���t@�H�$r@^@U�f~UAh�`�T�U��<��`�S8]ufgS�^@UEz�S�^L¡�rbS8V$X y r�z�t\{�rmp�{C`b^s^@Us^
ai mod Mi

i = 1, . . . , 6
X8h$U�VoX8h$U�]sUAU¤£�S�^�XL^

Ml,Mj

a
1 ≤ j < l ≤ 6

^�t$psh�X8h�`�X
gcd(Ml,Mj) ≥ 6 i

� ]_r�rY� i }0�"I"I¨VfatG�S"VNOTb�OR[lGTS >wG ["K-dfG�|¤ILK+^`M¤>u^ea\G�m"^eaL�tVf^eSUO]Q]V0ml�"q`V)_Tq`KNa\atGTa
ai mod Mi i =

1, . . . , 6
a\�"_³[�OR["K+OHX4VfMHG¦dfGTMPh ILKN^eM

Ml,Mj

b
1 ≤ j < l ≤ 6 gcd(Ml,Mj) ≤ 5

��Â�h �v;"a\GJMtd+K>{
OR^eVfS µ b

gcd(M1,M2,M3,M4,M5,M6) ≥ 2
blOR[U�"aWGJ^eO\["GTMWx1b$¬lb"VfM µ m"^gd0^`m"GJa

Mi i = 1, . . . , 6
�

}1�"IlI¨Vfa\G ¬ m"^gd1^em"GTa
Mi i = 1, . . . , 6

b»O\["GTS�X4VfM�G¦dfGTMPh�ILKN^eM
Ml,Mj

b
1 ≤ j < l ≤ 6

gcd(Ml,Mj) = 3
� :�[l^`a]Q�G<KNS"a�O\[LK+Oª;.h OR["G�I"^`mlsfGTVfS ["VfqeG�IlM\^`Sl_T^eI"q`G¾OR[lGTM\G�G�Å1^`aPORa

al, aj

b
1 ≤ j < l ≤ 6

a\�l_�[�OR["K+O
al ≡ aj mod gcd(Ml,Mj)

��:�[U�"a�;Uh ��;la\GTMPd+K+O\^`VfS x]O\["G¶|jQ�V0m1{
�"qeVZ_Tq�K+a\a\GJa»^`S D0�lGTatO\^`VfS KNM\G S"V+O»ILKN^eM¤>u^`atG ml^`aL�tVN^`S.O<b6[lV�>wG¦dfGTM»O\["^`a�_TVfS.ORMRK+m"^`_¦ORa�Vf�lM�VfM\^esf^eSLKNq
KNata\�"Q�IlOR^eVfS"aJ�
}1�"IlI¨Vfa\G x m"^gd1^em"GTa

Mi i = 1, . . . , 6
b»O\["GTS�X4VfM�G¦dfGTMPh�ILKN^eM

Ml,Mj

b
1 ≤ j < l ≤ 6

gcd(Ml,Mj)|4
�4:�["^`a@Q�GTKNS"aBO\[LK+Og;Uh�OR["G�I"^em"sfGJVfS¶["Vfq`G IlM\^`Sl_T^eI"q`G�O\["GTMtGuGuÅl^eatO\a

al, aj

b
1 ≤ j <

l ≤ 6
a\�"_³[ZOR[LK>O

al ≡ aj mod gcd(Ml,Mj)
��:�[0�lav;.h �v;"a\GJMtd+K>OR^`VNS�x�O\["G�|]Q�V0m"�"q`V�_Tq`KNa\a\GJa

^`S¦DU�"GTaPOR^`VNS KNM\G~S"VNO�ILK+^`M¤>u^ea\GHm"^`a8�tVf^`S.O<b1[lV�>wG¦dfGTM�O\["^`a _JVfSUO\MRKNml^`_¦ORa Vf�"M VfMt^`sf^eSLKNq¨KNa\at�"Q]I1OR^`VNS"aT�
}1�"IlI¨Vfa\G µ m"^gd1^em"GTa

Mi i = 1, . . . , 6
b»O\["GTS�X4VfM�G¦dfGTMPh�ILKN^eM

Ml,Mj

b
1 ≤ j < l ≤ 6

gcd(Ml,Mj) = 5
� :�[l^`a]Q�G<KNS"a�O\[LK+Oª;.h OR["G�I"^`mlsfGTVfS ["VfqeG�IlM\^`Sl_T^eI"q`G¾OR[lGTM\G�G�Å1^`aPORa

al, aj

b
1 ≤ j < l ≤ 6

a\�l_�[�OR["K+O
al ≡ aj mod gcd(Ml,Mj)

��:�[U�"a�;Uh ��;la\GTMPd+K+O\^`VfS x]O\["G¶|jQ�V0m1{
�"qeVZ_Tq�K+a\a\GJa»^`S D0�lGTatO\^`VfS KNM\G S"V+O»ILKN^eM¤>u^`atG ml^`aL�tVN^`S.O<b6[lV�>wG¦dfGTM»O\["^`a�_TVfS.ORMRK+m"^`_¦ORa�Vf�lM�VfM\^esf^eSLKNq
KNata\�"Q�IlOR^eVfS"aJ�:�[0�laW^`S KNS.h¾VNX&OR["G
OR[lM\GTGo_<K+a\GTa�>wG�KNM\Mt^edfGoK+OWK¶_TVfS.ORM\KNm"^`_¦OR^eVfS=�

�

����F\�HJ ����� ��� F  �" �°P���t@�H�$r@^@U�f~UAh�`�T�U��=��`�S8]ufgS�^@UEz�S�^L¡�rbS8V$X y r�z�t\{�rmp�{C`b^s^@Us^
ai mod Mi

i = 1, . . . , 7
X8h$U�VoX8h$U�]sUAU¤£�S�^�XL^

Ml,Mj

a
1 ≤ j < l ≤ 7

^�t$psh�X8h�`�X
gcd(Ml,Mj) ≥ 7 i

� ]_r�rY� i }0�"I"I¨VfatG�S"VNOTb�OR[lGTS >wG ["K-dfG��)ILK+^`M¤>u^ea\G�m"^eaL�tVf^eSUO]Q]V0ml�"q`V)_Tq`KNa\atGTa
ai mod Mi i =

1, . . . , 7
a\�"_³[ OR["K+O�X4VfM�GJdfGTMPh ILKN^eM

Ml,Mj

b
1 ≤ j < l ≤ 7 gcd(Ml,Mj) ≤ 6

�¢Â�h �v;1{
a\GJMtd+K>OR^`VNS µ b

gcd(M1,M2,M3,M4,M5,M6,M7) ≥ 2
b OR[0�lajGJ^eO\["GTMjx1b�¬lb VfM µ m"^gd0^`m"GJa

Mi

i = 1, . . . , 7
�

}1�"IlI¨Vfa\G µ m"^gd1^em"GTa
Mi i = 1, . . . , 7

b»O\["GTS�X4VfM�G¦dfGTMPh�ILKN^eM
Ml,Mj

b
1 ≤ j < l ≤ 7

gcd(Ml,Mj) = 5
� :�[l^`a]Q�G<KNS"a�O\[LK+Oª;.h OR["G�I"^`mlsfGTVfS ["VfqeG�IlM\^`Sl_T^eI"q`G¾OR[lGTM\G�G�Å1^`aPORa

al, aj

b
1 ≤ j < l ≤ 7

a\�l_�[�OR["K+O
al ≡ aj mod gcd(Ml,Mj)

��:�[U�"a�;Uh ��;la\GTMPd+K+O\^`VfS x]O\["G	� Q�V0m1{
�"qeVZ_Tq�K+a\a\GJa»^`S D0�lGTatO\^`VfS KNM\G S"V+O»ILKN^eM¤>u^`atG ml^`aL�tVN^`S.O<b6[lV�>wG¦dfGTM»O\["^`a�_TVfS.ORMRK+m"^`_¦ORa�Vf�lM�VfM\^esf^eSLKNq
KNata\�"Q�IlOR^eVfS"aJ�
}1�"IlI¨Vfa\G ¬ m"^gd1^em"GTa

Mi i = 1, . . . , 7
b»O\["GTS�X4VfM�G¦dfGTMPh�ILKN^eM

Ml,Mj

b
1 ≤ j < l ≤ 7

gcd(Ml,Mj)|6
�4:�["^`a@Q�GTKNS"aBO\[LK+Og;Uh�OR["G�I"^em"sfGJVfS¶["Vfq`G IlM\^`Sl_T^eI"q`G�O\["GTMtGuGuÅl^eatO\a

al, aj

b
1 ≤ j <



� �%)�����
����������|���(� ���%����� )������������(����� ����� �

l ≤ 7
a\�"_³[ZOR[LK>O

al ≡ aj mod gcd(Ml,Mj)
��:�[0�lav;.h �v;"a\GJMtd+K>OR^`VNS�x�O\["G ��Q�V0m"�"q`V�_Tq`KNa\a\GJa

^`S¦DU�"GTaPOR^`VNS KNM\G~S"VNO�ILK+^`M¤>u^ea\GHm"^`a8�tVf^`S.O<b1[lV�>wG¦dfGTM�O\["^`a _JVfSUO\MRKNml^`_¦ORa Vf�"M VfMt^`sf^eSLKNq¨KNa\at�"Q]I1OR^`VNS"aT�
}1�"IlI¨Vfa\G�x�ml^ed0^`m"GJa

Mi i = 1, . . . , 7
b¨OR[lGTS?>wG�_TKNS ILKNMPOR^gOR^eVfS
OR["G�a\G¦O

Mi i = 1, . . . , 7
^eS�O\["G

X4Vfqeq`V@>u^eS"s�> K<hf�
Mi ∈ A

^gX�KNS"m VfSlqeh�^gX
2|Mi

b|;l�lO
4
m"V0GJawS"V+Owm"^gd1^em"G

Mi

b1KNS"m
6
mlV0GTawS"V+Owm"^gd0^`m"G

Mi � Mi ∈ B^eX�K+S"m VNS"qeh�^gX
4|Mi

b�;"�lO
6
m"V0GTa
S"V+O
m"^ed0^em"G

Mi � Mi ∈ C
^eX�KNS"m�VfS"qgh�^eX

4
m"V0GJa
S"VNO
m"^gd0^`m"G

Mi

b­K+S"m
6|Mi � KNS"m Mi ∈ D

^gX6KNSlm VfS"qeh ^eX
12|Mi

�
�CV+OR^`_JGHOR["K+O O³K��U^eS"s�KNM¤;"^eO\MRKNMPh

x ∈ A
b
y ∈ B

b"KNS"m
z ∈ C

O\["GTS
gcd(x, y) = 2

b
gcd(x, z) = 2

b
KNS"m

gcd(y, z) = 2
b�OR[0�la~OR["G»_<KNMtm"^`S"KNq`^gOph VNX

A ∪ B ∪ C
^`aHS"V¾sfMtG<K+O\GTMHOR[LK+S ¬jqeGTaPOv>wG¶[LK<dfG

K _TVNSUORM\KNm"^e_JOR^eVfS=�,:�[0�la~OR["G�_<KNMtm"^`S"KNq`^gOph
VNX
D

^eaHsfMtG<K+O\GTMCOR["KNS�VNMHG DU�LKNq�O\V 	 � �WV�>wG¦dfGTM~O\["^`a_TVNSUORM\KNm"^e_JO\auVf�"M�VfMt^`sf^eSLKNq�K+a\a\�"Q�IlO\^`VfSlaT�
�CGJS"_TG�>�G�KNM\Mt^edfGoK>OCK¶_TVfS.ORM\KNm"^`_¦OR^eVfS¾^`S KNqeq�_<KNatGTaJ�

�: [0�"ae§wVfSb�tGJ_JO\�"M\G�zo[LKNa�;¨GTGJSZGJatORK�;"q`^ea\["GJm
X4VfM
k ≤ 7

�

	 ����� ¸$»��9¸�1	��¸�À�50¹ /
�WGTMtG�n�>u^eq`q�I"M\GJa\GTS.O�K¾I"MtV0VNX�V+X&:�["GTVfMtGTQ zfb�>u["^e_³[ ^`a~a\^eQ]^eq`K+MCO\Vq§wVfSb�tGJ_JOR�lM\G zNb�["V�>�GJdfGTM

MRK>OR["GJM�OR[LK+S I"M\V-d0^`S"s
gcd(Ml,Mj) ≥ k

>wG�>u^eq`q�I"MtV�dfG
OR[LK>O
gcd(Ml,Mj) ≥

√
k
�

��¨"F�M��bF\© N$P&��t��H�$r@^@U�f~U*h�`�T�U* ���`�S8]ufgS�^@U,z�S�^L¡�rbS8V$X y r z�t\{�rAp�{C`b^s^@Us^
ai mod Mi i = 1, . . . , kX8h$U�VoX8h$U�]sUAU¤£�S�^�XL^

Ml,Mj

a
1 ≤ j < l ≤ k

^�t�psh�XLh�`�X
gcd(Ml,Mj) ≥

√
k i

� ]_r�rY� i }0�"I"I¨VfatG�S"V+O<b OR["GJS >wG ["K-dfGm� I"KN^`M >u^`atGZml^`aL�tVN^`S.O]Q]V0m"�lq`V)_Tq`KNata\GTa
ai mod Mi i =

1, . . . , k
a\�l_�[ OR["K+O�X4VfM�GJdfGJMth ILKN^eM

Ml,Mj

b
1 ≤ j < l ≤ k gcd(Ml,Mj) <

√
k
� }1^`Sl_TG

OR[lGTM\G�KNM\G�K+O�Q]VNatO
k − 1

I¨Vfata\^�;lq`G
m"^`aPOR^`Sl_JO�Q�V0m"�"q`V _Jq�KNata\GJaR>u[lVfa\G�Q�V1ml�"q`�la�^`a�qeGTata�O\[LKNS
√

k
� �)G�[LK<dfG�OR[LK+O,;Uh
OR["G�I"^`mlsfGTVfS�["VfqeG�I"Mt^`S"_J^`I"qeG
OR["GJM\G�GuÅl^eatO\a

al, aj

b
1 ≤ j < l ≤ k

at�"_³[
OR["K+O

al ≡ aj mod gcd(Ml,Mj)
��:�[U�"a�;.h �v;"atGTMPd+K+O\^`VfS�x�O\["G�� Q�V0m"�"qeV¶_Jq�KNata\GJau^`S
D0�lGTatO\^`VfS

KNMtG�S"V+O�I"KN^`M >u^`a\G»m"^`a8�tVf^`S.O<b=["V@>wG¦dfGTMoOR["^ea
_TVNSUORM\KNm"^e_JORa
Vf�"M
VfMt^`sf^eS"KNq6KNa\at�"Q�IlOR^eVfS"aT�A:�[0�laoOR["G
OR[lGTVfMtGTQ ^`a�I"MtV�dfGJm=�

�

µ ���e29-06%¹\5ÇÀ�7829-
:&V _TVfSl_Tqe�"m"GNb�OR["G
�LGJq`m VNXHSU�"QA;¨GTM¶O\["GTVfMPh ^`a�Ko�LGTqem VNXHQ]K+O\["GTQ]K+OR^e_JaA>u^gOR[ Q]KNS.h Mt^`_³[=b

m"^gdfGTM\atGNb.KNSlm»m"^CB]_J�"qgO6VNI�GJS»I"M\V�;"q`GJQ]aJ�Ç:�["GJa\G I"M\GJq`^eQ]^gSLKNMPh
M\GJa\�"qgORa4;"KNM\GJqeh�at_TM\K+OR_³[»O\["Gwa\�lMtX�KN_JG
VNX¶>u[LK+O�MtGTQ]KN^eS"a~O\V�;¨G��US"V@>uS)M\GJs.KNM\ml^`S"s¾Q�V0m"�"q`Vj_Tq`KNa\a\GJaT��n,;¨GTqe^`G¦dfG¶O\[LK+O
OR["GJa\G�I"MtV�;"qeGTQ�a
KNMtGoVNX�ILKNMRK+Q]VN�"SUO�^`Q�I¨VfMtORKNS"_JGNb"KNS"m
O\[LK+O�OR["^eaWK+M\GTK�M\G�D0�l^`M\GJauX4�lMtOR[lGTMuatO\�"mlhN�

��¸�
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